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Abstract

Implicit constitutive relations, wherein in general we cannot ex-
press the stresses in terms of the strains or vice-versa, have been
proposed more than 20 years ago for the modelling of solid media.
Since then, many works have appeared in the literature, consider-
ing elastic and inelastic deformations, small strains (small gradient
of the displacement field) and large strains, and applications of such
constitutive theories (and some of their subclasses where the strains
are functions of the stresses) for different problems in biomechanics,
rubber-mechanics, the study of stress concentration, rock mechanics,
and the modelling of bone (among many other potential applications).
In this paper a complete review of all of such works is provided, uni-
fying the notation, classifying the different papers accordingly with
the applications considered therein, and providing the most impor-
tant equations and theoretical considerations of each of such works.
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1 Introduction

More than 20 years ago Rajagopal [152] proposed the use of implicit con-
stitutive relations for the modelling of solid elastic media, opening a new
field of research in solid mechanics1. Up to date, when people speak about
constitutive theories in solid mechanics, they tacitly work under the assump-
tion that some measures of stresses are functions of some measures of strains
[209]. In many works in elasticity through the use of a Helmholtz potential,
we can obtain such stresses expressed in terms of the derivative of such scalar
potential (Green elastic body). However, in [152, 154, 155, 156, 158] it has
been shown that if for an elastic body, we mean a body wherein mechanical
work is not dissipated as heat, then we can define different other types of
constitutive relations and equations. Some of these new constitutive theories
correspond to truly implicit constitutive relations, defined in different ways
in terms of the energy potential [80, 152, 154, 155, 156, 158, 198], while other
are constitutive equations, where some measures of strains are functions of
some measure of stresses [155]. This last type of constitutive equation has
been obtained through the use of a Gibbs’ potential [156, 203].

The above implicit constitutive relations and equations, originally ana-
lyzed for elastic bodies, have inspired different researchers (who work in ar-
eas such as nonlinear elasticity, biomechanics, inelastic deformations, electro-
and magneto-elasticity, and in rock and concrete mechanics) to extend them
to other problems, wherein we have solids showing energy dissipation and
problems involving multi-physics.

The purpose of this review article is to provide a complete summary of
all the works on implicit constitutive relations and their subclasses that have
been proposed for solid bodies, which have been published since the year 2003
up to approximately July of2 2024. This review not only summarizes the
main results obtained in such communications, but also organize them in a
rational manner, such that people interested in working with these relatively
new constitutive theories, can access rapidly the important material for their

1Such implicit constitutive relations had been considered already by Rajagopal himself
in [151], and prior to that by Morgan in [135] for an application of implicit constitutive
relations for plasticity (see also [7]). In the field of nonlinear fluid mechanics, such implicit
constitutive relations had already been studied and used by different researchers, see, for
example, [153, 174] and the references therein.

2During the review process and the final publication of this work, some additional
references that have been published after July of 2024 have been added.
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particular research. Some parts of this work have appeared in [35].
This communication is divided in the following sections: In Section 2 some

basic equations of continuum mechanics are shown. In Section 3 non-linear
implicit constitutive relations are presented for elastic bodies, and several
subclasses, wherein some measure of the strain is assumed to be a function
of the stress, are also reviewed. In Section 4 implicit constitutive relations
and their subclasses are presented for electro- and magneto-elastic bodies, for
thermo-elastic bodies, and for bodies with initial stresses (residually stressed
bodies). In Section 5 the case the norm of the gradient of the displacement
field is small is considered, for the different constitutive relations and equa-
tions presented in the previous sections. In Section 6 constraints on the possi-
ble deformations (such as incompressibility and inextensibility) are reviewed
for these constitutive theories, in particular for the constitutive equations,
wherein the strains are functions of the stresses. In Section 7 different appli-
cations of these constitutive theories are presented for soft tissue, rubber-like
solids, metallic alloys, concrete, rock and bone (among other applications).
In Section 8 different boundary value problems are presented considering
the particular case of small strains for the above implicit constitutive rela-
tions and their subclasses. In Section 9 other boundary value problems are
reviewed for the case of large elastic deformations. In Section 10 different
implicit constitutive relations are presented, which have been developed for
problems involving inelastic deformations, and visco-elastic solids, including
the analysis of some boundary value problems for some of them. Finally, in
Section 11 a list of some open problems is presented.
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List of symbols

B Abstract body,

κrpBq Reference configuration,

κtpBq Current configuration,

X Point in an abstract body B,

χ Motion,

X Position of X in the reference configuration,

x Position of X in the current configuration,

t Time

F Deformation gradient,

B Left Cauchy-Green tensor,

C Right Cauchy-Green tensor,

u Displacement field,

E Green Saint-Venant strain tensor,

ε Linearized strain tensor,

V Tensor from polar decomposition,

η Hencky strain tensor,

λi Principal stretches,

T Cauchy stress tensor,

P 1st Piola-Kirchhoff stress tensor,

S 2nd Piola-Kirchhoff stress tensor,

τ Kirchhoff stress tensor,

TD Deviatoric stress tensor,

σS Spherical stress,

TR Residual stress tensor,

σi Principal stresses of T,

tpiq Principal directions of T,

vpiq Principal directions of B,

ρ Mass density in the current configuration,

ρr Mass density in the reference configuration,

U Internal specific energy,

s Entropy,

θ Absolute temperature,

9



Q Heat flux in the current configuration,

QL Heat flux in the reference configuration,

b Body forces ,

ψ Helmohltz free energy,

G Gibbs potential,

I Identity tensor,

F Implicit constitutive relation,

G Implicit constitutive relation,

H Implicit constitutive relation,

f Constitutive equation,

g Constitutive equation,

h Constitutive equation,

p Constitutive equation,

EEE Electric field,

DDD Electric displacement,

PPP Electric polarization,

HHH Magnetic field,

BBB Magnetic induction,

MMM Magnetization,

τm Maxwell stress tensor,

EEEL Lagrangian electric field,

DDDL Lagrangian electric displacement,

PPPL Lagrangian electric polarization,

ϵo Electric permittivity in vaccum,

µo Magnetic permeability in vaccum,

Î Imaginary unit.

2 Basic equations

Let a particle X belongs to an abstract body B, and let κr denote a one
to one mapping that maps B into a three dimensional Euclidean space, and
let X “ κrpXq. Let us refer to κrpBq as the reference configuration of B.
Let κt, t P R be a one parameter family of placers such that x “ κtpXq.
Since κr is invertible we can define a mapping such that x “ χκr

pX, tq. We
will assume χκr

to be sufficiently smooth and also for ease of notation we
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shall drop the suffix κr and refer to the mapping as χ. The deformation
gradient, left and right Cauchy-Green tensors, the Lagrange-Saint Venant
strain tensor, displacement field, and linearized strain tensor are defined,
respectively as:

F “
Bx

BX
“

Bχ

BX
, B “ FFT, C “ FTF, E “

1

2
pC ´ Iq, (1)

u “ x ´ X, ε “
1

2
p∇Xu ` ∇Xu

Tq, (2)

where ∇X is the gradient operator with respect to the reference configuration
and we assume that J “ detF ą 0.

The Cauchy stress tensor, the nominal stress tensor, the second Piola-
Kirchhoff stress tensor and the Kirchhoff stress tensor are denoted T, P, S
and τ , respectively, and they are related through

P “ JF´1T, S “ PF´T “ JF´1TF´T, τ “ JT. (3)

The balance of linear momentum, the balance of mass and the first law of
thermodynamics for elastic bodies (if there is no dissipation) read, respec-
tively:

ρ:x “ divT ` ρb, 9ρ ` ρdiv 9x “ 0, trpS 9Eq “ ρr 9U, (4)

where b represents the body force, div is the divergence operator in the
current configuration, ρ is the mass density of the body in the configuration
at time t, where the density of the body in the reference configuration is
denoted ρr and ρr “ Jρ, and where U is the internal energy of the body.

For more details about the above definitions and equations see, for exam-
ple, [207, 208].

3 Nonlinear implicit theories for elastic bod-

ies

In this section we list different types of implicit constitutive relations, which
have been proposed for elastic bodies (there is no dissipation of energy and
no heat transfer). Some subclassed, wherein some measure of strain is a
function of some measure of stress are also reviewed.
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3.1 Preliminary discussion

In the classical theory of elasticity, it is customary to assume a measure of
stress as a function of some measure of strain (or deformation gradient) as
in the case of a Cauchy elastic body (see [61, 62]), where T “ fpFq. If one
assumes that there exists a stored energy function W “ W pFq, then one can
show that P “ BW

BF
, and such bodies are referred to as Green elastic bodies

(see [89, 90]). In the special case of the body being linearized elastic isotropic,
the constitutive expression for the Cauchy stress takes the form T “ 2µε `

λtrpεqI, where µ, λ are constants. The expression for the Cauchy stress of the

linearized elastic body can be inverted and we obtain ε “
p1`νq

E
T´ ν

E
trpTqI,

where λ “ Eν
p1`νqp1´2νq

, µ “ E
2p1`νq

, where E and ν are the Young modulus
and Poisson ratio, respectively. In this last expression we have material
constants E, ν that have a clear physical meaning, in contrast with the
previous expression for the stress in terms of the linearized strain, where the
Lame’ constants µ, λ are determined in a circuitous fashion by using the
values for the shear modulus and the bulk modulus. The functions fpFq and
W pFq in general cannot be inverted.

3.2 Implicit constitutive relations for elastic solids

A more general relation between stresses and strains, from which we can
obtain as special cases the previous constitutive equations, is the implicit
relation3 [152, 155, 156, 167, 177]

FpS,Eq “ 0. (5)

3In [187] there is an analysis of an implicit constitutive relation FpS,Cq “ 0, which is
similar to (5). The main question studied in that paper is the analysis on conditions on
F such that S can be expressed in terms of C or vice-versa. To answer that question the
implicit function theorem is used, in order to obtain conditions on the local solvability of
the above implicit relation. One special case for F is considered, namely when SC`CS “

HpSq. A solution for the above equation for C in terms of S is found, namely C “ HpSq.
Another similar case that is studied in that paper is pα1S ` α2S

2qC ` Cpα3S ` α4S
2q “

HpSq, which is solved for S, where αi “ αipSq. The above are special subclasses of FpS,Cq

isotropic, which is of the form (9), changing T, B by S and C, respectively, where again
it is assumed that αi “ αipSq.
In [188] there is a continuation of the above analysis, assuming that FpS,Cq “ 0 cannot
be solved for either C as a function of S or vice-versa. In [188] it is shown that locally
there exists W “ W pF,pq such that for the 1st Piola-Kirchhoff stress tensor (here we use
the same notation as the nominal stress) P “ BW

BC , 0 “ BW
Bp , where p is an auxiliary vector

12



From the first law of thermodynamics, when there is no dissipation of energy
(4)3, if we assume that the stored energy of the body is expressed as U “

UpS,Eq, then for a body to be elastic, we need U and F to satisfy

Sαβ 9Eαβ “ ρr

ˆ

BU

BSαβ
9Sαβ `

BU

BEαβ
9Eαβ

˙

,
BFγδ
BSαβ

9Sαβ `
BFγδ
BEαβ

9Eαβ “ 0. (6)

If we assume that S “ ppEq and U “ UpEq, then from (6) it is possible to
show that pαβpEq “ ρr

BU
BEαβ

, i.e., the Green elastic body is just a special case

of (5).
A more general class of implicit constitutive relations than (5) is that

wherein S and E must be found from (see Eq. (3.2) in [155])

AαβγδpS,Eq 9Sγδ ` BαβγδpS,Eq 9Eγδ “ 0, (7)

subject to the restriction (6)1.
Another implicit constitutive relation proposed in [154] is:

GpT,B, ρq “ 0, (8)

from where we can obtain as a special case the Cauchy elastic bodies T “

fpρ,Bq, and the subclass of elastic body4 B “ gpρ,Tq. In the case G is
an isotropic relation, and on the use of the classical theory of invariants by
Spencer Eq. (8) becomes (see [163, 202]):

α0I ` α1T ` α2B ` α3T
2 ` α4B

2 ` α5pTB ` BTq ` α6pT2B ` BT2q

`α7pB
2T ` TB2q ` α8pT

2B2 ` B2T2q “ 0, (9)

field. In the case W “ W pC,pq we have

W “ W pC,pq “ W ptrC, trpC2q, trpC3q,p ¨ p,p ¨ pCpq,p ¨ pC2pqq.

This expression is analyzed in [188], and some conditions are studied for W such that S
can be expressed (locally) in terms of C, p.

4This last subclass of elastic bodies B “ gpρ,Tq can satisfy (6) if one assumes that
there exists an implicit constitutive relation HpS,C, ρq “ 0 and also U “ UpS,C, ρq

that satisfies (6), and that for the special case in which such functions can be written as
HpS,C, ρq “ H̃pJ´1SCq ´C “ 0 and UpS,C, ρq “ UpJ´1SCq, defining G “ J´1SC, the

condition (6) becomes Sαβ
BH̃

BGγδ
´ ρr

BU
BGγδ

“ 0. If we assume there exists a function Ŵ pGq

such that H̃pGq “ BŴ
BG , then if H̃ satisfies the above equation the body is elastic, and we

can find g directly in terms of the derivatives of Ŵ (see [23]).
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where the scalar functions αi, i “ 0, 1, 2, ..., 8 depend on the invariants (see
[202]):

ρ, I1 “ trT, I2 “ trpT2q, I3 “ trpT3q, I4 “ trB, I5 “ trpB2q, (10)

I6 “ trpB3q, I7 “ trpTBq, I8 “ trpT2Bq, I9 “ trpB2Tq, I10 “ trpT2B2q. (11)

In the particular case that αl “ 0, l “ 4, 5, 6, 7, 8 and αm, m “ 0, 1, 2, 3 do
not depend on the invariants In, n “ 4, 5, 6, 7, 8, 9, 10, from (9) we have the
subclass B “ gpρ,Tq whose explicit expression is [154]

B “ ᾱ0I ` ᾱ1T ` ᾱ2T
2, (12)

where the functions ᾱj, j “ 0, 1, 2 depend on the invariants I1, I2, I3 and ρ
from (10). Dependence on ρ in virtue of the balance of mass implies that the
material functions ᾱj depend on the determinant of the deformation gradient
and hence the model (12) is yet implicit. If we make the further assumption
that the material functions do not depend on the density ρ, then (12) would
be an explicit relationship for B in terms of the stress T.

Another type of implicit constitutive relation can be derived directly from
(6)1 in the following manner (see Eq. (3.3) of [155] and Chapter 6.2 of [80]).
Let us rewrite (6)1 as SαβdEαβ “ BΠ

BSαβ
dSαβ ` BΠ

BEαβ
dEαβ, where we have

defined Π “ ρrU . Let us take the derivative of the above expression in S, we
obtain in indicial notation and Cartesian coordinates (see [80])

AγδαβdSαβ ` BγδαβdEαβ “ 0, (13)

where we have defined

AγδαβpS,Eq “
1

4

ˆ

B2Π

BSαβBSγδ
`

B2Π

BSαβBSδγ
`

B2Π

BSβαBSγδ
`

B2Π

BSβαBSδγ

˙

, (14)

BγδαβpS,Eq “
1

4

ˆ

B2Π

BEαβBSγδ
`

B2Π

BEαβBSδγ
`

B2Π

BEβαBSγδ
`

B2Π

BEβαBSδγ

˙

´
1

2
pδαδδδβ ` δβγδαδq,(15)

and where we have used the fact that S is a symmetric tensor. The above
implicit relation (13) is of the form (7) and its parts have been defined ex-
plicitly in terms of ΠpS,Eq. If AAA has an inverse, from (13) we obtain the
subclass of implicit relations (see [80, 155])

dSϵζ “ ´
´1

A ϵζγδ BγδαβdEαβ,
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where
´1

A ϵζγδ are the components of AAA ´1.
The implicit relation (13) can be re-written in free-index notation as

„

1

2

ˆ

B2Π

BSBE
`

B2Π

BEBS

˙

´ III

ȷ

¨ 9E `
B2Π

BSBS
¨ 9S “ 0, (16)

where from (14), (15) we can defineAAA “ B2Π
BSBS

andBBB “ 1
2

´

B2Π
BSBE

` B2Π
BEBS

¯

´III .

In (16) the fourth order tensorIII in index notation and Cartesian coordinates
is given by

Iαβγδ “
1

2
pδαγδβδ ` δαδδβγq.

3.2.1 An implicit relation in terms of the Lagrange Saint-Venant
strain tensor and the 2nd Piola-Kirchhoff stress tensor in
terms of the classical invariants by Spencer

Let us show an explicit expression for (16) if Π “ ΠpS,Eq is isotropic. From
[202] we have Π “ ΠpI1, I2, ..., I10q, where I1 “ trS, I2 “ 1

2
trpS2q, I3 “

1
3
trpS3q, I4 “ trE, I5 “ 1

2
trpE2q, I6 “ 1

3
trpE3q, I7 “ trpSEq, I8 “ trpS2Eq,

I9 “ trpSE2q and I10 “ trpS2E2q. Using the notation Πi “ BΠ
BIi

and Πi,j “
B2Π

BIiBIj
we have

BΠ

BS
“ Π1I ` Π2S ` Π3S

2 ` Π7E ` Π8pES ` SEq ` Π9E
2 ` Π10pE2S ` SE2q,

thus

AAA “
B2Π

BSBS
“ Π1,1AAA

p1q ` Π1,2AAA
p2q ` Π1,3AAA

p3q ` Π1,7AAA
p4q ` Π1,8AAA

p5q ` Π1,9AAA
p6q

`Π1,10AAA
p7q ` Π2,2AAA

p8q ` Π2,3AAA
p9q ` Π2,7AAA

p10q ` Π2,8AAA
p11q

`Π2,9AAA
p12q ` Π2,10AAA

p13q ` Π3,3AAA
p14q ` Π3,7AAA

p15q ` Π3,8AAA
p16q

`Π3,9AAA
p17q ` Π3,10AAA

p18q ` Π7,7AAA
p19q ` Π7,8AAA

p20q ` Π7,9AAA
p21q

`Π7,10AAA
p22q ` Π8,8AAA

p23q ` Π8,9AAA
p24q ` Π8,10AAA

p25q ` Π9,9AAA
p26q

`Π9,10AAA
p27q ` Π10,10AAA

p28q ` Π2III ` Π3SSS
p1q ` Π8EEE

p1q ` Π10EEE
p1q,

where we have definedAAA p1q “ IbI, AAA p2q “ IbS`SbI, AAA p3q “ IbS2`S2bI,
AAA p4q “ I b E ` E b I, AAA p5q “ I b pES ` SEq ` pES ` SEq b I, AAA p6q “

IbE2`E2bI, AAA p7q “ IbpE2S`SE2q`pE2S`SE2qbI, AAA p8q “ SbS, AAA p9q “

SbS2`S2bS, AAA p10q “ SbE`EbS, AAA p11q “ SbpES`SEq`pES`SEqbS,
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AAA p12q “ SbE2`E2bS, AAA p13q “ SbpE2S`SE2q`pE2S`SE2qbS, AAA p14q “

S2 bS2, AAA p15q “ S2 bE`EbS2, AAA p16q “ S2 b pES`SEq ` pES`SEq bS2,
AAA p17q “ S2 b E2 ` E2 b S2, AAA p18q “ S2 b pE2S ` SE2q ` pE2S ` SE2q b S2,
AAA p19q “ E b E, AAA p20q “ E b pES ` SEq ` pES ` SEq b E, AAA p21q “ E b

E2 ` E2 b E, AAA p22q “ E b pE2S ` SE2q ` pE2S ` SE2q b E, AAA p23q “

pES`SEq b pES`SEq, AAA p24q “ pES`SEq bE2 `E2 b pES`SEq, AAA p25q “

pES`SEqbpE2S`SE2q`pE2S`SE2qbpES`SEq,AAA p26q “ E2bE2,AAA p27q “

E2bpE2S`SE2q`pE2S`SE2qbE2, AAA p28q “ pE2S`SE2qbpE2S`SE2q, and
the tensor III has been defined previously. The fourth order tensor SSS p1q, EEE p1q

and EEE p1q are given in index notation (in Cartesian coordinates) as S p1q

ijkl “

1
2
pδikSlj`Sikδjl`δjkSli`Sjkδilq, E p1q

ijkl “ 1
2
pEikδjl`Eilδjk`δikElj`δilEkjq and

E p2q

ijkl “ 1
2
pEimEmkδjl ` EimEmlδjk ` δikElmEmj ` δilEkmEmjq, respectively.

In the case of BBB, considering the definition given in the previous section

BBB “ 1
2

´

B2Π
BSBE

` B2Π
BEBS

¯

´III , using Π “ ΠpI1, I2, I3, I4, I5, I6, I7, I8, I9, I10q after

several steps we obtain

BBB “
1

2
r2Π1,4AAA

p1q ` pΠ1,7 ` Π2,4qAAA
p2q ` Π1,8AAA

p3q ` pΠ1,5 ` Π4,9qAAA
p4q

`pΠ1,9 ` Π4,8qAAA p5q ` pΠ1,6 ` Π4,9qAAA
p6q ` Π4,10AAA

p7q ` 2Π2,7AAA
p8q

`pΠ2,8 ` Π3,7qAAA p9q ` Π2,5AAA
p10q ` pΠ2,9 ` Π7,8qAAA p11q ` pΠ2,6 ` Π7,9qAAA p12q

`Π7,10AAA
p13q ` 2Π3,8AAA

p14q ` Π3,5AAA
p15q ` pΠ3,9 ` Π8,8qAAA p16q ` Π7,8AAA

p17q

`Π8,10AAA
p18q ` 2Π5,7AAA

p19q ` pΠ5,8 ` Π7,9qAAA
p20q ` pΠ5,9 ` Π6,9qAAA

p21q

`Π5,10AAA
p22q ` Π8,9AAA

p23q ` pΠ6,8 ` Π9,9qAAA
p24q ` Π9,10AAA

p25q ` 2Π6,9AAA
p26q

`Π6,10AAA
p27q ` Π1,10BBB

p1q ` Π3,10BBB
p2q ` Π2,10BBB

p3q ` Π8,9BBB
p4q ` Π8,10BBB

p5q

`Π9,10BBB
p6q ` Π10,10BBB

p7q ` 2Π7III ` 2Π8SSS
p1q ` 2Π9EEE

p1q ` Π10FFF s ´ III ,

where the AAA piq, i “ 1, 2, ..., 27, SSS p1q and EEE p1q have been defined previously,
and BBBp1q “ I b pES2 ` S2Eq ` pES2 ` S2Eq b I, BBBp2q “ pS2E ` ES2q b

S2 `S2 b pS2E`ES2q, BBBp3q “ pS2E`ES2q bS`Sb pS2E`ES2q, BBBp4q “

E2bS2`S2bE2, BBBp5q “ pES`SEqbpS2E`ES2q`pS2E`ES2qbpES`SEq,
BBBp6q “ pS2E`ES2q bE2 `E2 b pS2E`ES2q, BBBp7q “ pE2S`SE2q b pS2E`

ES2q ` pS2E`ES2q b pE2S`SE2q, and the components of the fourth order
tensor FFF are given (in Cartesian coordinates) as Fijkl “ 1

2
pδikElmSmj `

2EikSlj ` 2SikElj `SimEmkδjl ` δilEkmSmj ` 2EilSkj ` 2SilEkj `SimEmlδjk `

δikSlmElj ` EimSmkδjl ` δilSkmEmj ` EimSmlδjkq.
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3.2.2 An implicit relation in terms of the Lagrange Saint-Venant
strain tensor and the 2nd Piola-Kirchhoff stress tensor, and
the use of spectral invariants.

In [198] an explicit expression for Π in (16) has been proposed, but using the
spectral invariants formulated by Shariff [191, 195]. Let si, a

piq, i “ 1, 2, 3
denote the eigenvalues and eigenvectors of the second Piola-Kirchhoff stress
tensor S, then we have the spectral representation S “

ř3
i“1 sia

piq b apiq. If
ϑi, i “ 1, 2, 3 represent the eigenvalues of the Lagrange-Saint Venant strain
tensor, then E “

ř3
i“1 ϑiu

piq b upiq “
ř3
i“1

1
2
pλ2i ´ 1qupiq b upiq, where λi

are the principal stretches of U, and upiq are the eigenvectors of U, where
C “ U2.

For Π “ ΠpE,Sq in (16) we consider the case Π depends on two unit
vector fields d0 and f0, then:

Π “ ΠpE,S,d0, f0q “ Πps1,2,3, ϑ1,2,3, ϱ
pkq

1,2,3, γ1,2,3, ζ1,2,3q, (17)

where s1,2,3 represents the set ts1, s2, s3u and the same notation is valid for
the other variables in (17). In (17) we have defined γi “ pai¨d0q2, ζi “ pai¨f0q2

and ϱ
pkq

i “ apiq ¨ upkq. In (17) not all the invariants are independent, and it is
shown in [198] that only 13 of them are independent.

In [198] the following generalized strain and stress functions are proposed:

Iα “
ř3
i“1 ξ

pαq

i fαpsiq, where ξi “ apiq ¨pTpαqa
piqq, where Tpαq are given in terms

of upiq, d0, f0 and Epαq “
ř3
i“1 gβpϑiqu

piq b upiq.
In [198] using the above invariants the fourth order tensors AAA , BBB (which

have been defined in the previous section, see paragraph after Eq. (16)) are
calculated. For the sake of brevity such explicit expressions are not shown
here.

3.2.3 Some other implicit relations in terms of the Cauchy stress
tensor and the left Cauchy-Green tensor

In this section two classes of implicit constitutive relations (16), where G is
anisotropic, namely, where G can depend on one unit vector a, and two unit
vector fields a, b.

On a class of transversely isotropic solid: In [175] the following implicit
relation is considered:

GpT,B, aq “ 0, (18)
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where a “ Fa0 and a0 is a unit vector field. From [202] the expression
for (18) is:

α0I ` α1T ` α2T
2 ` α3B ` α4B

2 ` α5pBT ` TBq ` α6pB2T ` TB2q

`α7pBT2 ` T2Bq ` `α8pB
2T2 ` T2B2q ` α9a b a

`α10ra b pTaq ` pTaq b as ` α11ra b pT2aq ` pT2aq b as

`α12ra b pBaq ` pBaq b as ` α13ra b pB2aq ` pB2aq b as “ 0, (19)

where αi, i “ 0, 1, 2, ..., 16 depend on 18 invariants (see [202]) Ij, j “

1, 2, ..., 18, which for the sake of brevity are shown, as special cases, in
the next section for the problem of two directions of anisotropy.

On a class of two directions implicit constitutive relation: Here we show
the full expression for the implicit constitutive relation

GpT,B, a,bq “ 0, (20)

which is a generalization of (18), (19), where b “ Fb0 and b0 is unit
vector field. From [202] for (20) we obtain:

α0I ` α1T ` α2T
2 ` α3B ` α4B

2 ` α5pBT ` TBq ` α6pB
2T ` TB2q

`α7pBT2 ` T2Bq ` `α8pB
2T2 ` T2B2q ` α9a b a

`α10ra b pTaq ` pTaq b as ` α11ra b pT2aq ` pT2aq b as

`α12ra b pBaq ` pBaq b as ` α13ra b pB2aq ` pB2aq b as ` α14b b b

`α15rb b pTbq ` pTbq b bs ` α16rb b pT2bq ` pT2bq b bs

`α17rb b pBbq ` pBbq b bs ` α18rb b pB2bq ` pB2bq b bs

`α19pa ¨ bqpa b b ` b b aq ` α20pa ¨ bqra b pTbq ` pTbq b a ` b b pTaq

`pTaq b bs ` α21pa ¨ bqra b pBbq ` pBbq b a ` b b pBaq ` pBaq b bs “ 0,

where the functions αi, i “ 0, 1, 2, ..., 21 depend on the invariants (here
there are some differences with the results shown in [175]): I1 “ trT,
I2 “ trpT2q, I3 “ trpT3q, I4 “ trB, I5 “ trpB2q, I6 “ trpB3q, I7 “

trpTBq, I8 “ trpT2Bq, I9 “ trpTB2q, I10 “ trpT2B2q, I11 “ a ¨ pTaq,
I12 “ a ¨ pT2aq, I13 “ a ¨ pBaq, I14 “ a ¨ pB2aq, I15 “ a ¨ rpTB `

BTqas, I16 “ a ¨ rpT2B ` BT2qas, I17 “ a ¨ rpTB2 ` B2Tqas, I18 “

a ¨ rpT2B2 ` B2T2qas, I19 “ b ¨ pTbq, I20 “ b ¨ pT2bq, I21 “ b ¨ pBbq,
I22 “ b ¨ pB2bq, I23 “ b ¨ rpTB ` BTqbs, I24 “ b ¨ rpT2B ` BT2qbs,
I25 “ b ¨ rpTB2 ` B2Tqbs, I26 “ b ¨ rpT2B2 ` B2T2qbs, I27 “ pa ¨ bqa ¨

pTbq, I28 “ pa ¨ bqa ¨ pT2bq, I29 “ a ¨ pBbq, I30 “ pa ¨ bqa ¨ pB2bq,
I31 “ pa ¨ bqa ¨ rpTB ` BTqbs, I32 “ pa ¨ bqa ¨ rpT2B ` BT2qbs, I33 “

pa ¨ bqa ¨ rpTB2 ` B2Tqbs, I34 “ pa ¨ bqa ¨ rpT2B2 ` B2T2qbs.
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3.3 Some other classes of nonlinear elastic bodies, wherein
some measure for the strains are functions of some
measures for the stresses

In the previous section we showed some expressions for the implicit constitu-
tive relations, considering either S, E, or T, B as the main variables. In this
section we are interested in presenting some constitutive equations, wherein
some measure of the strain is a function of some measure of the stress, using
the first law of thermodynamics and the Gibss potential. In such a way we
obtain expressions that are similar to (12).

3.3.1 Constitutive equation for isotropic bodies, wherein the Hencky
strain tensor is a function of the Kirchhoff stress tensor

A model similar to (12) has been proposed in [203], where the basic variables
are the Cauchy stress tensor, the tensor V from the polar decomposition
F “ VR, where V2 “ B, and the complementary or Gibbs energy function
G. In [36, 43, 45, 147, 203] the following constitutive equation based on the
complementary function G is proposed5

η “
BG
Bτ
, η “ lnV “

1

2
lnB, (21)

where τ “ JT is the Kirchhoff stress tensor and η is the Hencky strain
tensor. Eq. (21) is actually an implicit relation, since G depends on the
Cauchy stress and J . The above relation is only valid for isotropic bodies
(see, for example, [79] and Eq. 18 in [182]). For such isotropic bodies G
depends on three invariants. On possible set is (see [203]) ta0, a1, a3u, where

a0 “
tr pτ q

3
, a1 “

a

trpτDτT
Dq, where τD “ τ ´ a0I, and a2 “ detN, where

N “ 1
a1
τD. In this case from (21) we have the representation

trη “ ln J “
BG
Ba0

, devpηq “
BG

BτD

, (22)

where devpηq is the deviatoric part of the tensor η. In the case of incom-
pressible bodies, it has been shown that G would only depend on T since
J “ 1 always.

5In an earlier work [64], starting from an implicit relation of the form (9), in Eq. (3.1)
therein Criscione and Rajagopal already studied the use of the Hencky strain tensor and
the Kirchhoff stress tensor, for the modelling of rubber, using a constitutive equation very
similar to (23) shown in this section.
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In [36, 43] a different set of invariants was proposed for G, namely G “

GpI1, I2, I3q, where I1 “ trτ , I2 “ 1
2
trpτ 2q and I3 “ 1

3
trpτ 3q and from (21)

we get
η “ G1I ` G2τ ` G3τ

2, (23)

where Gi “ BG
BIi

, i “ 1, 2, 3.
Finally, in [45] the authors considered an expression for G in terms of

the principal values of τ , which are denoted τi, i.e., G “ Gpτ1, τ2, τ3q, where
Gpτ1, τ2, τ3q “ Gpτ2, τ1, τ3q “ Gpτ1, τ3, τ2q “ Gpτ3, τ2, τ1q. In such a case if λi
are the principal stretches, from (21) it is shown that

lnλi “
BG
Bτi

, i “ 1, 2, 3. (24)

For incompressible isotropic solid in [8] Eqs. (21), (23) and (24) have
been used for the fitting for rubber using the experimental data from Treloar
[206], see Section 7.2.2 and 7.2.3.

3.3.2 A constitutive equation for the Hencky strain tensor as a
function of the Cauchy stress tensor by Prusa et al.

In [147] a constitutive equation for the Hencky strain tensor as a function
of the Cauchy stress tensor has been proposed, using the Gibbs potential
mentioned in the previous section. Using the definition η “ lnV “ 1

2
lnB in

[147] it is shown that T ¨D “ T ¨ 9η. On the other hand defining B̄ “ B{pJ2{3q

and η̄ “ 1
2
ln B̄, then if ηD “ η´ 1

3
ptrηqI, it is possible to prove that ηD “ η̄.

The first law of thermodynamics (without internal sources of heat) is

ρ 9U “ T ¨ D ´ divQ, (25)

where Q is the heat flux in the reference configuration. If for the specific
internal energy we assume U “ Ups, J, η̄q (where s is the entropy) we have for

the absolute temperature θ “ BU
Bs
. On the other hand T ¨D “ TD ¨ 9η`m 9trη,

where m “ 1
3
trT, TD “ T ´ mI and 9trη “ 9J{J . Using the above results

and relations in (25) we obtain

ρ 9s` div

ˆ

1

θ
Q

˙

“
1

θ

"

1

J
pm ` pthq 9J ` rTD ´ pTthqDs ¨ 9η

*

´ Q ¨
1

θ2
∇θ, (26)

where for a second order tensor A we define AD “ A ´ 1
2
ptrAqI. From

(26) Prusa et al. have defined pth “ ´ρJ BU
BJ

and pTthqD
ρ

“

´

BU
Bη

¯

D
. In (26)
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the authors assume that the solid does not produce any entropy in purely
mechanical processes, then

m “ ´pth, TD “ pTthqD.

In [147] the following Gibbs potential is introduced

Gpθ, pth, pTth,ρqDq “ Ups, J, η̄q ´ θs `
pth
ρ

´ pTth,ρqD ¨ η̄,

where pTth,ρqD “
pTthqD

ρ
, then from (26) we obtain

BG
Bθ

“ ´s,
BG

Bpth
“
J

ρr

ˆ

BG
BpTth,ρqD

˙

D

“ ´η̄. (27)

All these results are valid for G isotropic, and in [147] the authors assume G “

Gpθ, pth, K2, K3q, where K2 “ 1
2

trtrppTth,ρqDqs2 ´ trrpTth,ρq
2
Dsu and K3 “

detpTth,ρqD, and from (27) they get

η “ η̄ `
1

2
ln

ˆ

ρr
BG

Bpth

˙

I, (28)

where

η̄ “ ´
2

3
K2

BG
BK3

I `
BG

BK2

pTth,ρqD ´
BG

BK3

rpTth,ρqDs2.

As a result of the above relation we have BG
Bpth

“ 1
ρ
, then G should be such

that the above derivative is always positive since ρ ą 0, which is a restriction
on G.

Several examples are presented in [147] for G, one of them is Gpθ, pth, K2q “

´cvrθ
”

ln
´

θ
θr

¯

´ 1
ı

´ kr
ρr
e´

pth
kr `

ρr
2µr
K2, where cvr is the specific heat at con-

stant volume in the reference configuration, θr is the reference temperature,
kr and µr are the bulk and shear moduli in the reference configuration. From
(28) and the above particular expression for the Gibbs potential we obtain

η “ ´
pth
3kr

I ` 1
2µr
e´

pth
kr pTthqD. In [147] other examples for G are proposed,

wherein the bulk modulus, the shear modulus, the Young’s modulus, and
the Poisson ration can depends on the density of the body (see, Section 5.1.1
for some constitutive relations for bodies, whose mechanical properties can
depend on mass density, for the special case the gradient of the displacement
field is small).
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3.3.3 A constitutive equation for the Lagrange Saint-Venant strain
tensor as a function of the second Piola-Kirchhoff stress ten-
sor

The Gibbs potential introduced in the previous section can also be expressed
as a function of the second Piola-Kirchhoff stress tensor, then from the first
law of thermodynamics (isothermal processes) for such a class of elastic bod-
ies we have G “ GpSq, as a result (see [47]):

E “
BG
BS
. (29)

Unlike (21) the constitutive relations studied in Sections 3.3.1, 3.3.2, here
(29) is valid for both isotropic and anisotropic bodies. Since only the Cauchy
stress has a physical meaning, and considering (3), we see that (29) is actually
an implicit constitutive relation if we were going to use the Cauchy stress
tensor as the main variable through (3).

Let us show an explicit expression for (29) in the case G is a trans-
versely isotropic function, i.e., G “ GpS, a0q, where a0 is a unit vector field.
In the case we use the classical invariants by Spencer [202], we have G “

GpI1, I2, I3, I4, I5q, where, for example, I1 “ trS, I2 “ 1
2
trpS2q, I3 “ 1

3
trpS3q,

I4 “ a0 ¨ pSa0q and I5 “ a0 ¨ pS2a0q, then from (29) we get:

E “ G1I ` G2S ` G3S
2 ` G4a0 b a0 ` G5ra0 b pSa0q ` pSa0q b a0s, (30)

where Gi “ BG
BIi

, i “ 1, 2, 3, 4, 5. The case of isotropic G is a special subclass
of the above, where G “ GpI1, I2, I3q.

For the above we can also use the spectral invariants [191, 192, 194, 195],
but for the sake of brevity such equivalent expressions for G are not shown
here.

4 Electro- and magneto-elastic bodies, thermo-

elastic bodies, and residually stressed bod-

ies described by implicit constitutive rela-

tions

The implicit constitutive relations and their subclasses shown in the previ-
ous section, have been extended to other problems, where we have electro-
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and magneto-sensitive solids, thermoelastic solids, and in the modelling of
residually stressed bodies. In this section we show some of such constitu-
tive relations and equations proposed in the literature. The meaning of the
different variables mentioned here can be found in the Appendix.

4.1 Constitutive equations and relations for a first class
of electro- and magneto-elastic bodies. Cauchy-
like bodies

The classical approach used to model the behaviour of electro- and magneto-
elastic bodies has been to assume that the stresses and one of the electric or
magnetic variables, are expressed as functions of the strain (or deformation
gradient) and the independent electric or magnetic variable. For example,
the classical linearized electro-elastic model is based on considering PPP (the
electric polarization) as the electric independent variable, and the constitu-
tive equations are of the form (in indicial notation and Cartesian coordinates)
τij “ Cijklεkl `KijkPk, Ei “ Kijkεjk `DijPj, where the electric displacement
DDD would be found from PPP “ DDD ´ ϵoEEE and EEE is the electric field. In the
above constitutive equation τ is the total stress tensor that is composed of
the Cauchy stress tensor plus some electric contributions, and it should not
be confused with the Kirchhoff stress tensor used in the previous section.
In electro- and magneto-elasticity in this review the Cauchy stress tensor is
denoted σ. In the nonlinear case, for electro-elastic bodies the usual con-
stitutive assumptions are of the form6 τ “ fpF,PPPq, EEE “ qpF,PPPq, where q
is a vector function. For nonlinear magneto-elastic bodies, assuming the
magnetization as the independent magnetic variable, we have7 τ “ fpF,MMMq,
HHH “ qpF,MMMq. For example, for nonlinear electro-elastic bodies in [69] it has
been proposed the constitutive equations τ “ J´1FBΩ

BF
, DDDL “ ´ BΩ

BEEEL
, where

Ω “ ΩpF,EEELq is called the total energy function, the electric field has been
chosen as the independent electric variable, and DDDL “ JF´1DDD, EEEL “ FTEEE.

In view of what has been presented in Section 3.2, a natural extension
of the above constitutive equations is to assume implicit relations that for

6See, for example, Section 3(a) in [21] for a brief survey of the constitutive equations
for electroelastic bodies.

7See Section 3 of [24] for a short review of the constitutive equations in magnetoelas-
ticity.
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electro-elastic bodies would be of the form (see [21])

Gpτ ,B,EEE,DDDq “ 0, lpτ ,B,EEE,DDDq “ 0, (31)

where G is a tensorial implicit relation, and l would be a vector implicit
relation. They are generalizations of the functions f, q mentioned previously.
In (31) we have chosen EEE and DDD as the electric variables for the problem and
from PPP “ DDD ´ ϵoEEE we can obtain PPP. In the case of magneto-elastic bodies
we would have Gpτ ,B,HHH,BBBq “ 0, lpτ ,B,HHH,BBBq “ 0, where MMM can be found
from BBB “ µopHHH `MMMq.

For electro-elastic bodies, in the case G and l are isotropic relations (31)
becomes, respectively (see, for example, [202, 225]):

γ0I ` γ1τ ` γ2B ` γ3τ
2 ` γ4B

2 ` γ5pτB ` Bτ q ` γ6pτ
2B ` Bτ 2q ` γ7pτB2 ` B2τ q

`γ8pτ
2B2 ` B2τ 2q ` γ9EEE bEEE ` γ10rEEE b pτEEEq ` pτEEEq bEEEs ` γ11rEEE b pBEEEq ` pBEEEq bEEEs

`γ12rEEE b pτ 2EEEq ` pτ 2EEEq bEEEs ` γ13rEEE b pB2EEEq ` pB2EEEq bEEEs ` γ14rEEE b pτBEEEq

`pτBEEEq bEEEs ` γ15rEEE b pBτEEEq ` pBτEEEq bEEEs ` γ16rpτEτEτEq b pBEEEq ` pBEEEq b pτEτEτEqs

`γ17DDD bDDD ` γ18rDDD b pτDDDq ` pτDDDq bDDDs ` γ19rDDD b pBDDDq ` pBDDDq bDDDs

`γ20rDDD b pτ 2DDDq ` pτ 2DDDq bDDDs ` γ21rDDD b pB2DDDq ` pB2DDDq bDDDs ` γ22rDDD b pτBDDDq

`pτBDDDq bDDDs ` γ23rDDD b pBτDDDq ` pBτDDDq bDDDs ` γ24rpτDτDτDq b pBDDDq ` pBDDDq b pτDτDτDqs

γ25pEEE ¨DDDqpDDD bEEE `EEE bDDDq ` γ26pEEE ¨DDDqrDDD b pτEτEτEq ` pτEτEτEq bDDD ` pτDτDτDq bEEE `EEE b pτDτDτDqs

`γ27pEEE ¨DDDqrDDD b pBEEEq ` pBEEEq bDDD ` pBDDDq bEEE `EEE b pBDDDqs ` γ28pEEE ¨DDDqrDDD b pτ 2EEEq

`pτ 2EEEq bDDD ` pτ 2DDDq bEEE `EEE b pτ 2DDDqs ` γ29pEEE ¨DDDqrDDD b pB2EEEq ` pB2EEEq bDDD
`pB2DDDq bEEE `EEE b pB2DDDqs ` γ30pEEE ¨DDDqrEEE b pτBDDDq ` pτBDDDq bEEE `DDD b pτBEEEq

`pτBEEEq bDDDs ` γ31pEEE ¨DDDqrEEE b pBτDDDq ` pBτDDDq bEEE `DDD b pBτEEEq ` pBτEEEq bDDDs

`γ32pEEE ¨DDDqrpτEEEq b pBDDDq ` pBDDDq b pτEEEq ` pτDDDq b pBEEEq ` pBEEEq b pτDDDqs “ 0, (32)

and

ψ1EEE ` ψ2τEτEτE ` ψ3τ
2EEE ` ψ4BEEE ` ψ5B

2EEE ` ψ6DDD ` ψ7τDτDτD ` ψ8τ
2DDD ` ψ9BDDD

`ψ10B
2DDD ` ψ11pτB ` Bτ qEEE ` ψ12pτB ` Bτ qDDD ` ψ13pτ

2B ` Bτ 2qEEE
`ψ14pτ 2B ` Bτ 2qDDD ` ψ15pτB2 ` B2τ qEEE ` ψ16pτB2 ` B2τ qDDD ` ψ17pτ 2B2

`B2τ 2qEEE ` ψ18pτ
2B2 ` B2τ 2qDDD “ 0, (33)

where the scalar functions γi, ψj, i “ 0, 1, ..., 32, j “ 1, 2, .., 21 depend on
invariants defined in terms of τ , B, EEE and DDD, which for the sake of brevity
are not listed here.
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4.2 On a class of implicit constitutive relation for electro-
elastic and thermo-electro-elastic bodies based on
the use of the first law of thermodynamics

The constitutive relations presented in the previous section do not satisfy
automatically the laws of thermodynamics. In this section we present a
theory originally developed in [37, 56], where implicit constitutive relations
are proposed for electro-elastic solids and thermo-electro-elastic solids, based
on the use of the 1st law of thermodynamics, following the method presented
in [80, 155].

4.2.1 Electro-elastic bodies

Let us start with the isothermal case, where there is no heat transfer and
dissipation of energy, then the 1st law of thermodynamics is the same as the
2nd law, and for electro-elastic solids we have

´ρr 9ψ ´ 9EEEL ¨ 9PPPL ` trpS 9Eq “ 0, (34)

where ψ is the Helmohltz free energy, EEEL is the Lagrangian electric field de-
fined in the previous section, PPPL is the Lagrangian polarization field, defined
as (see, for example, [69]) PPPL “ JF´1PPP, and S is a second Piola-Kirchhoff
stress tensor defined as S “ JF´1τF´T, where in this section τ is a symmet-
ric stress tensor defined as8 (see [78]) τ “ σ `PPPbEEE, where σ is the Cauchy
stress tensor, which for electro-elastic bodies is in general non-symmetric.

Following the procedure presented in [80], assuming that ψ “ ψpS,E,EEEL,PPPLq

and taking the derivative of (34) in S and PPPL we obtain (in index notation
and Cartesian coordinates)

Aαβγδ
9Sαβ ` Bαβγδ

9Eαβ ` Cγδα
9ELα ` Dγδα

9PLα “ 0, (35)

Dαβγ
9Sαβ ` Qγαβ

9Eαβ ` Rγα
9ELα ` Sγα

9PLα “ 0, (36)

where we have defined AAA “ ρr
B2ψ

BSBS
, BBB “

ρr
2

´

B2ψ
BEBS

`
B2ψ

BSBE

¯

´ III , CCC “

ρr
2

´

B2ψ
BEEELBS

`
B2ψ

BSBEEEL

¯

, DDD “
ρr
2

´

B2ψ
BPPPLBS

`
B2ψ

BSBPPPL

¯

, QQQ “
ρr
2

´

B2ψ
BPPPLBE

`
B2ψ
BE

BPPPL

¯

, RRR “

I `
ρr
2

´

B2ψ
BEEELBPPPL

`
B2ψ

BPPPLBEEEL

¯

and SSS “ ρr
B2ψ

BPPPLBPPPL
.

The special case of assuming small gradient of the displacement field is
treated in Section 5.3.

8This stress is not the same as the total stress τ presented in the previous section, and
it should not be confused with the Kirchhoff stress tensor either.
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4.2.2 Thermo-electro-elastic bodies

In this section we expand the results presented previously, for the case of
considering heat transfer, but we do not take into account for other sources
of dissipation of energy such as electrical hysteresis (see [37, 56]). In terms
of the same variables defined in the previous section the 1st and 2nd laws of
thermodynamics are:

ρrp 9ψ ` 9θs ` θ 9sq ´ trpS 9Eq ` DivQL ´ ρr ` 9EEEL ¨ 9PPPL “ 0, (37)

´ρr 9ψ ´ ρr 9θs ´ 9EEEL ¨ 9PPPL ` trpS 9Eq ´
1

θ
Gradθ ¨ QL ě 0, (38)

where θ is the absolute temperature, s is the entropy, r is the internal heat
production and QL is the heat flux in the reference configuration.

If for the Helmohltz free energy we assume ψ “ ψpS,E,EEEL,PPPL, θq replac-
ing this in (38), it is possible to show that the second law of thermodynamics
is satisfied if s “ ´

Bψ
Bθ

and

´ρr
Bψ

BSαβ
9Sαβ `

ˆ

Sαβ ´ ρr
Bψ

BEαβ

˙

9Eαβ ´

ˆ

PLα ` ρr
Bψ

BELα

˙

9ELα

´ρr
Bψ

BPLα

9PLα “ 0, (39)

´
1

θ

Bθ

BXα

QLα ě 0,

where we have used index notation and Cartesian coordinates. Eq.(39) must

be satisfied for any 9S, 9E, 9EEEL and 9PPPL.
From (39) taking the derivative in 9S and 9PPPL we obtain the same implicit

relations (35), (36) but now the tensors AAA , BBB, CCC , DDD , QQQ, RRR and SSS defined
there also depend on θ.

Regarding the 1st law (37), it can be used to obtain θ, for which we need
an additional relation that can be considered a generalization of the Fourier’s
constitutive model for heat transfer (see Eq. (46) in the next section), and
the following vector implicit relation has been proposed

HpS,E,EEEL,PPPL, θ,Gradθ,QL, 9QLq “ 0. (40)

A special simpler subclass of the above implicit constitutive relation can also
be proposed (that is a modification of a relation presented in [37]):

QL ` SpS,EEEL, θq 9QL “ RpS,EEEL, θ,Gradθq.
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4.3 Thermo-elastic bodies

In this section we show implicit constitutive equations for some classes of
thermo-elastic bodies [31]. Let us consider as basic variables the second
Piola-Krichhoff stress tensor S, the Lagrange-Saint Venant strain tensor E
and the absolute temperature θ. The following implicit constitutive relation
for thermo-elastic bodies has been proposed (see (5)):

FpS,E, θq “ 0. (41)

The first law of thermodynamics is the statement

ρr 9U “ ω ` DivQL ` ρrr, (42)

where we have defined ω “ trpS 9Eq, Div is the divergence operator with
respect to the reference configuration, QL is the heat flux and r is the internal
source of heat per unit of mass, both in the reference configuration.

If we define the dissipation δ as δ “ θ 9s´ 9U` ω
ρr
, where s is the entropy, and

γ “ θGrad
`

1
θ

˘

, the dissipation must satisfy the inequality δ ě 0, while QL

must satisfy the so called Fourier inequality ´QL ¨ γ ě 0. Both inequalities
together lead to the Clausius-Duhem inequality

ρr

ˆ

θ 9s ´ 9U `
ω

ρr

˙

´ QL ¨ γ ě 0. (43)

Now, if the Helmholtz potential ψ is defined as ψ “ U ´ θs, using this and
(42), it is possible to write (43) in terms of ψ. For implicit thermo-elastic
bodies it is assumed now that ψ “ ψpS,E, θq, and (43) becomes (in index
notation and Cartesian coordinates)

´
Bψ

BSαβ
9Sαβ ´

Bψ

BEαβ
9Eαβ `

1

ρr
Sαβ 9Eαβ ´ QLαγα ě 0, (44)

and taking the derivative of (41) in time we obtain

BFγζ
BSαβ

9Sαβ `
BFγζ
BEαβ

9Eαβ `
BFγζ
Bθ

9θ “ 0. (45)

For a body to be thermo-elastic, F and ψ must satisfy (44) and (45) for any
9S, 9E and 9θ.
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An additional relation that is necessary is a generalization of Fourier’s
model for heat transfer (see [31]), namely (compare with (40) and using the
notation ∇X for Grad)

mpS,E,QL, 9QL,∇Xθ, θq “ 0, (46)

where m is a vector implicit relation.
In the case of F being an isotropic relation, its representation would be

exactly as (9), interchanging T by S, and B by E (the same for the invariants
defined in (10), (11)), adding to the list of invariants the temperature θ. In
the case of the vector implicit relation (46), if m is isotropic, it becomes

β1hr ` β2SQL ` β3S
2QL ` β4EQL ` β5E

2QL ` β6 9QL ` β7S 9QL ` β8S
2 9QL ` β9E 9QL

`β10E
2 9QL ` β11∇Xθ ` β12S∇Xθ ` β13S

2∇Xθ ` β14E∇Xθ ` β15E
2∇Xθ

`β16pSE ` ESqQL ` β17pS2E ` ES2qQL ` β18pSE
2 ` E2SqQL ` β19pS2E2 ` E2S2qQL

`β20pSE ` ESq 9QL ` β21pS2E ` ES2q 9QL ` β22pSE
2 ` E2Sq 9QL ` β23pS2E2 ` E2S2q 9QL

`β24pSE ` ESq∇Xθ ` β25pS
2E ` ES2q∇Xθ ` β26pSE2 ` E2Sq∇Xθ ` β27pS2E2

`E2S2q∇Xθ “ 0,

where the scalar functions βi, i “ 1, 2, ..., 27 depend on the invariants formu-
lated in terms of S, E, QL, 9QL and Gradθ, which for brevity are not shown
here.

In Section 6.3 a constitutive relation for thermo-elastic incompressible
isotropic bodies is presented, which was proposed in [60].

4.4 Residual stresses and initial stresses in elastic bod-
ies

Implicit constitutive relations and some of their subclasses, wherein some
measure of the strains are functions of some measures of the stress, have
been used for the analysis of bodies with residual and initial stresses. In
the following sections we can see that such new constitutive relations and
equations can be indeed useful and interesting for such problems. It is im-
portant to indicate here that by residually stressed bodies we understand
bodies that in the reference configuration have stresses, when there is not ex-
ternal load. As for initial stressed bodies, it is assumed that for the reference
configuration we have stresses, but we can have external loads too.
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4.4.1 On a class of residually stressed bodies

In this section some results presented in [59] are listed, wherein we work with
a Gibbs potential G “ GpSq such that E “ fpSq “ BG

BS
, for the case G is a

transversely isotropic function G “ GpS, a0q, where a0 is a unit vector field.
In the reference configuration there is no deformation, thus E “ 0, but it

is assumed there are residual stresses, therefore S “ TR, where TR represents
such residual stresses. The residual stresses must satisfy

0 “ fpTRq, DivTR ` ρrb “ 0, TRN “ 0 X P BκrpBq, (47)

where the last restriction is very important and implies that in the reference
residually stressed configuration there is no external load yet the stresses are
not zero.

From [59] (see also [94, 95]) the residual stresses TR must satisfy the
restriction

HTR “ TRH, (48)

where H belongs to the symmetry group for the body. In the case G is a
transversely isotropic function G “ GpS, a0q, where a0 is a unit vector field,
from [94, 95] (and the references therein) we have that for H belonging to
that symmetry group Eq. (48) is satisfied if TR “ αI ` βa0 b a0.

In the case G “ GpS, a0q and using the classical invariants by Spencer
[202] we have G “ GpI1, I2, I3, I4, I5q (where the Ii, i “ 1, 2, 3, 4, 5 have been
defined in Section 3.3.3), and the expression for E is given as in (30). Using
that Eq. (30) in (47)1 considering the above expression for TR we obtain

G1 ` pα ` βqG2 ` rα2 ` βp2α ` βqsG3 ` G4 ` 2pα ` βqG5 “ 0, (49)

where Gi, i “ 1, 2, 3, 4, 5 above has been defined in Section 3.3.3, and in this
case such functions are evaluated with TR “ αI ` βa0 b a0 instead of S.

In [59] one boundary value problem was studied, namely the behaviour
of a residually stressed hollow sphere, where it is assumed that a “ ER, thus
TR “ αpER bER `EΘ bEΘ `EΦ bEΦq ` βER bER, where α “ αpRq and
β “ βpRq, and ER, EΘ and EΦ are the unit vectors in spherical coordinates
and in the reference configuration. In [59] the authors considered the special
case for GpI1, I2, I3, I4, I5q “

ř5
j“1 ciIi, where ci can depend on R (the body is

assumed to be inhomogeneous). Using the above expression for the residual
stresses and G in (47)2 and in (49) (assuming b “ 0) some relations for α,
β and ci, i “ 1, 2, 3, 4, 5 are obtained, which for the sake of brevity are not
listed here.
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4.4.2 An implicit constitutive relation for an elastic body with
initial stresses

In [136] an implicit constitutive relation has been proposed for elastic bodies
with initial stresses. Such initial stress tensor is denoted Ti in the reference
configuration κrpBq. Those initial stresses can be produced by some initial
external load, but if there is no external traction in κrpBq such initial stresses
become the residual stresses mentioned in the previous section TR.

The body deforms from κrpBq to κtpBq and the deformation gradient
is F. Second order tensors that are defined in the reference configuration
can be brought to the current configuration through the push forward oper-
ations Fp qFT or F´Tp qF´1. The following implicit constitutive relation
is proposed for initially stressed elastic bodies:

FpB,T,FTiFT,FpTiq2FT, ...q “ 0. (50)

In [136] the author focus on the subclass of (50):

B “ gpT,FTiFT,FpTiq2FTq, (51)

which for the case g is isotropic becomes

B “ α0I ` α1T ` α2T
2 ` α3FT

iFT ` α4pTFTiFT ` FTiFTTq

`α5FpTiq2FT ` α6rTFpTiq2FT ` FpTiq2FTTs. (52)

In the case that F “ I this implies that B “ I and we have that κtpBq “

κrpBq and T “ Ti, then from (52) we have I “ α1
0I ` pα1

1 ` α1
3qT

i ` pα1
2 `

2α1
4 ` α1

5qpTiq2, where α1
i :“ αi|F“I,T“Ti , and the above relation is satisfied

if α1
0 “ 1, α1

1 ` α1
3 “ 0 and α1

2 ` 2α1
4 ` α1

5 “ 0.
In [136] the author also proposed an alternative expression for (50), where

all the variables are written in the reference configuration, taking a push back-
ward ofT, the alternative expression for (50) is F̃pC,Ti,FTFT,FT2FT, ...q “

0. In (50) the initial stress Ti must satisfy the same restriction mentioned
in Section 4.4.1 (see (48)), i.e., TiH “ HTi for all H in the symmetry group
of F (see, for example, [94, 95]).

In [136] a special subclass of (52) is obtained in the following way. The
author assumed the existence of a function f “ fpTq such that (see, for ex-
ample, (12)) B “ fpTq. Then it is assumed there exist a virtual free stress
configuration κ0pBq, where I “ fp0q (it is important to notice that that
configuration may not even exist, and that is the reason is called ‘virtual’).
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Then, we have three configurations κ0pBq, κrpBq and κtpBq. From κ0pBq

to κrpBq the deformation gradient is F̃, from κrpBq to κtpBq the defor-
mation gradient is F, finally from κ0pBq to κtpBq is F0, then F0 “ FF̃.
Defining B0 “ F0F

T
0 from B “ fpTq in the case the function is isotropic we

have
B0 “ κ0pTqI ` κ1pTqT ` κ2pTqT2.

Replacing the above T by Ti and B by B̃ “ F̃F̃T after several manipulations
the author obtained a constitutive equation of the form (12), namely

B “
κ0pTq

κ0pTiq
I`

κ1pTq

κ0pTiq
T`

κ2pTq

κ0pTiq
T2´

κ1pTiq

κ0pTiq
FTiFT´

κ2pT
iq

κ0pTiq
FpTiq2FT. (53)

If T “ Ti, i.e., F “ I and κtpBq “ κrpBq from (53) we have that B “ I,
which is correct from the above analysis.

Finally, in [136] the case the gradient of the displacement field is small
is considered for (53), and for brevity such subclasses of bodies are not pre-
sented here.

5 Constitutive relations and equations when

the norm of the gradient of the displace-

ment field is small

In this section we study (8) (see also (16)) in the case |∇Xu| „ Opδq, δ ! 1,
i.e. when the norm of the gradient of the displacement field is very small.
That means that B (or E) can be written directly in terms of the linearized
strain tensor ε as B « 2ε ` I and E « ε, and for example, the implicit
relation (8) becomes:

Gpρ,T, εεε,Xq “ 0. (54)

The above implicit relations can have many applications in the modelling of
porous solids, and for materials that behave nonlinearly in the range of small
elastic strains, such as bone, rock, concrete and some metal alloys. Some
subclasses of (54) have been proposed in the literature for the modelling
of strain limiting deformations, which is important for stress concentration
analysis and fracture mechanics (see Section 7.3 for such applications and
the references mentioned therein, see also [93, 123, 124, 138, 142, 146] for ex-
perimental data for different materials, whose mechanical properties depend
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on density). In the next sections we study different particular subclasses of
(54).

5.1 Some classes of implicit constitutive relations in
terms of the linearized strain and the Cauchy stress
tensor

In this section some explicit expressions for (54) are presented for some par-
ticular cases for G, in particular if G does not depend explicitly on X (ho-
mogeneous body), where T appears linearly in the implicit relation (one case
where T appears nonlinearly is also considered), and because |ε| is small that
variable also appears linearly in (54). The density ρ can be replaced by trε.

5.1.1 Implicit constitutive relations for bodies whose mechanical
properties depend on the density and the mechanical pres-
sure. The case the implicit relation is isotropic

In [171] the general constitutive relation (54) is used for the analysis of porous
elastic solids, whose material moduli depend on density. For the particular
case of homogeneous bodies where G is isotropic and T appears linearly, the
following subclass of implicit relation is obtained from (54) (see, for example,
[202]):

ε ` A1T ` A2ptrεqT ` A3ptrTqI ` A4ptrεqI ` A5ptrTqε

`A6ptrTqptrεqI ` A7pεT ` Tεq ` A8trpεTqI “ 0, (55)

where Ai, i “ 1, 2, 3, ..., 8 are constants. The density ρ has an influence in
the behaviour of the body through trε since ρr “ ρ “ Jρ « p1` trεq because
J « 1 ` trε.

In [171] a detailed study of the case T “ σe1 b e1 and ε “ εe1 b e1
is considered, as well as this, two special subclasses of (55) are analyzed:
ε “ B1r1`λ2ptrεqsT`B2r1`λ3ptrεqsptrTqI and ε “ B1rp1`λ2q´λ2ρ{ρrsT`

B2rp1 ` λ3q ´ λ3ρ{ρrsptrTqI, where B1, B2, λ2 and λ3 are constants. Here
and thereafter λi should not be confused with the principal stretches. These
and other subclasses of (55) are shown in the following list.

Some constitutive relations proposed by Alagappan et al.: In [1]
some subclasses of (55) are proposed, where the material moduli depend on
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the density and the mechanical pressure applied on the solids, with potential
applications to porous elastic solids such as bone, concrete and rock. As men-
tioned previously if we have small deformations the density is proportional
to trεεε, and for an homogeneous body (54) becomes GpT, εεεq “ 0. When G
is isotropic and T appears linearly9 we have (compare with (55)):

εr1 ` λ1ptrTqs “ B1r1 ` λ2ptrεqsT ` B2r1 ` λ3ptrεqsptrTqI, (56)

where B1, B2, λi, i “ 1, 2, 3 are material constants. If λi “ 0 and B1 “ p1 `

νq{E and B2 “ ´ν{E from (56) we recover the linearized elastic constitutive
equation.

In [1] the subclass λ1 “ λ, λ2 “ λ3 “ γ, with λ ă 0, γ ą 0 is also
considered, where from (56)

εr1 ` λptrTqs “ B1r1 ` γptrεqsT ` B2r1 ` γptrεqsptrTqI (57)

In [1] some numerical values have been proposed for λ, γ, B1, B2 but are
not connected with actual experimental data for materials. In [211] a simpler
subclass of (57) has been considered, namely (here we use a different notation
for some material constants):

ε “ B1r1 ` γ1ptrεqsT ` B2r1 ` γ2ptrεqsptrTqI. (58)

In [211] the authors use the notation E1, λ, E2 and λ2 instead B1, γ1, B2

and γ2, respectively. In that paper some boundary value problems are solved
using the finite element method (using the program Comsol), such as the
analysis of the behaviour of a square plate with a rigid elliptical inclusion in
its center. In [212] the same implicit relation (58) is used for the analysis
of another boundary value problems, namely the study of a plate with an
elliptical hole in its centre under tension.

The implicit relation (57) is used in [140] for the analysis of stresses for
a plate with a circular hole. In that work, it is assumed that γ1 “ γ2 “ γ
(which in [140] are called λ1, λ2, respectively). Defining B1 “ p1 ` νq{E,
B2 “ ´ν{E and from (57) in [140] they obtain (compare with (60) below):

ε “
p1 ` νq

Ep1 ´ γtrεq
T ´

ν

Ep1 ´ γtrεq
ptrTqI. (59)

9This constitutive relation (56) has been also considered in [211], where the only differ-
ence is the name given to some material constants, where λ1, B1, λ2, B2, λ3 are replaced
by τ , E1, λ1, E2 and λ2, respectively.
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In [221] Eq. (57) is used for the analysis of some boundary value problems
as well. The particular expression used in that paper is:

ε “
p1 ` νqp1 ` β trεq

E
T ´

νp1 ` β trεq

E
trpTqI, (60)

where β is a material constant, and ν, E are ground values for the Poisson
ratio and the Young’s modulus. In order to solve boundary value problems
with the finite element method in [221] Eq. (60) is inverted to obtain the
stress as a function of the linearized strain (this is just a mathematical device,
which from the physical point of view cannot be done, see [169]), and then
a weak formulation is proposed in terms of the displacement field. Some
problems with plane plates with cracks are analyzed under traction and shear,
where the cracks are located in the middle or on the edges of such plates.
There is an analysis of the effect on the stresses of the material parameter β.

A constitutive relation by Bustamante and Rajagopal: In [49] tak-
ing as basis (54), Bustamante and Rajagopal proposed the following consti-
tutive relation for rock and concrete, where the density (conected with trε)
and the spherical part of the stress play an important role:

ε ` qp0qptrTqε ` hp0qpTε ` εTq ` f p1qptrεqI ` f p2qptrTqptrεqI

`qp0qtrpTεqI ` qp0qptrεqT `

3
ÿ

i“1

Bp

Bσi
tpiq b tpiq “ 0. (61)

In (61) above f p1q, f p2q, hp0q and qp0q are material constants, where the
function p should satisfy p “ ppσ1, σ2, σ3q “ ppσ2, σ1, σ3q “ ppσ3, σ2, σ1q “

ppσ1, σ3, σ2q, where σi, t
piq are the principal stresses and principal directions

of T, respectively. The following expression was proposed for p

ppσ1, σ2, σ3q “ fpσ1q ` fpσ2q ` fpσ3q ` gppσ1 ` σ2 ` σ3q{3q.

In [49] three boundary value problems were considered, namely the uni-
form tension-compression of a cylinder without lateral constraints, the uni-
form tension-compression with lateral load, and the simple shear of a slab.
In the particular case of the tension-compression of a cylinder without lateral
constraints, if σz, εz “ ε̂zpσzq and εr “ ε̂rpσzq denote the axial stress, axial
and radial strains, respectively, which are obtained from experiments, from
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(61) it is possible to show that:

f1pxq “ ε̂rpxq ´ qp0qε̂rpxqx ´ ε̂zpxqr1 ` 2php0q ` qp0qqxs, (62)

g1pxq “ ´3tε̂rp3xqr1 ` 2f p1q ` 3p2f p2q ` qp0qqxs ` ε̂zp3xqrf p1q ` 3pf p2q

`qp0qqxsu. (63)

Specific applications of (61)-(63) for rock and concrete are shown in Sec-
tions 7.3.4 and 7.3.5, respectively.

Some constitutive relations by Itou et al: In [103] an implicit consti-
tutive relation for porous solids has been proposed that is of the form:

εD “ E1TD,
1

3
trε “

E3

r1 ´ λ4Gptrεqs
trT, (64)

In [103] some expressions forG “ Gptrεq are proposed such that trε is limited
(bounded). The above implicit relation (64) has been used to analyze the
behaviour of bodies with cracks, in particular the authors have studied some
restrictions on G such that there exists a unique solution for the boundary
value problem.

In [102] Itou et al. proposed a variation of the implicit relation (56) of
the form (in [102] the names of some constants are different):

εr1 ` λ3ptrTqs “ E1r1 ` λ1ptrεqsTD ` E4r1 ` λ4ptrεqsptrTqI, (65)

where TD “ T´ 1
3
ptrTqI is the deviatoric stress (see Section 3.3.2). Some of

the above constants are defined as E1 “ p1 ` νq{E, E4 “ E1{3 ` E2, where

E2 “ ´ν{E and λ4 “
pE1{3qλ1`E2λ2

E4
, where E and ν are the Young’s modulus

and the Poisson ratio in the reference configuration, respectively. From (65)
after several manipulations we can obtain an expression for the linearized
strain as a function of the stress of the form (see Section 5.2):

ε “ E1A1ptrTqA2ptrTqTD ` E2A2ptrTqptrTqI, (66)

where the functions A1 and A2 are defined as A1ptrTq “ 1 `
3E4pλ1´λ4q

1{trT´1{τcr1
,

A2ptrTq “ 1
1´trT{τcr2

, where τcr1 “ ´1{λ3 and τcr2 “ 1
p3E4λ4´λ3q

. In [102]

special attention is given to a subclass of (66), wherein it is assumed that

λ1 “ λ3 “ 0, such that (66) becomes ε “ E1T `
E2r1`3E4pλ2´λ4qtrTs

p1´3E4λ4trTq
ptrTqI,

from where after some manipulations we have

εD “ E1TD,
1

3
trε “ E4Bppq, (67)

35



where εD is the deviatoric linearized strain tensor defined as εD “ ε´ 1
3
ptrεqI,

and Bppq “
p

1´p{τcr
(where p “ trT and τcr “ 1

3E4λ4
). In [102] it is shown that

the above constitutive equation (67) is continuous, coersive and bounded. In
that paper it is also shown the well-posedness of the regularized problem,
and a variational formulation is proposed in terms of pu,TD, pq.

A constitutive relation by Prusa and Trnka: In [149] a constitutive
relation has been proposed, which is of the form (54), but which for practical
reason is written as (59). Here the focus is on defining a Young’s modulus that
depends on density, Epρq « Erp1 ´ ntrεq (where Er is the Young’s modulus
in the referenc configuration). The constitutive relation is (compare with
(59)):

ε “
p1 ` νrq

Erp1 ´ n trεq
T ´

νr
Erp1 ´ n trεq

ptrTqI, (68)

where νr is the Poisson ratio in the reference configuration10. Considering
that |ε| is very small, from a Taylor expansion on the right side of (68) we
have:

ε «
1

Er

p1 ` n trεqrp1 ` νrqT ´ νrptrTqIs. (69)

In [149] there is a study on the influence of the parameter n on the
behaviour of the body. As well as this, some boundary value problems are
solved using the finite element method, such as the extension of a circular
cylinder, the deflection of a thin plate, and the bending of a beam (see Section
8). In order to use a standard finite element formulation in [149] Eq. (69) is
inverted to express the stress as a function of the linearized strain. We need
to remark again that such an inversion is only a mathematical device that
from the physical point of view cannot be done, see [169] for comments on
that. Such an inverse expression is: T “ αrp1´n trεqptrεqI`2βrp1´n trεqε,
where αr “ νrEr

p1`νrqp1´2νrq
and βr “ Er

2p1`νrq
. The results of such boundary value

problems have been compared with the predictions of the classical linearized
theory of elasticity, and the behaviour of such solid is very different compared
with such linearized elastic solids.

A constitutive relation by Rajagopal and Saccomandi: In [172] a
constitutive relation of the form (8) has been proposed for the particular case

10This constitutive equation (68) comes from the implicit relation εErp1´n trεq ´ p1`

νrqT ` νrptrTqI “ 0.
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the mechanical properties depend on density ρ “ ρr{J . In [172] the following
particular constitutive relation has been considered (where ρ is replaced by
J):

B “

„

1 `
pν2r ´ 1q

Er

fpJqtrT

ȷ

I´
pνr ` 1qpν2r ´ 1q

Er

fpJqT`
p1 ´ ν2r q

2Er

pTB`BTq,

(70)

where fpJq “ J
2νr

p2νr´1q ´1

pνr`1qJ
2νr

p2νr´1q ´νrJ
2νr`2

p2νr´1q ´1

and Er, νr are material constants. In

[172] the particular case of small gradient of the displacement field is small
is assumed |∇u| „ Opδq, δ ! 1, from where B « I ` 2ε and after several
manipulations from (70) we obtain:

ε “ ´

„

νr
Er

p1 ` ΓrtrεqtrT

ȷ

I `
p1 ` νrq

Er

p1 ` ΓrtrεqT ` Γ1pTε ` εTq,

where Γr is a constant11.

5.1.2 Two directions elasticity and a transversely isotropic body

In many applications with porous materials, it is necessary to consider anisotropic
constitutive relations, due to the nature of some of such materials, such as
bone (see Section 7.3.6 and the references mentioned therein). Therefore,
there is a need for expressions for (54) when G is anisotropic. In this section
we show the same, for two cases, where G depends on one or two unit vectors
fields, which represent the directions the body is anisotropic.

In the case |∇Xu| „ Opδq, δ ! 1 from (54) we obtain (see [52]):

γ0I ` γ1T ` γ2T
2 ` γ3ε ` γ4pεT ` Tεq ` γ5pεT

2 ` T2εq ` γ6a b a

`γ7ra b pTaq ` pTaq b as ` γ8b b b ` γ9ra b pεaq ` pεaq b as

`γ10rb b pTbq ` pTbq b bs ` γ11rb b pεbq ` pεbq b bs ` γ12pa ¨ bqpa b b

`b b aq ` γ13pa ¨ bqra b pTbq ` pTbq b a ` b b pTaq ` pTaq b bs

`γ13pa ¨ bqra b pεbq ` pεbq b a ` b b pεaq ` pεaq b bs “ 0,(71)

11In [172] there is a study of plane wave propagation considering (70) (see Section 8.2.1),
where it is assumed that x “ X ` upX, tq, y “ Y ` vpX, tq and z “ Z (using the notation
x, y, z for xi, i “ 1, 2, 3 and X,Y, Z for Xα, α “ 1, 2, 3). In such a case the equations of
motion (4)1 (without body forces in the case that T “ T11e1 be1 `T12pe1 be2 `e2 be1q)
become ρr:u “ BT11

BX and ρr:v “ BT12

BX . In that paper the authors obtain some properties for
the above partial differential equations, and one solution is found, which for the sake of
brevity is not shown here.
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where γi, i “ 0, 1, 2, ..., 13 can depend on the stressT, γk, k “ 0, 1, 2, 6, 7, 8, 10, 12, 13
can only depend linearly in εεε, while γj, j “ 3, 4, 5, 9, 11, 13 do not depend on
εεε.

The case the implicit relation is transversely isotropic is a special subclass
of (71), and if we assume as well that the stress can only appears linearly,
we have

ϑ0I ` ϑ1T ` ϑ2ε ` ϑ3pεT ` Tεq ` ϑ4a b a ` ϑ5ra b pTaq ` pTaq b as

`ϑ6ra b pεaq ` pεaq b as “ 0,(72)

where (see Section 4.3 in [52]) ϑi “ η
p0q
oi ` η

p1q
oi trε ` η

p2q
oi a ¨ pεaq, i “ 1, 5,

ϑk “ η
p0q
ok ` η

p1q
ok trT ` η

p2q
oi a ¨ pTaq, k “ 2, 6, ϑl “ η

p1q
ol trε ` η

p2q
ol a ¨ pεaq `

η
p3q
ol trT ` η

p4q
ol a ¨ pTaq, l “ 0, 4, where η

pnq
om are material constants.

From Eqs. (15) and (16) in [175] some implicit constitutive relations for
bodies whose mechanical properties depend on the spherical stress and den-
sity have been proposed, which are special cases of (72) and (3), respectively.
In the case of a body with two directions of anisotropy from (71) after dif-
ferent manipulations (which for the sake of brevity are not shown here) and
keeping only linear terms in the stress we have:

p1 ` λ trTqε ` β1p1 ` γ trεqT ` β2p1 ` γ trεqptrTqI ` β3a b a

`β4ra b pTaq ` pTaq b as ` β5ra b pεaq ` pεaq b as ` β6b b b

`β7rb b pTbq ` pTbq b bs ` β8rb b pεbq ` pεbq b bs “ 0,

while for transversely isotropic bodies from (72) we obtain

p1 ` λ trTqε ` β1p1 ` γ trεqT ` β2p1 ` γ trεqptrTqI

`β3rλa ¨ pTaq ` γa ¨ pεaqsa b a ` β4ra b pTaq ` pTaq b as

`β5ra b pεaq ` pεaq b as “ 0,

where βi, i “ 1, 2, ..., 8, λ and γ are material constants. In [175] some bound-
ary value problems are studied considering homogeneous distributions for the
stresses and strains, and also the problem of torsion of a cylinder, where the
displacement field is assumed to be u “ urprqer ` krzeθ ` pλz ´ 1qzez is
studied. In that last problem some nonlinear ordinary differential equations
for ur and some components of the stress tensor are obtained, which for the
sake of brevity are not reported here.
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5.2 Constitutive equations for the linearized strain as
a function of the Cauchy stress for purely elastic
deformations

In this section we study the case of (9) when |∇Xu| „ Opδq, δ ! 1 (see
[17, 18, 157, 161]), where our aim is to obtain an explicit expression for ε
versus T. In such a situation we have B « I ` 2ε, replacing this in (9),
and appealing to the approximation αi “ αipT,Bq « αipT, εq « αipT,0q `
Bαi

Bε
pT,0q ¨ ε, i “ 0, 1, 2, ..., 8, using the notation α

p0q

i “ αipT,0q and ζi “
Bαi

Bε
pT,0q and neglecting terms of order δ2 or higher, (9) becomes (see, for

example, [145]):

ϖ1pTq ` ϖ2pTqε ` rϖ3pTq ¨ εsT ` rϖ4pTq ¨ εsT2 ` ϖ5pTqpTε ` εTq

`ϖ6pTqpT2ε ` εT2q “ 0,(73)

where ϖipTq, i “ 1, 3, 4 and ϖjpTq, j “ 2, 5, 6 are vector and scalar func-
tions, respectively, which only depend on the stress tensor and are defined in
terms of α

p0q

k and ζk. We notice from equation (73) that the strains always
appear as linear expressions, whereas the stresses can be arbitrarily large and
can appear in a nonlinear manner. Eq. (73) can be rewritten as (in indicial
notation and Cartesian coordinates)

AijklpTqεkl “ BijpTq. (74)

If the fourth order tensor function AAA has inverse then εij “
´1

Aijkl pTqBklpTq,

where
´1

A ijkl are the components i, j, k, l of AAA ´1. From (74) we obtain (see,
for example, (66))

ε “ hpTq. (75)

This subclass of constitutive equations is very useful in describing metallic
alloys and even materials like concrete. Its applications are studied in more
detail in Section 7.3 (see [157, 161]).

Another way to obtain (75) is to consider the subclass of constitutive
equation (12): B “ ᾱ0I ` ᾱ1T ` ᾱ2T

2, where ᾱi are only functions of the
invariants of the stress (and do not depend on the density) and further,
assuming that |∇Xu| „ Opδq, δ ! 1 we once again obtain (75).
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5.2.1 Isotropic Bodies

In the case hpTq is an isotropic function we have the representation [18]

ε “ ϑ0I ` ϑ1T ` ϑ2T
2, (76)

where the scalar functions ϑi, i “ 0, 1, 2, depend on the invariants I1 “ trT,
I2 “ 1

2
trpT2q and I3 “ 1

3
trpT3q.

Let us consider a subclass of (76), wherein we assume that there exists a
Gibbs potential G “ GpTq such that12 [17] hpTq “ BG

BT
. In the case GpTq is

an isotropic function GpTq “ GpI1, I2, I3q, where these invariants have been
defined above, we obtain for εεε the expression (compare with (76))

ε “ G1I ` G2T ` G3T
2, (77)

where Gi “ BG
BIi

, i “ 1, 2, 3. If instead of using the classical invariants
Ii, i “ 1, 2, 3 we use the principal stresses σi, i “ 1, 2, 3 of T, then for
GpTq isotropic we have the alternative representation (see, for example, [32])
GpTq “ Gpσ1, σ2, σ3q that must satisfy the symmetry conditions Gpσ1, σ2, σ3q “

Gpσ2, σ1, σ3q “ Gpσ1, σ3, σ2q, and for ε we have the expression (see [32]):

ε “

3
ÿ

i“1

BG
Bσi

tpiq b tpiq, (78)

where tpiq, i “ 1, 2, 3 are the eigenvectors (principal directions) of T. Finally,
if εi, i “ 1, 2, 3 are the principal strains of ε it is possible to show that

εi “
BG
Bσi

, i “ 1, 2, 3. (79)

5.2.2 Transversely isotropic bodies

The case of a transversely isotropic function hpTq has been briefly considered
in [25] within the context of analyzing inextensible bodies, and has been also
analyzed for the case of transversely isotropic rock (see Section 7.3.4). If
ones uses the classical results of Rivlin and Spencer (see, for example, [202]),
in the case hpTq is a transversely isotropic function and if we assume the
existence of a Gibbs potential G “ GpT, aq where hpTq “ BG

BT
, where a is the

12See [23] for a more detailed study on the nature of G for these problems.
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preferred direction with respect to which the body is transversely isotropic,
we have that GpT, aq “ GpI1, I2, I3, I4, I5q, where Ii, i “ 1, 2, 3 have been
defined in Section 5.2.1, and I4 “ a ¨ pTaq, I5 “ a ¨ pT2aq. It then follows
that (compare with (30)):

ε “ G1I ` G2T ` G3T
2 ` G4a b a ` G5ra b pTaq ` pTaq b as, (80)

where Gi “ BG
BIi

, i “ 1, 2, 3, 4, 5.
Shariff [191] has proposed a different sets of invariants for anisotropic

functions of tensors and vectors. In the case of a function of the form GpT, aq

he suggested the use of the spectral invariants σi, ζi, i “ 1, 2, 3, where σi are
the principal stresses of T and ζi “ ra ¨ tpiqs2, where tpiq, i “ 1, 2, 3 are the
eigenvectors of T. One of the invariants ζi, i “ 1, 2, 3 is not independent since
ζ1 ` ζ2 ` ζ3 “ 1, so for the set σi, ζi, i “ 1, 2, 3 we would have five indepen-
dent invariants. We have GpTq “ Gpσ1, σ2, σ3, ζ1, ζ2, ζ3q, which must satisfy
the symmetry conditions Gpσ1, σ2, σ3, ζ1, ζ2, ζ3q “ Gpσ2, σ1, σ3, ζ2, ζ1, ζ3q “

Gpσ1, σ3, σ2, ζ1, ζ3, ζ2q and which must be independent of ζi if the principal
values of T are all the same. For the components of the strain tensor we
have (see [191])

εii “
BG
Bσi

, i “ 1, 2, 3, (81)

εij “

ˆ

BG
Bζi

´
BG
Bζj

˙

tpiq ¨ pAtpjqq

pσi ´ σjq
, i ‰ j, i, j “ 1, 2, (82)

εk3 “
BG
Bζk

tpkq ¨ pAtp3qq

pσk ´ σ3q
, k “ 1, 2, (83)

where we have definedA “ aba, and where εii “ tpiq¨pεtpiqq, εij “ tpiq¨pεtpjqq,
where in all the above expressions there is no sum with respect to the repeated
index. In the case of (82), (83) we assume that as σi Ñ σj and σk Ñ σ3 the
function G is regular enough such that the limits exist.

5.2.3 Bodies with two directions of anisotropy

For the case of a body with two directions of anisotropy, when h “ BG
BT

and
G “ GpT, a,bq, where b is a unit tensor field, which must not be confused
with the body force (see (4)1). From [202] in the case of using the classical
invariants of Rivlin and Spencer G “ GpI1, I2, I3, I4, I5, I6, I7, I8, I9q, where I1,
I2 and I3 have been defined in Section 5.2.1, I4, I5 are defined in the previous
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Section 5.2.2 and I6 “ b ¨ pTbq, I7 “ b ¨ pT2bq, I8 “ pa ¨ bqa ¨ pTbq and
I9 “ pa ¨ bqa ¨ pT2bq. Therefore, we have:

ε “ G1I ` G2T ` G3T
2 ` G4a b a ` G5ra b pTaq ` pTaq b as ` G4b b b

`G7rb b pTbq ` pTbq b bs ` G8
1

2
pa ¨ bqpa b b ` b b aq

`G9
1

2
pa ¨ bqra b pTbq ` pTbq b a ` b b pTaq ` pTaq b bs,

where Gi “ BG
BIi

, i “ 1, 2, ..., 9.
In the case of using the spectral invariants of Shariff [193] we have G “

Gpσ1,2,3, ζ1,2,3, ξ1,2,3, χ1,2,3q, where σ1,2,3 means the set σ1, σ2, σ3 and the same
notation is used for the other variables. In the expressions above we have

defined ζi “
`

a ¨ tpiq
˘2
, ξi “

`

b ¨ tpiq
˘2
, χi “ pa ¨ bq

`

a ¨ tpiq
˘ `

b ¨ tpiq
˘

(above
there is no sum in i). For G we have 3ˆ4 “ 12 invariants, but not all of them
are independent, since from [193] we have the conections ζ1 ` ζ2 ` ζ3 “ 1,
ξ1 ` ξ2 ` ξ3 “ 1, χ1 ` χ2 ` χ3 “ pa ¨ bq2, χ2

1 “ pa ¨ bq2ζ1ξ1, χ
2
2 “ pa ¨ bq2ζ2ξ2

and ζ2ξ2ζ3ξ3p8ζ1ξ1 ` 4cq2 “ rc2 ` 4pζ2ξ2ζ3ξ3 ´ ζ1ξ1ζ2ξ2 ´ ζ1ξ1ζ3ξ3qs2, where
c “ pa ¨ bq2 ´

ř3
i“1 ζiξi, therefore, we have 12 ´ 6 “ 6 independent variables.

Using the above invariants in ε “ BG
BT

we obtain:

εii “
BG
Bσi

, i “ 1, 2, 3, (84)

εij “

ˆ

BG
Bζi

´
BG
Bζj

˙

tpiq ¨
`

Atpjq
˘

pσi ´ σjq
`

ˆ

BG
Bξi

´
BG
Bξj

˙

tpiq ¨
`

Btpjq
˘

pσi ´ σjq

`
1

pσi ´ σjq

ˆ

BG
Bχi

´
BG
Bχj

˙

“

tpiq ¨
`

ABtpjq
˘

` tpjq ¨
`

ABtpiq
˘‰

, (85)

where A “ ab a and B “ bbb (this last tensor must not be confused with
the left Cauchy-Green tensor and in (84), (85) the repetition of indices i, j
does not mean sum in such indices).

5.2.4 Residually stressed bodies

In the case of residually stressed bodies from [33] the counterpart of the
relations and equations presented in Section 4.4 are:

ε “ fpTq s.t. 0 “ fpTRq, where divTR ` ρb “ 0, (86)

TRn “ 0, x P BκrpBq. (87)
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Following [59] we consider the constitutive equation for G transversely
isotropic (80), where from [94, 95] we have to consider TR “ αI ` βa b a
(see Section 4.4.1). Here we assume that in general G “ GpT,xq, α “ αpxq,
β “ βpxq and a “ apxq, i.e., the body can be inhomogeneous. Replacing
(80) in (86)2, using the notation Ḡ “ GpTR,xq we obtain

0 “ Ḡ1I ` Ḡ2TR ` Ḡ3T
2
R ` Ḡ4a b a ` Ḡ5ra b pTRaq ` pTRaq b as,

and on using TR “ αI ` βa b a the above equation becomes

0 “ Ḡ1I`Ḡ2pαI`βabaq`Ḡ3rα2I`p2α`βqβabas`Ḡ4aba`Ḡ52pα`βqaba.

If we demand that the above relation to hold for any vector a we obtain

Ḡ1 `αḠ2 `α2Ḡ3 “ 0, βḠ2 ` p2α`βqβḠ3 ` Ḡ4 ` Ḡ52pα`βqaba “ 0. (88)

Finally using the above residual stress in (86)3 assuming no body force we
get divpαI ` βa b aq “ 0 that is equivalent to:

gradα ` pa ¨ gradβqa ` pdivaqβa “ 0. (89)

In (88) and (89) we have in general 5 equations, which can be used to find,
for example, α, β and the 3 components of a. Regarding the boundary
conditions TRn “ 0 we obtain

αn ` βpa ¨ nqa “ 0.

5.3 Electro-elastic bodies

In this section we study the constitutive relations proposed in Sections 4.1
and 4.2. In Section 5.3.1 we consider the relations proposed in [21] (see
also the corrections presented in [34]), which were obtained not taking into
account directly the laws of thermodynamic, while in Section 5.3.2 we start
with (35), (36), where using the first law of thermodynamic, we obtain a
class of electro-elastic solid, which satisfies automatically such laws.

5.3.1 On a first class of electro-elastic bodies

In the case of electro-elastic bodies from (32), (33) if we assume that |∇Xu| „

Opδq, δ ! 1, following a procedure similar to that outlined in Section 5.2, it
is possible to obtain the subclass (see [21])

ε “ hpτττ ,EEE,DDDq, lpτ ,EEE,DDDq “ 0, (90)
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where (90)2 is an implicit vector relation but that does not depend on the
strains.

If Do is used to denote some characteristic value for the electric dis-
placement, for example, the magnitude of the electric displacement near
the electric saturation point for some materials, then assuming further that
1
Do

|DDD| „ Opδq, δ ! 1, from (90)2 we obtain

DDD “ rpτ ,EEEq,

and as a result ε “ hpτ ,EEEq.
Let us study in more detail the cases |∇Xu| „ Opδq and 1

Do
|DDD| „ Opδq

where, δ ! 1, when the functions h and r are transversely isotropic, and
where a is a preferred direction for the body, i.e., ε “ hpτ ,EEE, aq, DDD “

rpτ ,EEE, aq. This case is relevant to many technical problems since many
electro-elastic materials present a direction where the behaviour is different.
In this case we have the representations (in terms of the classical invariants
[202]):

ε “ γ̄0I ` γ̄1τ ` γ̄2τ
2 ` γ̄3EEE bEEE ` γ̄4rEEE b pτEτEτEq ` pτEτEτEq bEEEs

`γ̄5rEEE b pτ 2EEEq ` pτ 2EEEq bEEEs ` γ̄6a b a ` γ̄7ra b pτaq ` pτaq b as

`γ̄8ra b pτ 2aq ` pτ 2aq b as ` γ̄9pEEE ¨ aqpa bEEE `EEE b aq

`γ̄10ra b ¨pτEτEτEq ` pτEτEτEq b a ` pτaq bEEE `EEE b pτaqs

`γ̄11ra b ¨pτ 2EEEq ` pτ 2EEEq b a ` pτ 2aq bEEE `EEE b pτ 2aqs, (91)

and
DDD “ ψ̄1EEE ` ψ̄2τEτEτE ` ψ̄3τ

2EEE ` ψ̄4a ` ψ̄5τa ` ψ̄6τ
2a,

where the scalar functions γ̄i, i “ 0, 1, 2, ..., 11 and ψ̄j, j “ 1, 2, ..., 6 depend
on the invariants obtained from τ , EEE and a, which are not documented here
but the interested reader can find in [21].

5.3.2 On a second class of electro-elastic bodies

From Section 4.2 assuming small gradient of the displacement field we have
the approximations S « τ , E « ε, EEEL « EEE and PPPL « PPP and from (35), (36)
we obtain in index notation and Cartesian coordinates (see [37, 56]):

dPi « M0ijkdτjk ` N0ijdEj, dεij « T0ijkldτjk ` U0ijkdEk, (92)

where we have defined MMM 0 “ MMM pτ ,0,EEE,PPPq, NNN 0 “ NNN pτ ,0,EEE,PPPq, TTT 0 “

TTT pτ ,0,EEE,PPPq, UUU 0 “ UUU pτ ,0,EEE,PPPq, where MMM , NNN , TTT and UUU are defined in
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terms of the tensors AAA , BBB, CCC , DDD , QQQ, RRR and SSS presented in Section 4.2.1,
and for brevity such long expressions are not shown here13.

Let us study some subclasses of the above constitutive equations (92), and
some alternative theories developed working with the case of small gradient
of the displacement field from the beginning regarding the laws of thermo-
dynamics.

The case the polarization field is ‘small’: Let us assume that besides
the gradient of the displacement field being small, we assume that the norm
of the polarization field PPP (divided by some characteristic value such that
it is a dimensionless field) is very small, i.e., |PPP| „ Opδq, δ ! 1, then from
the definition for τ from Section 4.2.1 we have the approximation τ « σ
(where σ is the notation used in this section for the Cauchy stress tensor)
then from (92) we have dPi « M0ijkpσ,EEE,0q dτjk ` N0ijpσ,EEE,0q dEj, dεij «

T0ijklpσ,EEE,0q dτjk ` U0ijkpσ,EEE,0q dEk. Here the Cauchy stress tensor σ is
approximately symmetric.

An alternative formulation for the case of small gradient of the
displacement field, assuming that the magnitude of the polarization
can be arbitrary: Let us work with (34) from the beginning assuming that
the gradient of the displacement field is small, then we replace S by τ , EEEL

by EEE and PPPL by PPP, assuming that ψ “ ψpτ ,EEE,PPPq and (34) becomes (here
ρr « ρ)

´ρtr

ˆ

Bψ

Bτ
9τ

˙

` trpτ 9εq ´

ˆ

9PPP ` ρ
Bψ

BEEE

˙

¨ 9EEE ´ ρ
Bψ

BPPP
¨ 9PPP “ 0. (93)

Let us assume that there exists a scalar potential Π “ Πpτ ,EEE,PPPq such that
ε “ BΠ

Bτ
and replacing this in (93) we get (in index notation and Cartesian

coordinates)

ˆ

B2Π

BτijBτkl
τij ´ ρ

Bψ

Bτkl

˙

9τkl `

ˆ

B2Π

BτijBEk
τij ´ Pk ´ ρ

Bψ

BEk

˙

9Ek

`

ˆ

B2Π

BτijBPk
τij ´ ρ

Bψ

BPk

˙

9Pk “ 0.

13The interested reader can see Section 4.1 of [37] and also the corrections presented in
[56], in particular regarding the use of the tensor τ instead of σ for several expressions
shown in Section 4.1 of [37].
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If we look for Π and ψ that satisfy the above equation for any 9τττ , 9EEE and 9PPP we
find constitutive relations for an electro-elastic body, wherein the gradient
of the displacement field is small and where the norm of the polarization
field can be arbitrarily large. Let us show an example for ε “ BΠ

Bτ
in the

case Π is an isotropic function considering the invariants of Spencer [202],
Π “ ΠpI1, I2, ..., I11q (for the definitions of such invariants see [37, 56]) we
have

ε “ Π1I ` Π2τ ` Π3τ
2 ` Π5EEE bEEE ` Π6rEEE b pτEEEq ` pτEEEq bEEEs

`Π8PPP bPPP ` Π9rPPP b pτPPPq ` pτPPPq bPPPs ` Π11pEEE ¨PPPqpEEE bPPP `PPP bEEEq,

where Πi “ BΠ
BIi

, i “ 1, 2, ..., 11.

A formulation for the case of small gradient of the displacement
field and small polarization: Here we assume that the norms of gradient
of the displacement field and the polarization (which has been divided by
some characteristic value) are small, then τ « σ and assuming that ψ “

ψpσ,EEEq the first law of thermodynamics (93) becomes

´ρtr

ˆ

Bψ

Bσ
9σ

˙

` trpσ 9εq ´

ˆ

9PPP ` ρ
Bψ

BEEE

˙

¨ 9EEE “ 0. (94)

Let us assume there exist scalar potentials Π “ Πpσ,EEEq and Υ “ Υpσ,EEEq

such that ε “ BΠ
Bσ

and PPP “ BΥ
BEEE , then replacing them into (94) we obtain

the equations ρψpσ,EEEq “ tr
“

σ BΠ
Bσ

pσ,EEEq
‰

´ Πpσ,EEEq ` ℘pEEEq and Υpσ,EEEq “

Πpσ,EEEq ´ ℓpσq ` ℘pEEEq, from where we can express, for example, ψ and Υ in
terms of Π. In the particular case that ℘ “ 0 we have that BΥ

BEEE “ BΠ
BEEE .

If Π is a transversely isotropic function such that Π “ Πpσ,EEE, aq, where
a is a unit vector field, considering the invariants by Spencer we have Π “

ΠpI1, I2, ..., I10q (those invariants can be found in Section 5 of [37] and for
brevity are not presented here), assuming that ℓ “ 0 and ℘ “ 0 above, we
obtain the constitutive equations (compare with (91))

ε “ Π1I ` Π2σ ` Π3σ
2 ` Π4EEE bEEE ` Π6rEEE b pσEEEq ` pσEEEq bEEEs ` Π7a b a

`Π8ra b pσaq ` pσaq b as ` Π10pEEE ¨ aqpEEE b a ` a bEEEq, (95)

PPP “ 2Π4EEE`2Π5σEEE`2Π6σ
2EEE`2Π9pEEE ¨aqa`Π10trEEE ¨ pσaqsa` pEEE ¨aqσau,

(96)
where Πi “ BΠ

BIi
, i “ 1, 2, ..., 10.
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5.4 Thermo-elastic bodies

Here we repeat the analysis of the two previous sections in the case of ther-
moelastic bodies (see Section 4.3). On assuming that |∇Xu| „ Opδq, δ ! 1,
we have E « ε, S « T, QL « Q, 9QL « 9Q and ∇Xθ « ∇θ, where Q is the
heat flux in the current configuration, and ∇ is the gradient operator with
respect to the current configuration. From (41), (46) we obtain (see [31])

ε “ hpT, θq, mpT,Q, 9Q,∇θ, θq “ 0. (97)

In the case h is an isotropic function the expression for (97)1 is the same as
that in (76), (77), but in this case the functions ϑi or G would also depend
on θ. In the case (97)2 being isotropic we have the representation

β̆1Q ` β̆2TQ ` β̆3T
2Q ` β̆4 9Q ` β̆5T 9Q ` β̆6T

2 9Q ` β̆7∇θ ` β̆8T∇θ
`β̆9T

2∇θ “ 0, (98)

where the scalar functions β̆i, i “ 1, 2, ..., 9 depend on some of the invariants
defined in terms of T, Q, 9Q and ∇θ, which for the sake of brevity are not
shown here. The following subclass of (97) is also interesting. Let us define
Q and Qd as characteristic values for Q and 9Q, respectively, let us assume
that 1

Q
|Q| „ Opδq and 1

Qd
| 9Q| „ Opδq, where δ ! 1, it is possible to show that

from (98) we obtain

Q ` αpT, θq 9Q “ ´qpT,∇θ, θq, (99)

where the scalar function α may also depend on ∇θ. The above subclass
of (97) is a generalization of models for heat transfer, which has been pro-
posed in [98], which does not present some of the problems that the classical
Fourier’s model for heat transfer does, in particular the infinite speed of prop-
agation for heat. The classical Fourier’s model is obtained from (99) in the
case α “ 0 and q “ qp∇θq “ k∇θ, where k is a constant.

The new classes of constitutive relations and equations for thermo-elastic
bodies (97), (98) and (99) have not been yet applied for the modelling of
some real solids. In Section 9.4 one boundary value problem is shown for a
class of constitutive relation considering large elastic deformations (see [60]).
Different boundary value problems have been studied in that paper, but for
the sake of brevity several of such results are not shown in Sections 8 and
9. For the case of small gradient of the displacement field, wherein (97)1 is
valid, in [224] the following expression is considered for h isotropic:

ε “ hpT, θq “ ϑ0I ` ϑ1T ` ϑ2T
2, (100)
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where ϑi “ ϑipI1, I2, I3, θq, i “ 0, 1, 2, and I1 “ trT, I2 “ 1
2
trpT2q and I3 “

1
3
trpT3q. In [224] expressions for ϑi such that the body shows a strain limiting

behaviour are studied. In the same paper (100) is inverted to obtain the stress
as a function of the linearized strain and temperature (the above is just a
mathematical device, and it does not have a physical meaning, see [169]), and
that inverted constitutive equation is used in a weak formulation in terms
of the displacement field, to use it as basis for the implementation of the
finite element method. In that paper the issue of existence and uniqueness is
addressed. Some boundary value problems are solved, in particular the study
of the behaviour of plane plates with and without cracks. The predictions of
(100) are compared with the predictions of the linearized theory of elasticity.

6 Constraints

In this section we discuss kinematic constraints within the context of the new
constitutive theories reviewed in this paper. In the case of a fully implicit rela-
tion, of the form, for example, (8), it is possible to incorporate the constraint
of incompressibility detF “ 1 which is equivalent to detB “ 1, by decom-
posing the stress into a spherical plus a deviatoric part as T “ trT

3
I ` TD,

where TD “ T ´ trT
3
I, requiring that GpT,Bq would not be influenced by

the spherical part of the stress trT
3
I, i.e., to impose restrictions on GpT,Bq

such that (8) would be equivalent to GpTD,Bq “ 0. Regarding the con-
dition detB “ 1, further restrictions on G could be applied such that any
deformation for the class of models defined through GpTD,Bq “ 0 would be
isochoric14.

In the case of large elastic deformations, where some measure of the strain
is given as a function of a stress (see (12), (21) and (75)), there are two
options, for example, in the case of the subclass (12), namely B “ gpTq,
the constraint of incompressibility can be incorporated directly into such a
constitutive equation (see [29]) obtaining detpgpTqq “ 1, which is a direct
restriction on g. In [29] such a restriction was studied for the particular
case when g is isotropic and is obtained from some scalar potential. The
expression for g obtained in such a way does not depend on a spherical
stress σS “ ´trT

3
, i.e., gpσSIq “ I, however, it has not been possible so far to

14See, for example, [83], Sections 6.2.1 and 6.3.1 of [80] and Section 3 of [203] for a
treatment of incompressibility within the context of a class of isotropic implicit body.
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show that g
´

trT
3
I ` TD

¯

“ gpTDq. The model proposed in [203] (see (21)

and (22)) does not present such a problem, and with the use of the Kirchhoff
stress τ and the Hencky strain η “ lnV “ 1

2
lnB, for the particular case of

incompressible bodies and using the Gibbs potential G, it is possible to obtain
the explicit expression devplnVq “ BG

BTD
, where the potential G only depends

on the deviatoric part of the stress tensor (here dev means the deviatoric
part of lnV). In Section 6.2 we show some results from [36], where the
Hencky strain tensor is a function of the Cauchy stress tensor and we find
some restriction of G such that the body is incompressible.

6.1 Incompressibility in the case of assuming small
gradient of the displacement field (small strains)

In the case of small strains the incompressibility constraint reads trεεε “ 0,
and replacing the subclass of the model presented in (77) into that equation
we obtain the first order linear partial differential equation

BG
BI1

` I1
BG
BI2

` 2I2
BG
BI3

“ 0, (101)

whose solution is of the form (see [30]) G “ ḠpĪ1, Ī2q, where Ī1 “ I2 ´
I21
6
,

Ī2 “ I3 ` 2
27
I31 ´ 2

3
I1I2, from which we obtain

ε “

ˆ

T ´
I1
3
I

˙

BḠ
BĪ1

`

„

2

ˆ

I21
9

´
I2
3

˙

I ´
2I1
3

T ` T2

ȷ

BḠ
BĪ2

. (102)

In [30] it was proved that if the stress is decomposed as T “
ptrTq

3
I ` TD,

where TD is the deviatoric stress, then ε “ hpTq “ hpTDq. Therefore, we
have a constitutive equation that satisfies the constraint automatically, and
which is not affected by the spherical part of the stress.

Let us study the constraint trε “ 0 for the case of (78), which is an
alternative representation for h for isotropic bodies. In such a case trε “ 0
becomes ε1 ` ε2 ` ε3 “ 0, and substituting (79) we obtain the first order
linear partial differential equation

BG
Bσ1

`
BG
Bσ2

`
BG
Bσ3

“ 0,

whose solution is G “ Ḡpσ1 ´ σ2, σ1 ´ σ3q ` Ḡpσ2 ´ σ1, σ2 ´ σ3q ` Ḡpσ3 ´

σ1, σ3 ´ σ2q, where we have the additional restriction Ḡpx, yq “ Ḡpy, xq.
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6.2 Incompressibility in the case of large elastic defor-
mations

In the case of (21)2 we have ln J “ trη, then if J “ 1 we have that trηηη “ 0,
and from τ “ JT and (21)1 we have τ “ T thus η “ BG

BT
, as a result for

incompressible solids we have the restriction tr
`

BG
BT

˘

“ 0. For G isotropic let
us choose the set of invariants I1 “ trT, I2 “ 1

2
trpT2q and I3 “ 1

3
trpT3q, such

that G “ GpI1, I2, I3q, then ηηη “ G1I`G2T`G3T
2, where Gi “ BG

BIi
, i “ 1, 2, 3.

Using the above in tr
`

BG
BT

˘

“ 0 we obtain the same first order linear partial
differential equation (101): BG

BI1
` I1

BG
BI2

` 2I2
BG
BI3

“ 0, whose solution is15 (see
[36])

G “ ĜpID2 , ID3q, where ID2 “
1

2
tr
`

T2
D

˘

, ID3 “
1

3
tr
`

T3
D

˘

,

and using this in (21)1 η “ BG
BT

we get (see [36])

η “ α0I ` α1TD ` α2T
2
D, (103)

where αi are defined as α0 “ ´
2ID2

3
BĜ

BID3
, α1 “ BĜ

BID2
and α2 “ BĜ

BID3
.

In [45] incompressible bodies were studied for (21)1, using the principal
values of τ and (24) (see Section 3.3.1). As mentioned previously in the
case of incompressible bodies J “ 1 thus τ “ T and the principal values τi
mentioned in Section 3.3.1 become the principal stresses of T, which here are
denoted σi, then from (24) we have

lnλi “
BG
Bσi

, i “ 1, 2, 3, (104)

where we recall that λi are the principal stretches and that G “ Gpσ1, σ2, σ3q.
That function must satisfy the restriction Gpσ1, σ2, σ3q “ Gpσ2, σ1, σ3q “

Gpσ1, σ3, σ2q “ Gpσ3, σ2, σ1q. Since the body is incompressible trη “ 0, which
is equivalent to lnλ1 ` lnλ2 ` lnλ3 “ 0 and from (104) we obtain the first
order partial differential equation for G: BG

Bσ1
` BG

Bσ2
` BG

Bσ3
“ 0, whose solution

is:

G “ Ğpσ1 ´ σ2, σ1 ´ σ3q ` Ğpσ2 ´ σ1, σ2 ´ σ3q ` Ğpσ3 ´ σ1, σ3 ´ σ2q, (105)

15The solution below is the same as the solution that leads to (102), see [30].
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where the function Ğ must satisfy Ğpα, βq “ Ğpβ, αq. If σDi
are used to

denote the principal values of the deviatoric stress TD as defined above, then
it is easy to show that σi ´ σj “ σDi

´ σDj
thus Ğ can be written solely in

terms of the principal values of TD. Using (105) in (104) we get:

lnλ1 “
BĞ
Bα

pσ1 ´ σ2, σ1 ´ σ3q `
BĞ
Bβ

pσ1 ´ σ2, σ1 ´ σ3q ´
BĞ
Bα

pσ2 ´ σ1, σ2 ´ σ3q

´
BĞ
Bα

pσ3 ´ σ1, σ3 ´ σ2q, (106)

lnλ2 “ ´
BĞ
Bα

pσ1 ´ σ2, σ1 ´ σ3q `
BĞ
Bα

pσ2 ´ σ1, σ2 ´ σ3q ´
BĞ
Bβ

pσ2 ´ σ1, σ2 ´ σ3q

´
BĞ
Bβ

pσ3 ´ σ1, σ3 ´ σ2q, (107)

lnλ3 “ ´
BĞ
Bβ

pσ1 ´ σ2, σ1 ´ σ3q ´
BĞ
Bβ

pσ2 ´ σ1, σ2 ´ σ3q `
BĞ
Bα

pσ3 ´ σ1, σ3 ´ σ2q

`
BĞ
Bβ

pσ3 ´ σ1, σ3 ´ σ2q. (108)

6.3 On a class of incompressible isotropic thermo-elastic
bodies

In this section we show some results presented in [60] for a class of isotropic
thermo-elastic body, which is a subclass of what has been shown in Section
4.3, and that corresponds to a type of incompressible solid similar to what
has been described in the previous section. From the first and second laws
of thermodynamics formulated in terms of the Kirchhoff stress τ and the
Hencky strain tensor η, proposing the Gibbs potential G as U “ ´Gpτ , θq `

θs ` trpτηq (where U is the internal energy, θ is the absolute temperature
and s the specific entropy) from [60] we have

η “
BG
Bτ
, s “

BG
Bθ
, ´Q ¨ θgrad

ˆ

1

θ

˙

ě 0, (109)

where we recall that Q is the heat flux in the current configuration. In
this case the first law of thermodynamics becomes ρθ 9s “ divQ ` ρr, where
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r is the internal heat production, and from (42) (rewritten in the current
configuration) we obtain:

ρθ

ˆ

B2G
BθBτ

¨ 9τ `
B2G
Bθ2

9θ

˙

“ divQ ` ρr. (110)

In [60] the Fourier’s model has been assumed Q “ ζ∇θ, where ζ is a positive
constant.

Eq. (109)1 is only valid for G isotropic, then G “ GpI1, I2, I3, θq, from
where we obtain the same constitutive equation (23). From different ex-
perimental data (see for example the introduction in [60] and the references
cited therein) it is possible to see that for incompressible bodies J “ fpθq,
i.e., the body is incompressible for isothermal processes but the specific vol-
ume depends on the temperature16. Using (23) in J “ fpθq ô trηηη “ ln J “

lnrfpθqs we obtain the first order partial differential equation (see Section
6.2) lnrfpθqs “ 3G1 ` G2I1 ` 2G3I2, whose solution is:

GpI1, I2, I3, θq “ lnrfpθqs
I1
3

` ĜpID2 , ID3 , θq, (111)

where I1 “ trτ “ JtrT, ID2 , ID3 are defined as ID2 “ 1
2
trpτ 2

Dq, ID3 “ 1
3
trpτ 3

Dq

and τD is defined from τ “ JT “ ´JσSI`τD (with trτD “ 0). Using (111)
above in (23) we obtain the constitutive relation (compare with (103)):

η “
lnrfpθqs

3
I ` α0I ` α1τD ` α2τ

2
D, (112)

where α0 “ ´
2ID2

3
BĜ

BID3
, α1 “ BĜ

BID2
and α2 “ BĜ

BID3
.

One boundary problem considering (110) is analyzed in Section 9.4.

6.4 Inextensibility in the case of small strains

Let us consider a transversely isotropic body, which in the direction a is
inextensible, then the constraint reads a ¨ pεaq “ 0. It happens that such

16From the same experimental data we can see that in reality J also depends (slightly) on
the spherical part of the Cauchy stress σS (called pressure in many other works), although
only very large changes in such spherical part of the stress can have a noticeable effect
on J . In [60] it is assumed that J “ fpθq neglecting the effect of σS, but as mentioned
in Section 4 therein, from [166] it has been shown that assuming J “ fpθq posses some
problems, such as implying thermodynamics instability among other issues.
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a constraint is used as an idealization of bodies composed of a matrix filled
with a much stiffer family of fibres in the direction a, and in such a case it is
expected that in compression the fibres may not present much resistance to
the deformation, unlike that in tension, therefore, for such problems a better
constraint is a ¨ pεaq ď 0. Substituting the class of constitutive equation
presented in (80) in a ¨ pεaq “ 0 we obtain the first order linear partial
differential equation

BG
BI1

` I4
BG
BI2

` I5
BG
BI3

`
BG
BI4

` 2I4
BG
BI5

“ 0, (113)

whose solution is (see [25]) G “ ḠpĪ1, Ī2, Ī3, Ī4q, where Ī1 “ I4 ´ I1, Ī2 “
1
2
I21 ` I2 ´ I1I4, Ī3 “ I21 ´ 2I1I4 ` I3 and Ī4 “ ´1

3
I31 ` I3 ` I21I4 ´ I1I5, and

the expression for εεε is

εεε “
BḠ
BĪ1

pa b a ´ Iq `
BḠ
BĪ2

p´Ī1I ` T ´ I1a b aq `
BḠ
BĪ3

r´2Ī1I ´ 2I1a b a

`a b pTaq ` pTaq b as `
BΠ̄

BĪ4
t´Ī3I ` T2 ` I21a b a ´ I1ra b pTaq

`pTaq b asu.(114)

In [25] it was shown that a stress of the form ´qa b a does not produce any
deformation, i.e., εεε “ hpT ´ qa b aq “ hpTq.

In the case of a body with a family of fibres that do not support com-
pression a ¨ pεaq ď 0, and thus we have

GpTq “

"

GpI1, I2, I3, I4, I5q if a ¨ pεaq ă 0,
ḠpĪ1, Ī2, Ī3, Ī4q if a ¨ pεaq “ 0,

where the expression for ε in the case a ¨ pεaq ă 0 is given in (80), while for
the case corresponding to a ¨ pεaq “ 0 is given in (114).

As in the case of incompressibility studied in the previous section, it is
possible to consider the alternative constitutive equation (81)-(83) in terms of
the spectral invariants G “ Gpσ1, σ2, σ3, ζ1, ζ2, ζ3q, ζ3 “ 1´ζ1´ζ2. Considering
that the strain tensor can be expressed as ε “

ř3
i“1

ř3
j“1 εijt

piq b tpjq, taking

into account (81)-(83), recalling the definition ζi “ ra ¨ tpiqs2, i “ 1, 2, 3,
from the constraint a ¨ pεaq “ 0 we obtain the partial differential equation
BG
Bσ1

` BG
Bσ2

` BG
Bσ3

` 2
´

BG
Bζ1

´ BG
Bζ2

¯

ζ1ζ2
pσ1´σ2q

` 2 BG
Bζ1

ζ1ζ3
pσ1´σ3q

` 2 BG
Bζ2

ζ2ζ3
pσ2´σ3q

“ 0. The

above partial differential equation has not been solved yet.
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6.5 Inextensibility in the case of large strains

In this section we study briefly the development of constitutive equations for
inextensible bodies in the case of large strains. We use as a starting point
the constitutive equation (30) for transversely isotropic bodies. Many of the
results to be presented here are very similar from the mathematical point of
view to what has been shown in the previous section. The results presented
in this section are taken from [47].

Let assume that the body is transversely isotropic, where a0 denotes
the directions of the inextensible fibres in the reference configuration, then
a0 ¨pEa0q “ 0 and from (30) we obtain the same first order partial differential
equation (113). We write the solution of (113) in a different but equivalent
form, the solution can be written as:

GpSq “ GpSaq “ ĜpÎ1, Î2, Î3, Î4q, (115)

where we have defined Sa through the relation

S “ Sa ` qa0 b a0 such that a0 ¨ pSaa0q “ 0.

The invariants Îj, j “ 1, 2, 3, 4 are defined as

Î1 “ ´trSa, Î2 “
1

2

“

ptrSaq
2 ` trpS2

aq
‰

, Î3 “
1

2
ptrSaq

2 ` a0 ¨ pS2
aa0q,

Î4 “ ´
1

3
rptrSaq

3 ` trpS3
aqs ´ ptrSaqra0 ¨ pS2

aa0qs.

In [47] that function (115) with the above definitions gives the same solution
as (114) (replacing ε and T by E and S). Replacing (115) in (30) we obtain

E “ ´ϑ0I ` ϑ1Sa ` ϑ2S
2
a ` ϑ3a0 b a0 ` ϑ4ra0 b pSaa0q ` pSaa0q b a0s,

where we have defined

ϑ0 “
BĜ
BÎ1

` Î1
BĜ
BÎ2

` 2Î1
BĜ
BÎ3

` Î3
BĜ
BÎ4

, ϑ1 “
BĜ
BÎ2

, ϑ2 “
BĜ
BÎ4

,

ϑ3 “
BĜ
BÎ1

` Î1
BĜ
BÎ2

` 2Î1
BĜ
BÎ3

` Î21
BĜ
BÎ4

, ϑ4 “
BĜ
BÎ3

` Î1
BĜ
BÎ4

,

where the restriction BĜ
BÎ1

p0q “ 0 must be satisfied.
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In the same manner as in Section 6.4, we can propose a constitutive
model, where the body is inextensible only when the fibres are in tension but
not in compression. In such a case we propose to work with:

GpSq “

"

GpSq “ GpI1, I2, I3, I4, I5q if G1 ` G2I4 ` G3I4 ď 0,

ĜpSaq “ ḠpÎ1, Î2, Î3, Î4q otherwise.

In [47] two boundary value problems were studied, namely the inflation
and extension of a cylindrical annulus (that is a special case of what it is
shown in Section 9.2.3), and the circumferential shear of a cylindrical annulus.
For this last problem for the cylindrical annulus Ri ď R ď Ro, 0 ď Θ ď 2π,
0 ď Z ď L, we assume the presence of the stress tensor Tprq “ σrprqer b

er ` σθprqeθ b eθ ` σzprqez b ez, where r “ fpRq, θ “ Θ ` gpRq, z “ λZ,
where λ ą 0 is a constant and a0pRq “ ApRqEr ` BpRqEΘ,

?
A2 ` B2 “ 1.

The resultant equations considering the above stress and deformation are not
shown here for the sake of brevity, and can be found in Sections 5 and 6 of
[47].

6.6 The rigid body in the case of small strains

A body it said to be rigid if there is no deformation irrespective of the stresses
applied to it. A possible way to impose that restriction on an isotropic body
is by considering the constraints apiq ¨ pεapiqq “ 0, i “ 1, 2, 3, where tapiqu is
a set of orthonormal vectors. Using (78) in the above constraints, assuming
that apiq “ tpiq, from apiq ¨ pεapiqq “ 0 we obtain BG

Bσi
“ 0, i “ 1, 2, 3, from

which we conclude that G does not depend on the stress, i.e., ε is not affected
by the stresses and moreover ε “ 0.

7 Applications

In this section we show some applications for some of the constitutive re-
lations and equations, which have been listed in the previous section. We
show such examples, first for cases considering large elastic deformations, and
then for problems involving small strains (small gradient of the displacement
field). Some examples of applications are: biomaterials, rubber-like solids,
solids showing strain limiting behaviour, fracture mechanics, gum metals,
rock, concrete, bone and electro- and magneto-sensitive materials.
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7.1 Implicit constitutive relations

In the case of the implicit relations of the form (5), (7), in [80, 81] it has
been shown that they can be used to model biological fibers and tissue. For
example in [81], for a 1D problem, where ε and σ denote the 1D strain and
stress, respectively, the first law of thermodynamics can be written as (defin-
ing that W “ ρrU) dW “ ´sdθ ` σdε, and assuming that U “ Upε, σ, θq

one can show that

s “ ´
BW

Bθ
, σdε “

BW

Bε
dε `

BW

Bσ
dσ,

and for biological fibres the following expression for W was proposed

W “ ´C

„

θ ln

ˆ

θ

θo

˙

´ pθ ´ θoq

ȷ

` Erε ´ αpθ ´ θoqs ´ σ

`βσrε ´ αpθ ´ θoqs, (116)

where C, θo, E, α and β are constants.
In [131] a similar model was proposed for applications for the modelling

of biomaterials, in this case starting with an implicit relation of the form
(5), rewritten in terms of the first Piola-Kirchhoff stress tensor P and the
deformation gradient as FpP,Fq “ 0, for the particular case when F is
isotropic, the following expression written in terms of the principal directions
of F takes the form
„

Pi ´
Φ

λi

ˆ

λ2i ´
1

J2q

˙ȷ„

Pi ´
Φ

λi

ˆ

λ2i ´
1

J2q

˙

´
Ψ

λi

ˆ

λmi ´
1

λni

˙ȷ

“ 0, (117)

where there is no sum in the repeated index, Pi i “ 1, 2, 3 are the principal
values of P, λi, i “ 1, 2, 3 are the principal stretches, J “ detF “ λ1λ2λ3,
and Φ, q, Ψ, m and n are constants.

In Sections 3.2.1 and 3.2.2 some general expressions for a class of implicit
constitutive relations have been proposed, which can be used to generalize
(116) and (117) for 3D problems. That has not been studied in the literature
yet.

7.2 Modelling of rubber-like solids

In this section different constitutive equations are listed for the modelling
of rubber-like solids (where we assume large elastic deformations), namely
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a constitutive equation by Muliana et al. [137], two constitutive equations
proposed by Bustamante and Rajagopal [43, 45], a constitutive equation
proposed by Bertoti [8], and a constitutive equation studied by Shyamkumar
et al. [199].

7.2.1 A constitutive equation by Muliana et al

In [137] a constitutive equation has been proposed for rubber-like materials
of the form (12):

B “ I ´ κ
`

1 ´ e´αK1
˘

I ` µ

`

1 ´ e´δK1`βK2
˘

pK1 ` wK2q
T,

where α, δ, κ, β, w and µ are material constants, and K1 “
a

ptrTq2,

K2 “

b

1
2

rptrTq2 ´ trpT2qs.

In [137] two boundary value problems are studied, one of them the uni-
axial loading of a body, where T11 “ σ and xi “ λXi (there is non sum
in i), considering isochoric motion detF “ 1. The other problem studied
corresponds to the equibiaxial loading of a plate, where T11 “ T22 “ σ. The
material constants are obtained by fitting the experimental data from [206],
and the predictions of the constitutive equation are compared with the con-
stitutive equation by Ogden [144]. The values for the material constants
found in that paper for natural rubber are: µ “ 63, δ “ 0.005[cm2/Kg],
κ “ 0.865 and α “ 0.116[cm2/Kg]. The constants β and ω are not found (in
that paper the authors assumed that they are zero) because for the boundary
value problems mentioned before (the uniaxial loading of a body) K2 “ 0.

7.2.2 A constitutive equation by Bustamante and Rajagopal

Considering (106)-(108) the following model for the function Ğ for incom-
pressible isotropic solids has been proposed (see [45]):

Ğpα, βq “ fpα ` βq,

then (106)-(108) become

lnλ1 “ 2f1p2σ1 ´ σ2 ´ σ3q ´ f1p2σ2 ´ σ1 ´ σ3q ´ f1p2σ3 ´ σ1 ´ σ2q,

lnλ2 “ ´f1p2σ1 ´ σ2 ´ σ3q ` 2f1p2σ2 ´ σ1 ´ σ3q ´ f1p2σ3 ´ σ1 ´ σ2q,

lnλ3 “ ´f1p2σ1 ´ σ2 ´ σ3q ´ f1p2σ2 ´ σ1 ´ σ3q ` 2f1p2σ3 ´ σ1 ´ σ2q.
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Using the experimental data for rubber from [206] the following particular
expression has been proposed for f1pxq:

f1pxq “ a tanhpbxq ` c tanhpdxq, (118)

where a, b, c and d are material constants given in17 Table 1 (see Table 1 in
[45]).

a “ ´0.07718 b “ 0.04004[cm2/Kg]
c “ 0.5779 d “ 0.04492[cm2/Kg]

Table 1: Material constants for the first constitutive equation for rubber by
Bustamante and Rajagopal.

In [45] some boundary value problems are studied, namely the uniform
extension/compression of a cylinder, the biaxial stretching of a thin plate
and the simple shear of a slab (see Section 9.1). The predictions of (118)
were compared with the constitutive equation by Ogden (see [144]), were the
energy function W is given by W “

řM
j“1

µj
αj

`

λ
αj

1 ` λ
αj

2 ` λ
αj

3 ´ 3
˘

.

7.2.3 A constitutive equation by Bustamante

From Section 6.2 we work with the Gibbs potential Ĝ using the invariants
ID2 and ID3 therein and from [43] we have the constitutive model:

ĜpID2 , ID3q “ gpID2q ` hpID3q,

where

gpID2q “
p

q2

”

q
a

3ID2 ´ ln
´

1 ` q
a

3ID2

¯ı

, (119)

hpID3q “
a

b
ln

„

cosh

ˆ

3b

21{3
I
1{3
D3

˙ȷ

`
c

d
ln

„

cosh

ˆ

3d

21{3
I
1{3
D3

˙ȷ

, (120)

where a, b, c, d, p, q are materials parameters, which for the data for rubber
from [206] are given in Table 2 (here we only show for the case of considering
the data for tension of a sample). In [43] the above results were used for the
analysis of a hollow sphere under inflation. Such boundary value problem is
presented in Section 9.2.4 for the class of constitutive equation (103).

17In Table 1 we only show the case of fitting with the experimental data obtained
considering the tension of a sample from [206].
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a b [cm2/Kg] c d [cm2/Kg] p [cm2/Kg] q [cm2/Kg]
-0.9445 0.4006 0.742 0.1164 0.4257 0.1745

Table 2: Values for the material constants in (119) and (120) from [43].

7.2.4 A constitutive equation by Bertoti

In [8] from (21) Bertoti proposed the following expression for incompressible
solids G “ GpS2, S3q, where τ “ T and

S2 “ trpT2
Dq, S3 “

?
6
trpT3

Dq

|TD|
,

where TD is the deviatoric part of the stress.
The following particular expression for G has been proposed for the fitting

of rubber:

GpS2, S3q “

N
ÿ

n“1

1

αnµn
rp1 ` anS2 ` bnS3q

αn ´ 1s ,

where an, bn, αn, µn are material constants. For the case N “ 2 the constants
are shown in Table 3. The cases N “ 1 and N “ 4 are also treated in that

a1 “ 0.2763 α1 “ 0.5687 a2 “ 0.06559 α2 “ 0.5651
a1
µ1

“ a2
µ2

“ 1
8µ

µ “ 0.4225 b1 “ a1 b2 “ ´a2

Table 3: Material constants for the constitutive equation by Bertoti. The
constants a1 and a2 are given in 1/[MPa2]. The constant µ is given in [MPa].

work [8], but for the sake of brevity we do not show those material constants
here.

7.2.5 A constitutive equation by Shyamkumar et al.

In [199] a constitutive relation of the form (21) is proposed for an isotropic
solid considering large elastic deformations, and that can show strain limiting
behaviour. In [199] the following invariants are used for G, namely G “

Ĝpp, αq, where p “ trτ {3 and α “
?
τD ¨ τD, where (see Section 3.3.1 and
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Eq. (21)) τD “ τ ´
ptrτ q

3
I. Using the above expression for G and the above

invariants they obtain

lnV “
1

3

BĜ
Bp

I `
BĜ
Bα

τD

α
. (121)

The following expression for Ĝ has been proposed:

Ĝpp, αq “
2d

πa

„

ap tan´1papq ´
1

2
ln
`

1 ` a2p2
˘

ȷ

`
c

?
b

´?
1 ` bα2 ´ 1

¯

, (122)

where the material constants a, b, c and d are not shown here for the sake of
brevity.

7.2.6 A constitutive relation for vulcanized unfilled rubber by
Gokulnath and Saravanan

In [85] a constitutive relation is proposed for unfilled rubber by Gokulnath
and Saravanan, using the Hencky strain tensor as a function of the Kirchhoff
stress tensor. Assuming the solid as incompressible and using a Gibbs poten-
tial G that only depend on the deviatoric part of the Cauchy stress tensor18,
the relation is:

η “ ´
BG

BKd
3

Kd
2 I ` 2

BG
BKd

2

TD ` 3
BG

BKd
3

T2
D, (123)

where G “ GpKd
2 , K

d
3 q, and Kd

2 “ trpT2
Dq and Kd

3 “ trpT3
Dq.

The following very simple expression for G has been proposed:

GpKd
2 , K

d
3 q “ m1K

d
2 ` m2K

d
3 , (124)

where m1 and m2 are material parameters. In [85] a detailed procedure is
proposed to find from different experimental data the above material con-
stants, giving some limits for Kd

2 and Kd
3 for which the constitutive model is

accurate and useful. Some values for such constants are given in Table 1 of
that paper. For example, using some experimental data obtained by Jones
and Treloar the following parameters are obtained: m1 “ 0.53[MPa´1] and
m2 “ ´.024[MPa]´2. It is interesting to notice that the constitutive model
proposed in this work requires very few material constants for a good fitting,
in comparison with other well known constitutive equations based on the use
of Green elastic bodies, as the interested reader can see in the same paper.

18We need to recall that for incompressible bodies the Kirchhoff stress tensor becomes
the Cauchy stress tensor. In [85] the Gibbs potential is denoted Φg.
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7.3 Applications in fracture mechanics, in the mod-
elling of metallic alloys, concrete, rock and bone

In this section we summarize some expressions for constitutive equations
obtained from the implicit relations discussed in Sections 5.1 and 5.2, for
the special case |∇Xu| „ Opδq, δ ! 1, i.e., when we restrict ourselves to the
linearized strain tensor ε and the Cauchy stress tensor T. We discuss some
applications within the context of the models given by (54), (75) and (90).

7.3.1 Modelling strain limiting behaviour

In this sub-section we discuss constitutive relations that reflect the fact that
the strains in the body are limited by a value decided a priori, irrespective of
the value of the stress. Such models are particularly useful in describing the
response of brittle elastic bodies which respond in an elastic manner until a
limiting strain is reached, and fail after that.

In [145] Ortiz et al. proposed the following expression for G “ GpTq (see

(77)) namely GpTq “ ´α
”

I1 ´ 1
β
lnp1 ` βI1q

ı

`
αγ
ι

?
1 ` 2ιI2, where α, β, γ,

ι are material constants, and from (77) since ε “ hpTq “ BG
BT

we obtain that

ε “ ´α

„

1 ´
1

p1 ` βI1q

ȷ

I `
αγ

?
1 ` 2ιI2

T, (125)

where values of the constants that appear in the expression (125) are given
in Table 4. In [145] using the above constitutive equation some problems
involving stress concentration such as a plane plate with an elliptic hole and
a stepped flat bar with shoulder fillets were studied.

α “ 10´9 β “ 10´3 1
rPas

γ “ 10 1
rPas

ι “ 10´11 1
rPa2s

Table 4: Material constants for the constitutive equation for strain limiting
by Ortiz et al. [145]

A modification of (125) was considered in [132], where it was assumed
that GpTq “ ´α

β
lnrcoshpβI1qs `

γ
ι

?
1 ` 2ιI2, which leads to

ε “ ´α tanhpβI1qI `
γ

?
1 ` 2ιI2

T, (126)
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which was used to study the problem of a plane plate with an elliptic hole, a
plane plate with an hyperbolic boundary, and the behaviour of a semi-infinite
medium with a concentrated force at a point. Values for the constants that
appear in (126) are given in Table 5 below. The above constitutive equation

α “ 0.01 β “ 9.277 ˆ 10´8 1
rPas

γ “ 4.02 ˆ 10´9 1
rPas

ι “ 10´14 1
rPa2s

Table 5: Material constants for the constitutive equation for strain limiting
by Montero et al. [132]

(126) has also been used for the study of spherical inclusions in cylinder under
tension. In [133] cylinder made of rubber19 is assumed to have inclusions
made of a solid that show strain limiting behaviour considering (126). Several
cases considering different distributions of spherical inclusions are analyzed
using the finite element method and working with axil-symmetric models.

In [157, 158] Rajagopal proposed the following expression (127) in order to
study strain limiting behaviour primarily to ascertain the qualitative response
of bodies described by such models than with a view to correlating against
experimentally observed facts. He used the constitutive relation:

ε “ α

$

&

%

1 ´ e

´λtrT
„

1`ptr pT2qq
1{2

ȷ

,

.

-

I `
β

r1 ` γtrpT2qs1{2
T, (127)

where λ1, λ2, α and n are constants. We notice that the above model reduces
to the linearized elastic model when we require the model to be linear in the
stress, or put differently for small strains and a linear stress, the model
reduces to a linearized elastic model, but for large stresses a body described
by the model behaves non-linearly and exhibits limiting strain.

In [11], Bridges and Rajagopal, based on the specific choice of a Gibbs
potential develop a nonlinear elastic model which they then linearize with
respect to the displacement gradient to obtain a constitutive relation that
predicts a limiting value for the linearized strain. Their constitutive relation
takes the form:

ε “ α

«

´
βtrT

p1 ` βtrTq
I `

µ
a

1 ` γ2trpT2q
T

ff

,

19For these cylinder it is assumed the behaviour can be modelled using a Neo-Hookean
constitutive equation W “

µ
2 pĪ1 ´3q` κ

2 pJ ´1q2, where µ, κ are material constants, which
is proposed for nearly incompressible solids.
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where α, β, γ and µ are constants. Using the above model Bridges and
Rajagopal [11] study the problem of stress concentration in a body described
by such a constitutive relation. Though they are primarily interested in
studying the state of stress and strain in an annular region, by allowing the
outer radius to become infinite they can study the problem of a hole in an
infinite body. In keeping with the study of Ortiz et al. [145], they find that
the strain grows much slower than the stress and in fact the strain never
exceeds the limiting value that is set a priori. As with the previous model,
the above model also reduces for small strains and the requirement that the
model be linear in the stress to the linearized elastic model and it exhibits
strain limiting behaviour.

In [12] Bulicek et al. proposed the following expression for hhhpTq for a
theoretical analysis of strain limiting behaviour

ε “ α0ptrT, trpT2qqI `
1

µop1 ` |T|rq1{r
T,

where α0 “ α0ptrT, trpT2qq is a function and µo is a constant. The aim
of this study is purely mathematical analysis, namely the determination of
existence of solutions to the partial differential equations that arise from the
balance laws by assuming such a constitutive relation.

In [199] Eq. (121) for the case |∇ru| „ Opδq, δ ! 1 and from that
constitutive equation we have:

ε «
1

3

BĜ
Bp

I `
BĜ
Bα

TD

α
. (128)

In [199] Eq. (122) is proposed to have strain-limiting behaviour. In [199] for

a given set of material constants (see (122)) it is shown that
ˇ

ˇ

ˇ

BĜ
Bp

ˇ

ˇ

ˇ
! 1 and

ˇ

ˇ

ˇ

BĜ
Bα

ˇ

ˇ

ˇ
! 1 thus |ε| ! 1. As a matter of fact lim|T|Ñ8 |ε| “

?
3d2 ` c2. In [199]

a non-dimensional version of (122) is obtained, and some restrictions on the
material parameters are proposed such that when |T| Ñ 0 the dimensionless
version of the constitutive equation becomes the linearized elastic model (to
be consistent with that constitutive equation). The restrictions are: c ą 0
and

?
b{a ą 0. In [199] a boundary value problem is studied using the finite

element method, namely the tension of a plane plate wiht V-notches, where
the numerical results indicate that near the tip of the notch |ε| is limited.

We finish this review mentioning the communication by Buĺıček at al.
[13], where the following constitutive equation is proposed for an elastic solid
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showing strain limiting behaviour:

ε “ λptrTqptrTqI ` µp|TD|qTD,

where λ “ λptrTq “ 1

p1`|trT|γq
1{γ , µ “ µp|TD|q “ 1

p1`|TD|αq1{α , where α ą 0,

γ ą 0. In that work there is an analysis of the partial differential equations
for boundary value problems, and it is shown the existence of weak solutions
for 3D problems considering the above constitutive equation.

7.3.2 Fracture mechanics of brittle bodies

In the previous section we discussed some models that have been used to
explore stress concentration in a general manner, and in this section we
discuss constitutive relations that have been used specifically to study the
behaviour of bodies with cracks. In [14] the following model was used to
investigate the behaviour of the strains near the tip of a crack (in an anti-
plane stress problem)

ε “ g1ptrT, trpT2qqI ` g2ptrpT2qqT,

where g1 “ g1ptrT, trpT2qq and g2 “ g2ptrpT2qq are scalar functions of the
stresses, g1p0, .q “ 0 and g2ptrpT2qq “ g2p|T|2q “ 1

p1`|T|aq1{a where a is a

constants such that a ą 0. Similar analysis were carried out in [159] for the
problem of a crack in a body under anti-plane shear, considering the simpler
expression

ε “ ϕpβ|T|qT, (129)

where ϕprq “ 1
1`βr

, β ą 0 is a constant and T is the non-dimensional stress.

In [116] we see some numerical results for the problem of a crack in a
body under anti-plane shear, considering

ε “ β

ˆ

1 ´ e
´λtrT
1`|T|

˙

I `
1

2µ p1 ` κ|T|aq
1{a

T,

where β, µ, κ and a are constants.
In [87] a special class of (75) and (129) was proposed for the strain limiting

behaviour of a solid, namely

ε “
KpTq

“

1 ` βa |K1{2pTq|
a‰1{a

,

64



where KpTq “ 1
2µ
T ´ λ

2µpλ`
2µ
d qd

ptrTqI, where a ą 0, β ě 0, µ, λ and d are

constants, where d “ 2 and d “ 3 for 2D and 3D boundary value problems,
respectively. In [87] a boundary value problem is studied, where a cylinder
under traction in the axial direction is analyzed, and the cylinder has a
penny-shaped crack in the center. The problem is solved using the finite
element method, and solving (4)1 (in the quasi-static case and b “ 0) using

a Airy stress potential ΦΦΦ, wherein Tij “ ϵirpϵjsq
B2Φpq

BxrBxs
.

In [101] a strain limiting constitutive equation has been proposed, to
study the behaviour of a body with a crack, where the faces of the crack
can be in contact, which is one of the important features of such study. The
special class of constitutive equation (75) is:

ε “
1

2µp|TD|q
TD `

ptrTq

9κptrTq
I, (130)

where κ “ κptrTq is a sort of generalized bulk modulus, and µ “ µp|TD|q is
a generalized shear modulus (here we recall that TD is the deviatoric part of
the stress). In [101] an expression for κ has been proposed, which is bounded
in trT, namely

κptrTq “ κo

„

1 ` k `
2

π
arctanpα1trT ` α1q

ȷ

,

where κo, k, α1 and α2 are material constants. Something similar has been
proposed for µ, namely µp|TD|q “ µo

“

1 ` γ ` 2
π
arctanpβ1|TD| ` β1q

‰

. In
[101] the authors look for restrictions on µ, κ such that there is a unique
solution for the displacement field and the stress tensor for the above problem
of the body with a crack.

All the models presented in this and the previous sections have not been
corroborated against actual experimental data, but rather they have been
proposed on the basis of their possessing the mathematical property that
independent of the magnitude of the stresses, the strains remain small. In
the following sections we consider some examples for hpTq that have been
corroborated against actual experimental data, for Gum metal and other
metallic alloys, concrete, rock and bone.

7.3.3 Modelling of gum metal and other metallic alloys

In [161] the following model is proposed for such gum metal:

ε “ λ1trpTqI ` 2λ2e
ntr pTqT, ε “ λ1trpTqI ` λ2

“

1 ` αtr
`

T2
˘‰n

T,
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where λ1, λ2 and n are constants, which in general are different for the two
models. In this review we do not provide numerical values for such constants.

In [117] Kulvait et al. proposed a constitutive equation of the form

ε “ ´
1

9K̂p|T|2q
ptrTqI `

1

2µ̂p|TD|2q
TD,

where20 K̂p|T|2q “ Ko

”

τ2o
pτ2o `|T|2q

ı
s´2
2
, µ̂p|TD|2q “ µo

„

τ2o

pτ2o ` 3
2

|TD|2q

ȷ
q´2
2

, and

Ko ą 0, τo ą 0, 1 ă s ă 8, µo ą 0 and 1 ă q ă 8 are constants and
TD “ T ´ 1

3
ptrTqI. Numerical values for the constants are given in Table 6.

The constant τo can be considered as a characteristic value for the stress.

τo “ 0.5rGPas q “ 2.23 s “ 7.65 Ko “ 6226rGPas µo “ 20.2rGPas

Table 6: Material constants for the constitutive equation for strain limiting
by Kulvait et al. [117]

In [65, 66] Devendiran et al. proposed the following two alternative ex-
pressions for a constitutive relation of the form (54) to model the behaviour
of titanium alloys:

ε ´ α̂1 trtrT ´ 2trpTεqs I ` 2trpTqεu ´

"

α̂2 ` α̂3e

”

p1`α4trpT2qq
n{2

ı

ˆ

ˆ

”

1 ` nα4

`

1 ` α4tr
`

T2
˘˘

n
2

´1 `
trεtr

`

T2
˘

´ 2tr
`

εT2
˘˘

ı)

T “ 0,(131)

where α̂1, α̂2, α̂3, α4 and n are constants given in Table 7 for the particular
case of the alloy TNTZ30. In [65] Devindiran et al. also proposed the
alternative constitutive equation for the same material:

ε “ β1trpTqI `

"

β2 ` β3e

”?
1`β4tr pT2q

ın
*

T, (132)

where the constants β1, β2, β3, β4 and n are given in Table 7.
In [118] another model for beta phase titanium alloys has been proposed,

where
trε “ σ1ptrTqtrT, εD “ σ2p|TD|qTD, (133)

20Where for a tensor A we define |A| “
a

trpAATq.
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α̂1 “ ´5.973 ˆ 10´6 1
rMPas

α̂2 “ 2.0906 ˆ 10´5 1
rMPas

α̂3 “ 2.685 ˆ 10´7 1
rMPas

α4 “ 1.242 ˆ 10´3 1
rMPas2

n “ 1

β1 “ ´5.973 ˆ 10´6 1
rMPas

β2 “ 2.0906 ˆ 10´5 1
rMPas

β3 “ 2.685 ˆ 10´7 1
rMPas

β4 “ 3.736 ˆ 10´5 1
rMPas2

Table 7: Material constants for the constitutive equation for strain limiting
by Devendiran et al. [65, 66]

where εD is the deviatoric part of the strain tensor εD “ ε ´
ptrεq

3
I, and

where for the functions σ1 and σ2 it is assumed σ1p0q “ σ2p0q “ 0:

σ1ptrTq “
1

3κ

ˆ

τ 2κ ` |trT|2

τ 2κ

˙
s1´2
2

, σ2p|TD|q “
1

2µ

ˆ

τ 2µ ` |TD|2

τ 2µ

˙

q1´2
2

,

where κ, µ, τκ, τµ, s
1 and q1 are material constants that are not shown here,

and where 1 ă q1 ă 8, 1 ă s1 ă 8.

7.3.4 Application to the modelling of rock

Rock is a material that can show a different behaviour in tension compared
with compression, and in some cases also a nonlinear relation between ε and
σ (for the uniaxial uniform tension/compression test for a sample). As well as
this, rock can show small strains before breaking apart and in many cases it
has a notorious porous structure (i.e., the mechanical properties can depend
on density as well), thus this is an interesting candidate for applications of
(54) and (75)

A nonlinear constitutive equation for rock proposed by Bustamante
and Rajagopal: The paper by Bustamante and Rajagopal [32] is devoted
to the application of a subclass of (75) to the modelling the elastic behaviour
of rock. Two simplifications were required, to assume that for a range of ex-
ternal loads rock is approximately elastic, i.e., that there was no conversion of
mechanical work into heat, and that rock is isotropic. From the experimen-
tal information provided, for example, in [109] it is possible to see that the
first assumption is approximately satisfied, regarding the second assumption
there are several types of rocks that do not show any preferred directional
response with regard to their mechanical behaviour. The model (78) is of
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the form:

Gpσ1, σ2, σ3q “ f1pσ1q ` f1pσ2q ` f1pσ3q ` f2pσ1qpσ2 ` σ3q ` f2pσ2qpσ1 ` σ3q

`f2pσ3qpσ1 ` σ2q ` f3

´σ1 ` σ2 ` σ3
3

¯

, (134)

where f1pxq “ α1 rdc1x1 ´ c1 lnpd1qxs, f2pxq “ α2 pdc2x2 ´ 1q and f3pxq “ 3α3 rdc3x3 ´ c3 lnpd3qxs,
where the constants αi, ci, di, i “ 1, 2, 3 are given in Table 8.

α1 “ 0.011rMPas α2 “ ´0.0004 α3 “ 0.001rMPas

c1 “ ´0.08 1
rMPas

c2 “ ´0.05 1
rMPas

c3 “ ´0.08 1
rMPas

d1 “ 0.1 d2 “ 0.2 d3 “ 0.3

Table 8: Material constants for the constitutive equation for rock by Busta-
mante and Rajagopal. [32]

The above constitutive equation (78), (134) has been used to solve some
2D boundary value problems in [40]. In that work four boundary value
problems have been studied:

• The axial-symmetric compression of a cylinder with two boundary con-
ditions. In one case considering the shear load due to friction caused
due to the interaction with the testing machine, and in the second case
assuming that in one of the surfaces of the cylinder we prescribe the ax-
ial uniform displacement field, while the other surface is assumed to be
glued to the testing machine. The purpose of these two boundary value
problems has been to analyze how a cylinder in compression behaves
in a more realistic context when interacting with a testing machine.

• A plane plate (plane strain) with a circular hole in the middle, where
a far away compressive uniform horizontal load σH , and a vertical uni-
form load σV are applied. In that problem the results for εij and Tij
are compared with the predictions of the linearized theory, in particular
for a line passing thought the middle of the hole. The results compar-
ing the predictions of the two theories are very different, in particular
regarding the maximum normal load, which for the nonlinear consti-
tutive equation for rock (78), (134) does not appear on the surface of
the hole, but is produced in a point slightly inside the plate near the
surface of the hole (see Figure 13 in [40]).
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• In the third problem the same plane plate described above is analyzed
in the case of the presence of an elliptic hole in the middle, under
the same far away horizontal and vertical tractions (in compression).
Similar results were obtained for the stresses and strains, in particular
regarding the localization of the maximum values for the stress, see,
for example, Figures 21 and 22 of [40].

• The last problem considered in [40] corresponds to a plane plate with
an elliptical hole, but where a far away uniform shear load is applied
on one surface of the plate, while another surface is cannot displace in
the horizontal direction.

A bimodular constitutive equation for rock: In [44] another consti-
tutive equation has been proposed for rock, whose main characteristic is the
use of two sets of material moduli (Young’s modulus and Possion ratios) ob-
tained from the compression and tension tests for a sample of rock without
lateral constraints or loads. The constitutive equation is of the form (75),
and it is given as:

ε “
r1 ` ν̂phqs

Êphq
T ´

ν̂phq

Êphq
hI, where h “ trT, (135)

and where Êphq “ ETqTphq ` ECqCphq, ν̂phq “ νTqTphq ` νCqCphq, qTphq “
1
2
r1 ` erfpChqs, qCphq “ 1

2
r1 ´ erfpChqs, where erf is the error function, ET,

νT are the Young’s modulus and Poisson ratio determined experimentally
from a cylindrical sample of rock in tension, while EC, νC are obtained from
a sample of rock in compression (in both cases without lateral load), and C
is a positive constant that should be very ‘large’.

The above constitutive equation has been applied to two types of rock
that have a relatively similar behaviour, namely granodiorite (for the com-
pression tests), and diorite-monzonite (for the tension tests). Rock can be a
notoriously heterogeneous material, thus the experimental data show some
variation for different samples. In Table 9 we show some values for the ma-
terial constants for the samples called CS62 and TE7 (see [44]). For these
material constants it is necessary to notice that νT is not obtained directly
from experiments, but from the relation (see (25) in [44]) νT{ET “ νC{EC.
The constant C that appears in the function presented in the paragraph after
Eq. (135) is not obtained from experiments. It has units 1/[MPa] (or more
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EC “ 4.8972 ˆ 104[MPa] νC “ 0.1737 ET “ 459.5588[MPa] νT “ 0.0016

Table 9: Material constants for the bimodular constitutive equation for rock.
[44]

generally 1/stress), and it should be ‘large’ enough such that the transition
between compression and tension happens rapidly.

Apart from proposing (135) in [44] some boundary value problems where
studied considering homogeneous distributions for strains and stresses (see
Section 8.2.2), and the propagation of S and P waves was analyzed (see
Section 8.1.1) for a cylindrical sample of rock under compression.

It is important to indicate that (135) was not obtained from a potential
G (see (77)) and from [23] that means we cannot say that this body will
behaves elastically for all deformations.

A nonlinear constitutive equation for isotropic rock by Shariff and
Bustamante: In [196] a different type of constitutive equation for rock has
been presented, which is a special case of (78) (see Section 5.2.1). If σi are
the principal stresses of T, defining h “ σ1 `σ2 `σ3, for the deviatoric stress

tensor TD “ T ´
ptrTq

3
I the principal stresses are σDi

“ σi ´ h{3. If E and
ν are the ground or referential Young’s modulus and Poisson ratio for the
solid, then defining σ̄Di

“ σDi
{E and h̄ “ h{E, the following constitutive

equation is proposed for isotropic rock:

G
E

“ p1 ` νqI `
p1 ´ 2νq

3
gph̄q, (136)

where I “
ř3
i“1 fpσ̄Di

q, and it is assumed that fp0q “ f 1p0q “ gp0q “ 0,
f2p0q “ g2p0q “ 1 and f 1, g1 are strictly monotonic.

The linearized elastic constitutive equation is recovered from (136) if
fpσ̄Di

q “ σ̄2
Di

{2 and gphq “ h̄2{2.
Using (136) in (78) we obtain

ε “ p1 ` νq

3
ÿ

i“1

f 1pσ̄Di
q

„

tpiq b tpiq ´
1

3
I

ȷ

`
p1 ´ 2νq

3
g1ph̄qI, (137)

where tpiq are the principal directions of T. From (137) we get

εi “ p1 ` νq

«

f 1pσ̄Di
q ´

1

3

3
ÿ

j“1

f 1pσ̄Dj
q

ff

`
p1 ´ 2νq

3
g1ph̄q, i “ 1, 2, 3.
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The above constitutive equation satisfies the Baker-Ericksen inequality and
the pressure-compression inequality (see Section 51 of [209]).

In [196] some boundary value problems are studied, such as the uniform
expansion/compression of a cylinder, the compression and tension of a slab,
the shear and compression of a slab, and the propagation of small amplitude
waves on infinite media with initial ‘large’ stresses (see Section 8.2.2). In
order to fit data for rock [109] it is assumed that

f 1pxq “
tan´1paxq

a
, g1pxq “

ebx´1
b

` sinhpxq

1 ` c
, (138)

where a, b and c are material constants.
For the class of nonlinear rock studied in [196], in Table 10 we show the

material constants for (138).

E “ 2600[MPa] ν “ 0.1038 a “ 0.6 ˆ 2600 b “ 0.5 ˆ 2600 c “ 2600

Table 10: Material constants for the nonlinear constitutive equation for rock
by Shariff and Bustamante. [196]

A constitutive equation for transversely isotropic rock: In [195] the
constitutive equation (81)-(83) is used for the modelling of some types of
rock that can be considered as transversely isotropic. Let us assume the
existence of a Gibbs potential G “ GpT, aq, where |a| “ 1. Then if σi, t

piq are

the principal stresses and principal directions of T and ζi “
“

tpiq ¨ a
‰2

(see
Section 5.2.2), then the model proposed in [195] is:

G
E2

p

“ b1K0 ` b2g0phq ` b3K1 ` b4K
2
2 ` b5K3g1phq, (139)

where

K0 “

3
ÿ

i“1

f0pσ̄
˚
i q, Kα “

3
ÿ

i“1

ζifαpσ̄˚
i q, α “ 1, 2, 3, (140)

where Ep is the ground ‘Young modulus’ in the plane normal to a, bm, m “

1, 2, 3, 4, 5 are material constants, σ̄˚
i “ σ̂i ´ h{3, σ̂i “ σi{Ep, h “ h̄{Ep and

h̄ “ trT{3, and g0, g1, f0 and fα are functions.
The constitutive equations (5), (139), (140) have forms that are similar

to the counterpart for linearized transversely isotropic elastic bodies.
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In [195] some restrictions are proposed for the functions in (139), (140),
namely: f0p0q “ f 1

0p0q “ g1
0p0q “ f1p0q “ f 1

1p0q “ 0, f2
0 p0q “ g2

0p0q “ f2
1 p0q “

2, fβp0q “ g1p0q “ 0, f 1
βp0q “ g1

1p0q “ 1, β “ 2, 3 (other restrictions are
imposed but are not shown here). The function G satisfies the P-property as
stated, for example, in [191, 193]. From ε “ BG

BT
(see (81)-(83)) we obtain

ε “

3
ÿ

i,j“1

ˆ

BG
BT

˙

ij

tpiq b tpiq,

where
`

BG
BT

˘

ii
“ BG

Bσi
,
`

BG
BT

˘

ij
“

aiaj
pσi´σjq

´

BG
Bζi

´ BG
Bζj

¯

(where i ‰ j and ai “ tpiq ¨ a

and in the above expressions repetition of indices does not mean sum).
In [195] some boundary value problems are studied, namely the uniform

axial deformation of a cylinder where a “ e3, the compression/tension and
shear of a slab where a “ stp1q ` ctp2q, s “ sinϕ, c “ cosϕ (where ϕ is the
angle of a with respecto to e2).

The above constitutive equation (139) is applied for the modelling of
Marcellus shale [108], wherein it is assumed that

f0pxq “ f1pxq “ x2, g1pxq “ f2pxq “ f3pxq “ x, g1
0pxq “ 2

pedx ´ 1q

d
,

where d is a constant. For such a type of rock the material constants are
shown in Table 11.

Tension
Ea “ 11.5[GPa] Ep “ 37.06[GPa] νzp “ 0.33 νp “ 0.18 µa “ 6.40
Compression
Ea “ 16.12[GPa] Ep “ 37.72[GPa] νzp “ 0.35 νp “ 0.25 µa “ 5.68

Table 11: Material constants for the nonlinear transversely isotropic con-
stitutive equation for rock. The material constant d is equal to -0.01 in
compression and -2 in tension. [195]

The different constants are obtained from such data from the following
relations:

b1 “ c1, b2 “
c1
3

` c2 `
c3
9

`
c4
9

`
c5
3
, b3 “ c2, b4 “ c4 b5 “

2

3
pc3 ` c4q ` c5,

c1 “
1 ` νp
2Ep

, c2 “ ´
νp
2Ep

, c3 “
1

4µa
´

p1 ` νpq

2Ep
, c4 “

1

2Ea
`

2νa ´ νp
2Ep

´
1

4µa
,

c5 “
νp ´ νa
Ep

.
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An implicit constitutive relation for rock by Bustamante and Ra-
jagopal: In this section we show an application of (61)-(63) for the mod-
elling of dry rock. Recalling the notation ε̂zpσzq and ε̂rpσzq for the axial and
radial components of the strain tensor, for the case of a cylinder deform-
ing uniformly without lateral constrains, under the application of an axial
uniform stress σz, using the experimental data from [44] it has been proposed

ε̂zpσzq “ ε̂pCq
z pσzqqCpσzq ` ε̂pTq

z pσzqqTpσzq,

ε̂rpσzq “ ε̂pCq
r pσzqqCpσzq ` ε̂pTq

r pσzqqTpσzq,

where qTpσzq “ 1
2
r1`erfpCσzqs, qCpσzq “ 1

2
r1´erfpCσzqs, ε̂

pCq
z pσzq “ ξ

pCq
z σz`

ζ
pCq
z σ2

z , ε̂
pTq
z pσzq “ ξ

pTq
z σz ` ζ

pTq
z σ2

z , ε̂
pCq
r pσzq “ ξ

pCq
r σr ` ζ

pCq
r σ2

r and
21 ε̂

pTq
r pσzq “

´νε̂
pTq
z pσzq, where C is a positive constant, erf is the error function, ξ

pCq
z ,

ζ
pCq
z , ξ

pCq
r and ζ

pCq
r are material constants obtained from a sample under com-

pression, ξ
pTq
z , ζ

pTq
z are material constants for a sample of rock under tension,

and ν would correspond to the Poisson ration for a sample in compression.
In Table 12 we give the values for the above material constants.

ξ
pCq
z “ 1.824 ˆ 10´6[MPa]´1 ζ

pCq
z “ ´3.888 ˆ 10´7[MPa]´2

ξ
pCq
r “ 1.086 ˆ 10´7[MPa]´1 ζ

pCq
r “ 7.631 ˆ 10´8[MPa]´2

ξ
pTq
z “ 0.001647[MPa]´1 ζ

pTq
z “ 9.699 ˆ 10´5[MPa]´2

ν “ 0.17203

Table 12: Values of the material constants for the implicit constitutive rela-
tion for rock by Bustamante and Rajagopal [49].

The above model were used for the study of the inflation of cylindrical
annulus in [49].

7.3.5 Modelling of Concrete

Concrete is also a material that can show a nonlinear behaviour similar to
what has been described for rock, and in this section we show some consti-
tutive equations and relations to describe the mechanical behaviour of such
a material.

21From [44] we do not have data for ε̂rpσzq in tension, therefore we assume that that
components of the strain ε̂rpσzq can be obtained approximately from ε̂zpσzq with the
Poisson ration ν. Such a ratio has been obtained from the experimental data from the
same reference [44], and it is also shown in Table 12.
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A constitutive equation by Grasley et al.: In this section we document
an expression belonging to a sub-class of (75) which has been used success-
fully in modelling the behaviour of concrete. Grasley et al. [88] proposed the
constitutive equation22

ε “ β0I ` β1T ` β2T
2, (141)

where β0 “ γ1trpTq`sinh
”

tr pTqγ2

γ3

ı

, β1 “ γ4 and β2 “ 0, where the constants

γi, i “ 1, 2, 3, 4 are given in Table 13.

γ1 “ 2.3398 1
rMPas

γ2 “ 1.3105 γ3 “ 37.52rMPas
γ2 γ4 “ 19.8398

Table 13: Material constants for the constitutive equation for concrete pro-
posed by Grasley et al. [88]

A constitutive equation by Murru et al.: In [139] a constitutive rela-
tion for concrete has been proposed, based on assuming that the porosity is
important for the behaviour of such a solid. From Section 5.1.1 the porosity
is directly connected with the density of the body and ρ « ρrp1 ` trεq. The
constitutive relation is:

ε “ ´
ν

Erp1 ´ γρrtrεq
ptrTqI `

p1 ` νq

Erp1 ´ γρrtrεq
T,

where Er, ν are the Young’s modulus and Poisson ration in the reference
configuration and γ is a material constant.

In [139] for the 1D uniaxial deformation of a sample, the above constitu-
tive relation shows strain softening and if we plot the uniaxial stress versus
the strain, a local maximum (peak) is reached that can be considered as the
initiation of damage, and which can be considered as a limit for the applica-
tion of the above model. The material constants are fitted with experimental
data, and some boundary value problems are solve using the finite element
method. For the sake of brevity such material constants are not shown here.

An implicit constitutive relation for concrete by Bustamante and
Rajagopal: Here we show an application of (61)-(63) for the modelling of

22In (141) the strains must be divided by a factor 106.
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the mechanical behaviour of concrete. If the experimental data is used for
the fitting of the implicit relation is obtained for the tension/compression of
a cylinder (without laterial constraints), recalling the notation ε̂zpσzq, ε̂rpσzq
for the axial and radial strains, as functions of the applied uniform axial
stress σz, which are obtained from experiments.

From such experimental data (see [88]) for the case of concrete the fol-
lowing expressions are proposed for ε̂zpσzq and ε̂rpσzq (see [49]):

ε̂zpσzq “ ξσz ` ζσ5
z ,

ε̂rpσzq “ ϖ1rexppϑ1σzq ´ 1s ` ϖ2rexppϑ2σzq ´ 1s,

where ξ, ζ, ϖ1, ϖ2, ϑ1, ϑ2 are material constants given in Table 14 (see Table
1 in [49]).

ξ “ 2.364 ˆ 10´5[MPa]´1 ζ “ 1.433 ˆ 10´13[MPa]´5

ϖ1 “ 1.809 ˆ 10´5 ζ1 “ ´0.03768[MPa]´1

ϖ2 “ 1.904 ˆ 10´16 ζ2 “ ´0.3607[MPa]´1

Table 14: Values of the material constants for the implicit constitutive rela-
tion for concrete by Bustamante and Rajagopal [49].

A constitutive equation for plain cement concrete by Gokulnath
et al.: In [84] a constitutive equation has been proposed for plain cement
concrete, based on the use of a Gibbs potential and ε “ BG

BT
, assuming that for

certain range of stresses and strain cement can be approximately modelled as
an elastic solid. The particular expression for the above constitutive equation
is:

ε “

”

2m1K4K
1{2
2 ` 2m3K4K

2
2 ` 4m5

`

K2
4 ´ 1

˘

K4K
2
2

ı

I

`

!

2m2 ` K
3{2
2

“

3m3K
2
4 ` 2m4 `

`

K4
4 ´ 6K2

4 ` 5
˘

m5

‰

)

T, (142)

where mi, i “ 1, 2, 3, 4, 5 are material parameters and K1 “ trT, K2 “

tr pT2q, K3 “ tr pT3q, K4 “ K1{
?
K2 and K5 “ K3{K

3{2
2 .

7.3.6 Modelling of the mechanical behaviour of bone

Bone is a material that can behave nonlinearly in the range of small strains
(see, for example, [67, 92, 114, 119, 178, 179, 183, 210, 218]). Trabecular
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bone is also a highly porous material, and its mechanical behaviour depends
on such porosity density [113, 120, 134], therefore, the constitutive theory
presented in Section 5.1.1 can be particularly interesting for the development
of constitutive relations for such materials. In this section we show some
works on that.

In [5] the following implicit relation has been proposed for trabecular
bone:

r1 ` λptrTqsε ´ B1r1 ` γptrεqsT ´ B2r1 ´ γptrεqsptrTqI “ 0 (143)

In Figure 1 therein we can see the predictions of the model against actual
experimental data. In the same paper the finite element method is used
to study the behaviour of a dogbone sample under tension, assuming the
sample as a homogeneous body, with an inhomogeinity in the centre of the
same (that is an inclusion with different density). Circular inclusions, semi-
circular inclusion, and a square inclusion are considered, as well as this,
lateral inclusion and a lateral hole are analyzed. The material constants for
(143) are presented in Table 15.

λ “ 0 E “ 200[MPa] ν “ 0.3
B1 “ 1`ν

E
B2 “ ´ ν

E
γ “ 35

Table 15: Values of the material constants for the implicit constitutive rela-
tion for bone (143). See [5].

In [107] some numerical results are obtained for the same materials con-
stants that appear in (143) for trabecullar bone.

Another variation of (143) was studied in that work [107], wherein

r1 ` λ1ptrTqsε ´ B1r1 ` λ2|trε|sT ´ B2r1 ´ λ3|trε|sptrTqI “ 0,

where λi, i “ 1, 2, 3 are material constants. In [107] the finite element method
is used to study the problem of tension for a dogbone sample without cracks,
and considering a small crack in the middle and in a third example a crack
on the side of the sample (notch), among other problems.

7.4 Some applications for electro-elastic and magneto-
elastic bodies

In this section the constitutive equations and relations discussed in Section
5.3 are applied for two types of electro-magneto-active bodies, considering

76



actual experimental data.

7.4.1 A constitutive equation for electro-elastic bodies

A constitutive equation of the form (95) has been proposed in [220] for some
types of electro-elastic solids, for the particular case (recall that in electro-
elasticity we use the notation σ to denote the Cauchy stress tensor) Π “

Πpσ,EEEq is an isotropic function (this is a special case of what it is shown in
Section 5.3.2 and Eqs. (95), (96)). Here we need to consider (see Sections
12 and 12 ) ε “ BΠ

Bσ
, PPP “ BΠ

BEEE , divσ ` gradpEEEqPPP “ 0 and ∇ ˆ EEE “ 0,
∇ ¨DDD “ 0 ô ∇ ¨ pPPP ` ϵoEEEq “ 0.

The particular expression for Π proposed in [220] for BiFeO3 and PLZT
ceramic is:

Π “

"

´α

„

I1 ´

ż I1

0

1

1 ` βpw2qb
dw

ȷ

`
αγ

ι

a

1 ` 2ιI2

*

pg0 ` g1I4q

` ln

„

cosh

ˆ
?
I4 ´ m2

m1

˙ȷ

m0m1 ` m3

a

I4 `
ζ0
2
I4 `

ϵoζ1
2
I5, (144)

where we recall that I1 “ trσ, I2 “ 1
2
trpσ2q, I4 “ EEE ¨ EEE, I5 “ EEE ¨ pσEEEq, and

where α, β, b, γ, ι, g0, g1, m0, m1, m2, m3, ζ0 and ζ1 are material constants.
The material constants that appear in (144) are shown in Table 16.

α “ 22 β “ 0.01
“

1
MPa2b

‰

b “ 0.55 γ “ 0.13
“

1
MPa

‰

ι “ 0.001
“

1
MPa2

‰

g0 “ 0.0035 g1 “ ´1.5 ˆ 10´6 m0 “ 14.5
“

µC
kVcm

‰

m1 “ 3
“

kV
cm

‰

m2 “ 13
“

kV
cm

‰

m3 “ 14.495
“

µC
cm2

‰

ζ0 “ 0.14
“

µC
kVcm

‰

ζ1 “ 13 ϵo “ 8.85 ˆ 10´5
“

µC
kVcm

‰

Table 16: Values of the material constants for the implicit constitutive rela-
tion for a type of electroelastic solid (144), see [220].

In [220] some boundary value problems are solved using the finite element
method. The problems that are solved are: the inflation of a hollow sphere,
the inflation and extension of a cylindrical annulus, the inflation, extension
and telescopic shear of a cylindrical annulus, and the inflation, extension and
circumferential shear of a cylindrical annulus.

The constitutive equation (144) is valid for Π isotropic, and the more
realistic case of a transversely isotropic Π has been addressed partially in the
recent work in [9].
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7.4.2 Some constitutive relations for magneto-elastic bodies

In this review we have not shown details about magneto-elastic bodies. The
reason is that most of the constitutive relations and equations are very sim-
ilar to what has been presented in Sections 4.1, 4.2 and 5.3, but replacing
the electric field, electric displacement and the polarization by the mag-
netic field, magnetic induction and magnetization, respectively (and adjust-
ing some other minor things in other equations). As well as this, not many
works have appeared in the literature with applications of such constitutive
theories (unlike the case of electro-elastic solids where some few examples
and applications have been studied, see [9, 220]) with the exception of the
paper [204]. In that work, assuming that the magnetization MMM and the to-
tal stress τ are the main variables, the following constitutive equations are
proposed (compare with (95) and (96)):

ε “ hpτ ,MMMq, HHH “ rpτ ,MMMq, (145)

where for quasi-static problems (see (342) and (344) in the Appendix for the
magneto-elastic case) divτ “ 0 and divBBB “ 0, where (see the paragraph
after (342) in the Appendix) BBB “ µopHHH `MMMq.

The particular expression for h proposed in [204] is:

hpτ ,MMMq “ SSS ¨ τ `
λs
M2

s

„

3

2
MMM bMMM ´ pMMM ¨MMMq

ˆ

1

2
I `

1

σs
T̃

˙ȷ

, (146)

where SSS is a fourth order tensor (the compliance of the solid) and λs, σs
and Ms are the saturation values for the magnetization, stress and magne-
tostriction, respectively. The tensor T̃ is defined as T̃ “ 3

2
τ ´ 1

2
ptrτ qI.

In the case of (145)2 the authors propose:

rpτ ,MMMq “
1

kM
f´1

ˆ

M

Ms

˙

MMM ´
λs

µoM2
s

„

2T̃MMM ´
pI2σ ´ 3IIσqMMM

σs

ȷ

, (147)

where M “
?
MMM ¨MMM, k is a material constant, Iσ “ I1 “ trτ , IIσ “ I2 “

1
2
rI21 ´trpτ 2qs and fpxq “ cothpxq´1{x. The material constants for the above

constitutive relations are shown in Table 17 for the plane stress problem.
In [204] some boundary value problems are solved using the finite element

method for the case of plane stress problems, assuming HHH “ ´gradψ, where
ψ is a scalar magnetic potential. The main variables for the problem are ψ
and the displacement field u. The stress τ is given in terms of the stress
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λs “ 1000[ppm] Ms “ 6.35 ˆ 105
“

A
m

‰

σs “ 200 ˆ 106
“

N
m2

‰

k “ 6.06 ˆ 10´5
“

m
A

‰

S11 “ 4.3478 ˆ 10´11
”

m2

N

ı

S22 “ 4.3478 ˆ 10´11
”

m2

N

ı

S12 “ ´1.3043 ˆ 10´11
”

m2

N

ı

S66 “ 1.1304 ˆ 10´10
”

m2

N

ı

Table 17: Values of the material constants for (146) and (147). The constant
µ is the magnetic permeability in vaccum.

potential, and the function that is used for the finite element formulation is
the function error er “

ş

V

?
F ¨ F dV , where F is a function that contains

(146) and (147). The above function er is minimized in terms of ψ and u.

8 Boundary value problems for the case of

small gradient of the displacement field

In this section we consider some boundary value problems, for the subclass
of the constitutive equation (75). Let us discuss about the boundary value
problem for the implicit relation (5), where we work with the second Piola-
Kirchhoff stress tensor S and the Lagrange Saint-Venant strain tensor E as
the main variables for the problem. In such a case, in order to find the
stresses and the deformation, we need to solve in parallel the equation of
motion (4)1, re-written in the reference configuration, and (5), i.e.:

ρr:u “ DivpFTSq ` ρrb, FpS,Eq “ 0, X P κrpBq, (148)

with the boundary conditions pFTSqN “ p̂ where p̂ is the external traction,
for a sub-part BκrpBqp of the boundary, where N is the unit normal vector
to that surface in the reference configuration, and u “ û where û is a speci-
fication of the displacement on some part of the boundary of the body X P

BκrpBqx, where BκrpBq “ BκrpBqpYBκrpBqx and BκrpBqpXBκrpBqx “ Ø.
We need to recall that u “ x ´ X “ χχχpX, tq ´ X and (1)4, (2), therefore,
we have three equations (from the equation of motion (148)1), plus six equa-
tions from the implicit relation (148)2, which must be solved to find the three
components of x and the six independent components of S. Therefore, for
this class of implicit relation, if we want to solve boundary value problems
using the semi-inverse method, we need to not only propose some simplified
expressions for the displacement u, but also some simplified expression for S,
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which should be compatible with the above field, and to solve the resultant
simplified equations from (148). In comparison, in the classical theory of
nonlinear elasticity, we just need to propose a simplified expression for x and
from T “ fpFq we obtain the components of the stress, which are replaced in
the equation of motion that is now written in terms of simplified expressions
for the deformation field.

Now, in the case of the subclass (75), we need to find the displacement
field u and the Cauchy stress tensor T by solving

ρ:u “ divT ` ρb, ε “
1

2
p∇u ` ∇uTq “ hpTq, (149)

where ρ should be found from the mass balance23 (4)2, and Tn “ t̂, for
x P BκrpBqt, n is the unit normal vector to that surface, u “ û for x P

BκrpBqu, where t̂ and û are the external traction, and the specification of
the displacement field, respectively, and BκrpBq “ BκrpBqt Y BκrpBqu and
BκrpBqt X BκrpBqu “ Ø. In this case we need to solve the three components
of the equation of motion, plus the six components of (149)2, in order to find
the three components of u and the six independent components of T.

Following the approach used in the classical theory of elasticity, one may
be tempted to try to invert hpTq to express the stresses in terms of the strains,
and to replace such expressions in the equation of motion, to have three
equations in terms of the components of the displacement field. However, as
explained in [169], while it might be mathematically possible to invert such
an expression, the results so obtained could involve terms of higher order
in the linearized strain, which would not have been acceptable within the
context of the linearized theory.

Another approach that can be used when ε “ hpTq is to recall what is
done in the linearized theory of elasticity, when the strains are expressed in
terms of the stresses, for example, in the case of isotropic bodies we have
ε “

p1`νq

E
T´ ν

E
trpTqI, where for the quasi-static case and plane stress prob-

lem (no body forces), the components of the stress are expressed in terms
of an Airy stress potential, and satisfying the equations of equilibrium au-
tomatically, and by invoking the compatibility equation to obtain the well
known biharmonic equation. However, it is not mandatory to consider the

23In the rest of this section we will assume that the mass density changes little, and
that such small changes in density do not have an important impact with regard to the
behaviour of the bodies, thus we do not solve (4)2 and assume that ρ is approximately
constant.
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compatibility equations for the strains (see [164]), and secondly, even if we
use them, in our case the resulting equation is a nonlinear fourth order par-
tial differential equation for the stress potential, which so far has not been
amenable to the determination of exact solutions for problems (see, for ex-
ample, Section 3.3 of [18]). Therefore, for the problems presented in the
following sections, in general we solve them assuming simplified expressions
for the displacement field and the stress field simultaneously.

8.1 Quasi-Static Deformations

In this section we study boundary value problems considering the quasi-static
case, therefore (4)1 becomes

divT ` ρb “ 0, (150)

and for all the problems considered here we assume additionally that b “ 0.

8.1.1 Homogeneous Distributions of Stresses

Let us consider the case of the displacement field being of the form u “ Aox,
where Ao is a constant second order tensor. Let us assume that such a
displacement field is caused by the homogeneous stress distribution To. Since
To does not depend on x and b “ 0 the above stress field is a solution of
(150). From (2)2 we have ε “ 1

2
pAo ` AT

o q and from (77) for an isotropic
body we have24

1

2
pAo ` AT

o q “ G1 ` G2To ` G3T
2
o, (151)

which is the equation that allows us to find the symmetric part of Ao in
terms of To, where the values of the functions Gi, i “ 1, 2, 3 depend on the
stress tensor To.

Let us examine two special cases. The first corresponds to the uniform
tension/compresion of a cylinder under a uniform stress of the form (in Cylin-
drical coordinates) To “ σez b ez. Assuming that such a stress tensor pro-
duces a displacement field of the form ur “ cr, uθ “ 0, uz “ pλ´ 1qz, where

24In this and in the following sections we consider ε “ hpTq isotropic. In Sections 8.2.1,
8.3.1 and 8.3.5 some implicit relations of the form (54) are also studied. Several of the
boundary value problems studied in this and in the following sections can also be extended
for hpTq transversely isotropic and other types of anisotropic bodies (see Sections 5.2.2
and 5.2.3), but for the sake of brevity we do not shown such results here (see [25]).
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c, λ are constants, from (151) we obtain

c “ Π1, λ ´ 1 “ G1 ` G2σ ` G3σ
2,

i.e., we obtain directly the radial and axial deformations in terms of the stress
σ.

The second problem that is interesting is the case of the simple shear of
a slab (described in Cartesian coordinates). For simple shear, we assume
that we apply a uniform stress of the form T “ τpe1 b e2 ` e2 b e1q, and we
assume that such a stress produces the displacement field u1 “ pλ1´1qx`κy,
u2 “ pλ2 ´ 1qy, u3 “ pλ3 ´ 1qz, where λi, i “ 1, 2, 3 and κ are constants.
From (151) we obtain

λ1 ´ 1 “ λ2 ´ 1 “ G1 ` G3τ
2, λ3 ´ 1 “ G1,

κ

2
“ G2τ.

8.1.2 Non-homogeneous distributions of stresses: problems with
cylindrical and spherical symmetry for unconstrained solids

Some problem involving non-homogeneous stresses and strains have been
solved numerically describing the bodies in terms of cylindrical and spherical
coordinates, see, for example, [19, 26, 27]. Let us study the deformation of
the annulus ri ď r ď ro, 0 ď θ ď 2π, 0 ď z ď L, which we assume is under
the stress distribution25 Trr “ σrprq, Tθθ “ σθprq, Tzz “ σzprq, Trθ “ τrθprq,
Trz “ τrzprq and Tθz “ τθzprq, which produces a displacement field of the
form

ur “ fprq, uθ “ krθ ` gprq ` τorz, uz “ pλ ´ 1qz ` hprq, (152)

where k, τo and λ are constants. The above displacement field includes
as special cases several deformations already studied in the literature, for
example, fprq can be used to study the radial inflation of such an annulus,
gprq is connected with circumferential shear, hprq with telescopic shear, τo is
connected with torsion and k can be used to study the opening and closing
of an annulus in the azimuthal direction.

25In this and in the following section τij are not the components of the Kirchhoff stress
tensor.
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If Trr “ σrprq, Tθθ “ σθprq, Tzz “ σzprq, Trθ “ τrθprq, Trz “ τrzprq and
Tθz “ τθzprq, the equations of equilibrium (150) (again in absence of body
forces) become

dσr
dr

`
1

r
pσr ´ σθq “ 0,

dτrθ
dr

`
2

r
τrθ “ 0,

dτrz
dr

`
1

r
τrz “ 0. (153)

These last two equations can be solved exactly, and if τrθi , τrzi denote the

stresses evaluated at r “ ri we have τrθprq “ τrθi
`

ri
r

˘2
and τrzprq “ τrzi

ri
r
.

Using (152) in (2)2 from (77) we obtain

f 1prq “ G1 ` G2σr ` G3pσ
2
r ` τ 2rθ ` τ 2rzq, (154)

k `
fprq

r
“ G1 ` G2σθ ` G3pτ

2
rθ ` σ2

θ ` τ 2θzq, (155)

λ ´ 1 “ G1 ` G2σz ` G3pτ
2
rz ` τ 2θz ` σ2

zq, (156)
1

2

„

g1prq ´
gprq

r

ȷ

“ G2τrθ ` G3pσrτrθ ` τrθσθ ` τrzτθzq, (157)

h1prq

2
“ G2τrz ` G3pσrτrz ` τrθτθz ` τrzσzq, (158)

τor

2
“ G2τθz ` G3pτrθτrz ` σθτθz ` τθzσzq. (159)

We have seven equations in (154)-(159) plus (153)1, which can be used to
find the seven unknown σr, σθ, τθz, σz, f , g and h.

From (153)1 we can express σθ in terms of σr as σθ “ r dσr
dr

` σr; on the
other hand from (155) we have

fprq “ r

#

G1 ` G2

ˆ

r
dσr
dr

` σr

˙

` G3

«

τ 2rθ `

ˆ

r
dσr
dr

` σr

˙2

` τ 2θz

ff

´ k

+

,

which after being substituted in (154) leads to

d

dr

˜

r

#

G1 ` G2

ˆ

r
dσr
dr

` σr

˙

` G3

«

τ 2rθ `

ˆ

r
dσr
dr

` σr

˙2

` τ 2θz

ff

´ k

+¸

“ G1 ` G2σr ` G3pσ
2
r ` τ 2rθ ` τ 2rzq. (160)
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From (157) and (158) we obtain

hprq “ 2

ż r

ri

rG2τrz ` G3pσrτrz ` τrθτθz ` τrzσzqs dξ ` hi, (161)

gprq “ 2r

ż r

ri

"

1

ξ

„

G2τrθ ` G3

ˆ

σrτrθ ` τrθ

„

ξ
dσr
dr

` σr

ȷ

` τrzτθz

˙ȷ*

dξ

`gi
r

ri
, (162)

where hi and gi are the values of the functions hprq and gprq evaluated at
r “ ri.

Therefore, we end up with three equations to be solved, (160), (156) and
(159). Eq. (160) is a nonlinear second order differential equation for σr and
we can assume as boundary conditions that σrpriq “ σri and σrrproq “ σro ,
where σri and σro would be the external traction on the inner and outer
surface of the annulus. Eqs. (156), (159) can be considered as nonlinear
algebraic equations that can be used to find τθzprq and σzprq.

If we are studying the deformation of the spherical body ri ď r ď ro,
0 ď θ ď 2π, 0 ď ϕ ď π, the only possibility of reducing the original partial
differential equations to a system of equations depending on one variable, is
to assume that the spherical body deforms under the influence of the stress
tensorT “ σrprqerber`σθprqeθbeθ`σϕprqeϕbeϕ, which we assume produces
the displacement field ur “ fprq, uθ “ 0, uϕ “ 0. From the equilibrium
equations we obtain that σθ “ σϕ and the equation of equilibrium reduces to
dσr
dr

` 2
r
pσr ´σθq “ 0, while from (77) we obtain f 1prq “ G1 `G2σr `G3σ

2
r and

fprq

r
“ G1 ` G2σθ ` G3σ

2
θ . These equations have the same structure as that

for the problem of the cylindrical annulus, therefore, we do not discuss this
problem further.

An approximate analytical method of solution of boundary value
problems by Sandeep et al: In [181] an approximate method has been
proposed to solve some boundary value problems involving cylindrical and
spherical coordinates, for the particular case of the constitutive equation (see
(76)):

ε “ α0ptrTqI ` α1T ` α2T
2, (163)

where α0, α1 and α2 are constants, which in that work are fitted with exper-
imental data for two classes of titanium alloys.

84



In the first problem there is a study of the behaviour of a cylindrical
annulus with a traction applied on the inner surface. It is assumed that for
the non-zero components of the stress (in cylindrical coordinates) Trr “ σrprq,
Tθθ “ σθprq and Tzz “ σzprq. In such a case (quasi-static deformations and
no body force) Eq. (150) becomes(153)1, which can be solved assuming the
existence of a stress potential ψ “ ψprq such that

σr “
ψ

r
, σθ “

dψ

dr
. (164)

Using (164) in (163) we have ε and replacing that in the compatibility equa-
tion dεθθ

dr
“ 1

r
pεrr ´ εθθq the following nonlinear ordinary differential equation

is found26:

pα0 ` α1q
d

dr

ˆ

ψ

r
`

dψ

dr

˙

` α0
d

dr

d

ˆ

α0 ` α1

2α2

˙2

´
α0

α2

ˆ

ψ

2
`

dψ

dr

˙

`α2
d

dr

ˆ

dψ

dr

˙2

` α2

ˆ

ψ

r
`

dψ

dr

˙

d

dr

ˆ

ψ

r

˙

“ 0.

This equation is solved with an iteration method and the use of a variational
formulation (which for the sake of brevity is not shown here), considering as
a starting point the solution for the linearized elastic solid ψ0 “ Ar ` B{r,
where A, B are constants to be found, and σr can be equal to ˘P and 0
inside or outside the annulus. The following approximate solution is found
after one iteration:

ψprq « Ar `
B

r
´
Br

2

«

1

r2
´

1

R2
i

`

ˆ

k ´
1

R2
i

˙

ln

˜

k ´ 1
r2

k ´ 1
R2

i

¸ff

, (165)

where k “ G`2α2A
2α2B

and G “ α1 ` α0

»

–1 ´ α0

2α2

c

´

α0`α1
2α2

¯2
´2A

α0
α2

fi

fl.

The above solution (165) (and the stresses calculated from it) are com-
pared with fully numerical solutions, showing a close agreement. A similar
study for the problem of the inflation of a hollow sphere has been considered,
but for the sake of brevity such results are not shown here.

26The component of the stress σz ‰ 0 is obtained from (163) as σz “ ´
pα0`α1q

2α2
`

c

´

α0`α1

2α2

¯2

` εzz
α2

assuming εzz “ 0.
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8.1.3 Non-homogeneous distributions of stresses: incompressible
bodies

Eq. (160) in general cannot be solved exactly. One of the open problems
would be to look for particular expressions for G such that some exact so-
lutions can be found. One can ask if it is possible to repeat the classical
technique developed originally by Rivlin (see, for example, Chapter D Sec-
tion b of [209]), of appealing to the constraint of incompressibility, in order to
find exact solutions that could be valid for any G for a given family of elastic
bodies. We explore such a question in this section. In the classical theory of
nonlinear elasticity, for incompressible isotropic bodies we have a constitutive
equation of the form T “ ´pI ` α1B ` α2B

2, and the indeterminacy of p is
exploited in order to simplify the equations in the following manner. Let us
consider as an example the case of the problem of inflation and extension of
a cylindrical annulus, where it assumed that the deformation is of the form
r “ fpRq, θ “ Θ, z “ λZ, where λ is a constant. Calculating F and im-
posing directly the constraint detF “ 1 to the above deformation we obtain

the solution r “

b

R2´R2
i

λ
` r2i , where Ri and ri are the inner radii of the

annulus in the reference and current configurations. If we use the notation
T̃ “ α1B`α2B

2, in the case of the above deformation, it is easy to see that
T̃ only depends on the radial position, and only has normal components.
Substituting T “ ´pI ` T̃ in the equations of equilibrium without body
forces we obtain that p “ pprq “ ppRq and dT̃rr

dr
´

dp
dr

` 1
r
pT̃rr ´ T̃θθq “ 0, which

can be solved easily for pprq, and is subjected to the boundary conditions for
Trrprq known at ri and ro, where this last variable is the radius of the outer
surface of the annulus in the current configuration, respectively. Thus, the
solution is valid for any functions α1, α2, i.e., they are universal solutions
(see [209]).

With the above discussion in mind, let us see if something similar can
be carried out for the case of the incompressible isotropic body (102). In
the case of (102) we have the property that ε “ hpTq “ hpTDq, where

TD :“ T ´
tr pTq

3
I. Moreover, we can add any spherical stress of the form

´σSI to T and the above result will always hold, i.e., hp´σSI`Tq “ hpTDq.
The constitutive equation (102) can be rewritten in an alternative way as
(see [28, 38], see also (103))

ε “ ϑ0I ` ϑ1TD ` ϑ2T
2
D, (166)

where we have defined ϑ0 :“ ´2
3
ID2

BḠ
BID3

, ϑ1 :“ BḠ
BID2

and ϑ2 :“ BḠ
BID3

, where
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ID2 “ 1
2
trpT2

Dq and ID3 “ 1
3
trpT3

Dq. In the following list we show three bound-
ary value problems considering non-homogeneous deformations working with
(166). The results are taken from [28, 38].

Inflation and extension of a cylindrical annulus: For the cylindrical an-
nulus ri ď r ď ro, 0 ď θ ď 2π, 0 ď z ď L we assume the presence of
the stress distribution

T “ σrprqer b er ` σθprqeθ b eθ ` σzprqez b ez, (167)

where

σrprq “ ´σSprq ` σDrprq, σθprq “ ´σSprq ` σDθ
prq, (168)

σzprq “ ´σSprq ` σDzprq, (169)

where the deviatoric part of the stress is assumed to be of the form
TD “ σDrprqer b er ` σDθ

prqeθ b eθ ` σDzprqez b ez.

The displacement field is assumed to be

u “ fprqer ` pλ ´ 1qzez, (170)

where λ ą 0 is a constant. The body is incompressible, thus trεεε “ 0,
and considering (170) we obtain

fprq “
p1 ´ λq

2
r `

C

r
, (171)

where C is a constant.

Using (167) in (150) we obtain dσr
dr

` 1
r
pσr ´ σθq “ 0 and considering

the boundary conditions (168)1 σrpriq “ ´P , σrproq “ 0, we get

σSprq “ σDrprq `

ż r

ro

1

ξ
rσDrpξq ´ σDθ

pξqs dξ, (172)

and P “
şro
ri

1
ξ

rσDθ
pξq ´ σDrpξqs dξ.

Replacing (168), (169) and (170) in (166) we have (recall (171)):

f 1prq “
1 ´ λ

2
´
C

r2
“ ϑ0 ` ϑ1σDr ` ϑ2σ

2
Dr
, (173)

fprq

r
“

1 ´ λ

2
`
C

r2
“ ϑ0 ` ϑ1σDθ

` ϑ2σ
2
Dθ
, (174)

λ ´ 1 “ ϑ0 ` ϑ1σDz ` ϑ2σ
2
Dz
. (175)
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The above is a system of three nonlinear algebraic equations. They
are not independent because trεεε “ 0. We can choose any two of
them, to find, for example, σDr and σDθ

, considering that trTD “ 0
thus σDz “ ´σDr ´ σDθ

. We have obtained an universal solution, be-
cause the above solution do not depend on the specific expression for
Π̄ given. If P is given, the constant C can be adjusted such that
with the values for σDr and σDθ

, from (173) and (174) we have that
P “

şro
ri

1
ξ

rσDθ
pξq ´ σDrpξqs dξ is satisfied.

Non-homogeneous deformations of a cylindrical opened annulus: In
this section we study the inflation, extension, torsion, circumferential
shear, telescopic shear and closure of a cylindrical opened annulus. This
problem is a generalization of the solution studied previously. Let us
consider the annulus ri ď r ď ro, 0 ď θ ď 2π´α, 0 ď z ď L, where we
assume we have the stress distribution:

T “ ´σSprqI ` TDprq, (176)

where

TD “ σDrprqer b er ` σDθ
prqeθ b eθ ` σDzprqez b ez ` τrθprqper b eθ ` eθ b erq

`τrzprqper b ez ` ez b erq ` τθzprqper b ez ` ez b erq. (177)

Replacing (176) (considering (177)) in (150) we obtain dσr
dr

` 1
r
pσr ´

σθq “ 0, whose solution is the same as in (172) (assuming the same
boundary conditions discussed there), plus the equations dτrθ

dr
` 2τrθ

r
“ 0,

dτrz
dr

` τrz
r

“ 0, whose solutions are:

τrθprq “ τrθi

´ri
r

¯2

, τrzprq “ τrzi
ri
r
, (178)

where τrθi and τrzi are constants.

As for the displacement field we assume that is of the form:

u “ fprqer ` rkrθ ` gprq ` τorzsez ` rpλ ´ 1qz ` hprqsez, (179)

where k “ α{p2π ´ αq, τo and λ ą 0 are constants. With the above
displacement field we have that the cylindrical annulus becomes closed
in the circumferential direction. The annulus is incompressible, then
from trεεε “ 0 and (179) we obtain

fprq “ p1 ´ λ ´ kq
r

2
`
C

r
. (180)

88



Using (179) and (176) in (166) (recall (177), (180)) we obtain:

f 1prq “
1 ´ λ ´ k

2
´
C

r2
“ ϑ0 ` ϑ1σDr ` ϑ2

`

σ2
Dr

` τ 2rθ ` τ 2rz
˘

, (181)

k `
fprq

r
“

1 ´ λ ` k

2
`
C

r2
“ ϑ0 ` ϑ1σDθ

` ϑ2

`

τ 2rθ ` σ2
Dθ

` τ 2θz
˘

, (182)

λ ´ 1 “ ϑ0 ` ϑ1σDz ` ϑ2

`

τ 2rz ` τ 2θz ` σ2
Dz

˘

, (183)
τor

2
“ ϑ1τθz ` ϑ2 pτrθτrz ` σDθ

τθz ` τθzσDzq ,(184)

1

2

„

g1prq ´
gprq

r

ȷ

“ ϑ1τrθ ` ϑ2 pσDrτrθ ` τrθσDθ
` τrzτθzq ,(185)

h1prq

2
“ ϑ1τrz ` ϑ2 pσDrτrz ` Trθτθz ` σDzq .(186)

Eqs. (181)-(183) are not independent because trεεε “ 0 (see (180)). We
can choose two of them, say (181) and (182) and plus (184) we can solve
for σDr , σDθ

and τθz (recall (178)). As for (185) and (186), they can be
solved exactly as (compare this with (161) and (162) for unconstrained
solids):

hprq “ 2

ż r

ri

rϑ1τrz ` ϑ2pσDrτrz ` τrθτθz ` τrzσDzqs dξ ` hi, (187)

gprq “ 2r

ż r

ri

"

1

ξ
rϑ1τrθ ` ϑ2 pσDrτrθ ` τrθσDθ

` τrzτθzqs

*

dξ ` gi
r

ri
,(188)

where in the above integrals we have that ϑi “ ϑipTDpξqq (i “ 1, 2),
σDr “ σDrpξq, σDθ

“ σDθ
pξq, τij “ τijpξq, i ‰ j, and hi, gi are constants.

The above is a universal solution. From the algebraic equations say
(181), (182) and (184) we can find σDrprq, σDθ

prq and τθzprq, considering
that τrθprq and τrzprq are known from (178). With the above solutions
for the components of the deviatoric stress we can find hprq and gprq
from (187) and (188) above. These solutions do not depend on the
specific expression for Ḡ that is used for the definitions of the ϑj, j “

0, 1, 2.

Inflation of a sphere: The last problem studied in [38] corresponds to the
inflation of the hollow sphere ri ď r ď ro, 0 ď θ ď 2π, 0 ď ϕ ď π,
where we assume the presence of the stress distribution

T “ ´σSprqI`TD “ σSprqI`σDrprqerber`σDθ
prqeθbeθ`σDϕ

prqeϕbeϕ.
(189)
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It is assumed that the above stress produces the displacement field

u “ fprqer, (190)

and from trεεε “ 0 we obtain fprq “ C{r2, where C is a constant.

Replacing (189) in (150) we obtain (assuming that σrpriq “ ´P and
σrproq “ 0):

σDϕ
“ σDθ

, σSprq “ σDrprq `

ż r

ri

2

ξ
rσDrpξq ´ σDθ

pξqs dξ ` P,

where P “
şro
ri

2
ξ
rσDθ

pξq ´ σDrpξqs dξ. Replacing the above expression

for the deviatoric stress and the strain calculated with (190) in (166)
we have

´2
C

r3
“ ϑ0 ` ϑ1TDrr ` ϑ2T

2
Drr
, (191)

the other three components of the constitutive equation are not inde-
pendent since trεεε “ 0. On the other hand trTD “ 0, which taking into
account (189) means σDθ

“ ´σDr{2.

Again we have a universal solution, since from (191) we can obtain σDr

for any expression for Ḡ.

8.1.4 A non-homogeneous tension of a plane slab

In this section we discuss a problem wherein the body is subject to a non-
homogeneous distributions of stress, which we shall describe within the con-
text of Cartesian coordinates (see Section 4.1 of [19] using the notation x, y
instead x1, x2, respectively), for the plane slab 0 ď x ď L, 0 ď y ď H. We
assume plane stresses and the existence of an Airy stress potential Υpx, yq of
the form Υpx, yq “ φpxq ´ τoxy, where τo is a constant. We obtain

T11 “ 0, T22 “ T22pxq “
d2φ

dx2
, T12 “ τo. (192)

From (76) for the components of the strain tensor we have (on recognizing
that plane stress does not imply plane strain and on neglecting ε33)

ε11 “ ϑ0 ` ϑ2τ
2
o , ε22 “ ϑ0 ` ϑ1T22 ` ϑ2pτ 2o ` T 2

22q, ε12 “ ϑ1τo ` ϑ2τoT22,
(193)
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where ε11 “ ε11pxq, ε22 “ ε22pxq and ε12 “ ε12pxq. The above deforma-
tion field is produced by a continuous displacement field if the compatibility
equations are satisfied27, and that means that d2ε22

dx2
“ 0, which implies that

ε22 “ c1x ` c0, where c0, c1 are constants. In the light of the above results,
let us assume that the components of the displacement field that is produced
by the stress (192) is of the form

u1px, yq “ fpxq ` hpyq, u2px, yq “ pc1x ` c0qy ` gpxq.

Calculating ε12 from the above displacement field it is found that to have
ε12 “ ε12pxq, and we need hpyq “ ´ c1

2
y2`c2, where c2 is a constant. Therefore

in (193) we obtain

f 1pxq “ ϑ0 ` ϑ2τ
2
o , c1x ` c0 “ ϑ0 ` ϑ1T22pxq ` ϑ2rτ

2
o ` T22pxq2s,(194)

1

2
g1pxq “ ϑ1τo ` ϑ2τoT22pxq, (195)

and from (194)1, (195) we obtain fpxq “
şx

0
pϑ0 ` ϑ2τ

2
o q dξ ` fo and gpxq “

2
şx

0
pϑ1τo ` ϑ2τoT22pxqq dξ ` go, where fo and go are constants. Eq. (194)2

can be used to find T22pxq, given c0 and c1.

8.1.5 A class of non-homogeneous shear stress in a slab

In [20] for the constitutive equation for unconstrained solid (76) and the same
slab described in the previous section, we assume that the stress tensor is
given (using x, y, z instead xi, i “ 1, 2, 3, here τ12 is not a component of the
Kirchhoff stress)

T “ ´σSpx, y, zq

3
ÿ

i“1

ei b ei ` τ12pyqpe1 b e2 ` e2 b e1q.

Replacing the above stress in (150) we find that σS “ σSpxq and ´dσS
dx

` dτ12
dy

“

0, which is satisfied if

σSpxq “ Cx ` σo, τ12pyq “ Cy ` τo, (196)

where C, σo and τo are constants.

27It is not mandatory to consider the compatibility equations if one works with the
displacement field (see [164]), but in this section we choose to do so.
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In [20] a special class of constitutive equation was considered where (see
(76))

ε “ α1

„

T ´
trpTq

3
I

ȷ

, (197)

where α1 “ α1pTq “ µo r1 ` αtrpT2
Dqs

n
, TD “ T ´

tr pTq

3
I, µo, α and n are

material constants.
Assuming that the displacement field u is given by u1 “ fpyq, u2 “ u3 “ 0

from (196) and (197) we get f 1pyq “ µor1 ` 2αpCy ` τoq
2snpCy ` τoq thus:

fpyq “
µor1 ` 2αpCy ` τoq

2s1`n

4Cp1 ` nqα
,

which in [20] is studied for different values for the different constants that
appear there.

8.1.6 The anti-plane shear

In this section we show three studies on the anti-plane shear problem, con-
sidering (76) and some of its subclasses. This is an interesting 2D problem,
wherein some equations can be simplified greatly, allowing the analysis of ex-
istence of solutions, and in some cases even the obtention of exact solutions.

A first study on the anti-plane shear problem by Kulvait et al.: In
[118] the anti-plane problem has been studied for the class of constitutive
equation (76). In this case it is assumed that

T “ T13px1, x2qpe1 b e3 ` e3 b e1q ` T23px1, x2qpe2 b e3 ` e3 b e2q,(198)

u “ upx1, x2qe3. (199)

The particular subclass of (76) considered in this paper is (compare, for
example, with (128) and (130), see also Section 7.3.3 and (133) therein):

trε “ σ1ptrTqtrT, εD “ σ2p|TD|qTD,

In the particular case of the above constitutive equation we have trT “ 0 and

|TD| “
?
2|TV|, where TV is the vector TV “

ˆ

T13
T23

˙

. On the other hand if
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we define the vector εV “

ˆ

ε13
ε23

˙

from (133) we obtain εV “ σ2p
?
2|TV|qTV,

then from this constitutive relation and (150) we obtain:

ε13 “ σ2p
?
2|TV|qT13, ε23 “ σ2p

?
2|TV|qT23,

BT13
Bx1

`
BT23
Bx2

“ 0. (200)

Eq. (200)3 can be solved assuming the existence of a stress potential Φ “

Φpx1, x2q such that T13 “ BΦ
Bx2

, T23 “ ´ BΦ
Bx1

. Using the above potential in
(200)1,2 we have two partial differential equations for u and Φ. The above
system can be further reduced using the compatibility equations for ε13 and
ε23. In [118] the equations are solved numerically using the finite element
method in terms of Φ.

A second analysis of the anti-plane shear problem by Rajagopal
and Zappalorto: In [170] the above problem of anti-plane shear has been
also studied, where an exact solution has been found for a case with concen-
tration of stresses. The solution has been found for the following particular
constitutive equation (see (76)):

ε “ αr1 ` βtrpT2qsnT, (201)

where α, β and n ă ´1{2 are material constants. The displacement field
is of the form (199), where in [170] the authors use the notation x, y, z for
x1, x2, x3 and 1,2,3, respectively, then from (198) and (200) we have that T13
and T23 are Txz, Tyz, respectively, and ε13, ε23 become εxz, εyz, respectively.
Defining the total shear strain as γ “ 2

a

ε2xz ` ε2yz and the total shear stress

as τ “
a

T 2
xz ` T 2

yz from (201) we obtain

γ “ 2αp1 ` 2βτ 2qnτ. (202)

From (4a) in [170] it is shown that when the stresses are ‘small’ we have
γ « 2ατ , whereas then the stresses are ‘large’ from (4b) therein we obtain
γ « 2αp2βqnτ 2n`1, from where we see that as τ Ñ 8 implies that γ becomes
a constant.

The above relation (202) is used for the analysis of a notched body under
antiplane shear stress. The notch has an opening angle 2ξ, and at the tip
of that notch the origin of the coordinate system is located (plane x ´ y,
where the angle is symmetric with respect to x). The crack problem appears
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when 2ξ Ñ 0. After several manipulations for this problem the stress can be
calculated by solving the differential equation

γpτq

τγ1pτq

B2f

Bτ 2
`

1

τ

Bf

Bτ
´
w2

τ 2
f “ 0, (203)

where γ1 “
Bγ
Bτ
, w “ π

π´2ξ
and fpτq satisfies:

x “ ´
Bf

Bτ
cosϕ cospwϕq ´

wf

τ
sinϕ sinpwϕq, (204)

y “ ´
Bf

Bτ
sinϕ cospwϕq `

wf

τ
cosϕ sinpwϕq, (205)

where ϕ “ arctanp´Txz{Tyzq.
For the case of (202) for γ “ γpτq the solution of (203) is found to be (see

Section 4 in [170])
fpτq “ C1τ

´wF1 ` C2τ
wF2,

where C1, C2 are constants, and F1, F2 are given in terms of the Gauss
hypergeometric function and n, w, β, τ . For the case 2ξ “ 0 from (204) and
(205) the following solution is found:

x “ C1

„

1

τγpτq
cos2 ϕ ´

ż 8

τ

dζ

ζ2γpζq

ȷ

, y “ C1
sinϕ cosϕ

τγpτq
.

In [170] an analysis of the above solution is provided very close to the crack
tip and also at a certain finite distance from it. For some intervals of val-
ues for n it is shown that near the tip of the crack τ Ñ 8 but γ remains
bounded. At a certain finite distance the solution has the same structure
as the solution found using the linearized elastic model, which for this case
depend on the stress concentration factor KIII . Close to the tip the solution
strongly depends on n, and such solutions are very different from the classi-
cal elasticity solutions. At a finite distance from the tip the solution do not
depend on n.

A third study of the anti-plane shear by Yoon et al.: In [222, 223] the
antiplane shear problem has been studied for some constitutive equations of
the form (76), which are different from (200) and (201). In [223] the following
constitutive equation has been considered:

ε “ ψ0ptrT, |T|qI ` ψ1p|T|qT, (206)
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where ψ0p0, |T|q “ 0 and ψ1p|T|q “ 1
2µp1`βα|T|αqp1{αq , where α, β and µ are

constants. In [222] a slightly different constitutive equation is used:

ε “ ψ0ptrTqI ` ψ1p|T|qT. (207)

In (206) and (207) we have that |T| “
?
T ¨ T, where in [222] we also have

ψ1p|T|q “ 1
2µp1`β|T|αqp1{αq .

In [223, 222] for the stress and the displacement field it is assumed the
same expressions presented in (198) and (199). As for the components of the
stress T13 and T23 it is assumed that they are given in terms of a scalar stress
potential Φ as presented in the paragraph after Eq. (200). Using the stress
tensor (198) in (207) and considering (199) we obtain in both cases (206)
and (207) that ε “ ψ1p|T|qT, from where we can find ε13 and ε23, which
depend on x1, x2. These are the only non-zero components of the strain
tensor, and if they satisfy the compatibility equation for the strains Bε13

Bx2
´

Bε23
Bx1

“ 0, then we can calculate a continuous displacement field from those
components of the strain using (2)2 (see also (199)). Using ε “ ψ1p|T|qT in
the above compatibility equation the following second order nonlinear partial
differential equation for ψ is obtained:

´∇ ¨ rψ1p|∇Φ|q∇Φs “ 0, (208)

where |∇Φ| “

c

´

BΦ
Bx1

¯2

`

´

BΦ
Bx2

¯2

and ψ1 is given in the paragraph after

(206).
The above Eq. (208) is solved numerically using the finite element method,

and in [223] this is used to study the propagation of a crack, in particular
considering the problem of a plane plate with a crack in mode III, which is
in the middle of the plate or in its edges. In [222] the equation is solved
to study the behaviour of a 2D plate under tension with a V-notch on the
side, a plane plate with cracks with different orientations (located on the
edges), and a plane plate with a crack in the middle (mode I), with different
orientations.

8.2 Wave Propagation

When we turn our attention to time dependent stresses and deformations,
few problems have been studied in the literature (see, for example, [22, 96,
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111, 112]), and in the particular case of the subclass of constitutive equation
(75), they can be classified into two types, problems involving the full study
of the nonlinear equations (149) for some simple expressions for the stresses
and displacement field, and incremental analysis.

8.2.1 Fully Nonlinear Problem

In this section we provide some details of some problems that have been
studied such as the wave propagation in one dimensional rod, the propagation
of shear waves in a semi-infinite slab, and the propagation of circumferential
shear waves in a cylindrical annulus28. among others.

• In [22] the problem of propagation of longitudinal waves is studied
for a one dimensional rod 0 ď x ď L, for the constitutive equa-
tion (75), (77), assuming that the stress tensor is of the form T “

σpx, tqe1 b e1, which is assumed to produce a displacement field of
the form u “ upx, tqe1. For this one dimensional problem, there is
only one component for the strain, namely ε11 “ ε “ Bu

Bx
and from

(77), (125) considering the above expression for the stress we obtain

ε “ fpσq “ ´α
”

1 ´ 1
p1`βσq

ı

`
αγ?
1`ισ2σ. The notation ε “ fpσq can be

used to consider other expressions for the constitutive equation. From
(149) we obtain the two partial differential equations

ρ
B2u

Bt2
“

Bσ

Bx
,

Bu

Bx
“ fpσq, (209)

which must be solved to obtain29 upx, tq and σpx, tq. With regard
to the boundary and initial conditions, we can assume, for example,
upL, tq “ 0, σp0, tq “ σ̂ptq, where σ̂ptq is an external known traction,
and upx, 0q “ 9upx, 0q “ 0.

28In a recent paper by Huang et al. [96], the equations of motion corresponding to a
special sub-class of (75) is considered under the prescription of Riemann data and all wave
patterns that are possible are delineated. The specific wave form that arises depends on
the initial data, and it is shown that rarefaction and shock waves are possible. As the
paper is quite technical we shall not discuss it in detail here.

29Recently, in a work by Naz and Hereman [141] some closed solutions for (209) have
been obtained, for the particular case that fpσq “ σpβ`σ2qm, where β and n are constants.
The solutions are obtained using Lie symmetries. Some closed-form solutions (travelling
wave solutions) are obtained for u and σ, which can be seen in Table 3 therein.
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It is necessary to point out that in general it is not a good idea to cross-
differentiate to reduce the number of equations governing the original
problem (209). On equation that results from such cross-differentiation
is:

B2σ

Bx2
“ ρ

B2

Bt2
rfpσqs. (210)

In [22] a non-trivial exact solution (travelling wave) was found for the
above equation30, however in [39] it has been shown that such a solution
(from [22]) is not a solution of the original problem (209).

In [125] some asymptotic approximate solutions have been found for
(210) for the particular case fpσq “ αp1`γσ2qnσ, where α, γ and n are
constants. Changing the notation y for the spatial coordinate used in
that paper for x, we show here two of such solutions (which are given
in implicit form). For example, from (4.22) of [125] we have:

σpx, tq “ A sin

#

2π
“`

1 ` 3n
2
σ2px, tq

˘

x ´ t
‰

1 ` 3n
2
A2 sin2

“

2π
``

1 ` 3n
2
σ2px, tq

˘

x ´ t
˘‰

+

, (211)

if t ď x ď 1` t, and σpx, tq “ 0 if 1` t ď x ă 8, where A is a constant.
In Eq. (7.23) of the same paper we can find another such solution of
the form:

σpx, tq “ A sin

#

21´n{2π
“

2n{2
`

1 ´ 3n
4
σ2px, tq

˘

x ´ t
‰

1 ´ 3n
4
A2 sin2

“

21´n{2
`

2n{2
`

1 ´ 3n
2
σ2px, tq

˘

x ´ t
˘‰

+

,

(212)
if 2´n{2t ď y ď 2´n{2p1 ` tq, and σpx, tq “ 0 if 2´n{2p1 ` tq ď x ă 8.

• In [112] a problem that is similar in structure to that of (209) is studied.
The authors study the behaviour of the semi-infinite slab ´8 ď x ď 8,
0 ď y ď yo, ´8 ď z ď 8 that is assumed have the shear stress

30The travelling wave solution of (210) is σpx, tq “ φpzq,where z “ kx ` λt, k2

ρλ2φpzq “

fpφpzqq ` Az ` B, where k, λ, A and B are constants. In [130] there is an analysis
of the above solution, showing the existence of global solutions and singularities in the
derivatives. In that paper [130] the above solution is analized for some special classes of
f, namely: fpσq “ ℵ arctanpϑσq, fpσq “ ℵpeϑσ ´ 1q and fpσq “ ℵσ2n`1, where ℵ, ϑ and n
are constants. Finally, in that paper a self similar solution is found for (210), which is of

the form σpx, tq “ νpηq, where η “ ζx{t and ηpνq “ ηopνq ` ϕpνq
“

A ´
ş

ϕpνqf2pνqdν
‰´1

,
f2pνq “ ´f1pνq{C.

97



distributionT “ τpy, tqpe1be2`e2be1q, which induces the deformation
in the body of the form u “ upy, tqe1. In [112] the constitutive equation
h “ βtrpTqI`α

“

1 `
γ
2
trpT2q

‰n
T is used, which for the problem under

consideration leads to hpτq “ αp1`γτ 2qnτ , where α, γ, n are constants.
In this case (149) become

ρ
B2u

Bt2
“

Bτ

By
,

Bu

By
“ hpτq,

which has a structure very similar to (209), where we now need to solve
for upy, tq and τpy, tq.

• Another problem to be discussed in this section is the propagation
of shear waves in a cylindrical annulus defined through ri ď r ď ro,
0 ď z ď 2π, ´8 ď z ď 8 (see [111]), wherein it is assumed that the
stress and the displacement have the forms T “ τpr, tqperbeθ`eθberq
and u “ upr, tqeθ, respectively. The constitutive equation considered
is the same as in that [112], and (149) become the partial differential
equations

ρ
B2u

Bt2
“

Bτ

Br
`

2

r
τ,

Bu

Br
´
u

r
“ hpτq,

that must be solved for upr, tq and τpr, tq.

In [126] a similar system of partial differential equations has been an-
alyzed for the case of 1D wave propagation in a cylindrical annulus
Ri ď r ď Ro, where the waves propagate in the radial directions. In
such a case if σ and u represent the radial normal component of the
stress tensor and the radial component of the displacement field, the
equations that are solved in an approximate manner are:

Bσ

Br
`
σ

r
“ ρ

B2u

Bt2
,

Bu

Br
“ hpσq. (213)

The authors of [126] considered the special case hpσq “ αp1 ` γσ2qn,
and they reduce the above system of two PDE (considering also some
dimensionless forms for the equations) to the single nonlinear partial
differential equation

B2σ

Br2
`

1

r

Bσ

Br
´
σ

r2
“

B2

Bt2
“

p1 ` σ2q2
‰

. (214)
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One approximate solution that shows pseudo-solitary waves (in implicit
form) based on the use of asymptotic methods is presented in Eq. (4.24)
therein, which is reproduced here:

σpr, tq “

"„ˆ

1 `
3n

2
σ2pr, tq ln r

˙

r ´ t

ȷ „

1 `
3n

2
A2 sin2

”

2π
´´

1

`
3n

2
σ2pr, tq ln r

˙

r ´ t

˙ȷ

ln

„ˆ

1 `
3n

2
σ2pr, tq ln r

˙

r ´ t

ȷȷ´1
+1{2

ˆ

ˆA sin

"„

2π

„ˆ

1 `
3n

2
σ2pr, tq ln r

˙

r ´ t

ȷȷ

«

1

`
3n

2
A2 sin2

„

2π

ˆˆ

1 `
3n

2
σ2pr, tq ln r

˙

r ´ t

˙ȷ

ln
”

1

`
3n

2
σ2pr, tq ln r

˙

r ´ t

ȷȷ´1
+

, (215)

if Ri ` t ď r ď R‹ ` t, and σpr, tq “ 0 if R‹ ` t ď r ď Ro ` t. Another
such an approximate solution is shown in Eq. (7.11) therein, which for
the sake of brevity is not presented in this review.

A study on instability and non-existence for the 1D bar problem:
In [150] a study on instability and non-existence has been presented for the 1D
problem (209), with the initial conditions upx, 0q “ u0pxq and 9upx, 0q “ v0pxq.
In that work it is stated that the deformation is unstable if σhpσq ď 0. The
above inequality (see (75)) is equivalent to σε ď 0, which means the uniaxial
stress and strain have opposite signs.

Defining the following functions Fptq “
şL

0
ρu2 dx, it is possible to show

that 9Fptq “ 2
şL

0
ρu 9u dx and :Fptq “ 2

şL

0
ρu:u dx` 2

şL

0
ρ| 9u|2 dx. On the other

hand from (209)1 integrating by parts we obtain
ż L

0

ρu:u dx “ ´

ż L

0

σhpσq dx,

then

:Fptq “ ´2

ż L

0

σhpσq dx ` 2

ż L

0

ρ| 9u|2 dx ě 2

ż L

0

ρ| 9u|2 dx.

After some manipulations in [150] it is shown that the system is unstable if
9Fp0q “ 2

şL

0
ρu0pxqv0pxq dx ą 0, which can be satisfied by selecting special

expressions for u0 and v0.
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About non-existence in [150] it is shown that the solution does not exists
if hpσq satisfies

σhpσq ´ p2 ´ ωqW ě 0,

where 0 ă ω ă 1 and W 1pσq “ hpσq with W p0q “ 0. By defining31 Gptq “
şL

0
ρu2 dx`βpt`toq

2, where β ą 0, to ą 0, in [150] it is shown that the solution

blows up in a finite time if 9Gp0q ą 0. Here 9Gp0q “ 2
şL

0
ρupx, 0q 9upx, 0q dx `

2βto ą 0.

An exact solution for a class of implicit relation for a body whose
mechanical properties depend on density: In [176] an exact solution
has been found for a subclass of the constitutive relation (55), wherein ε `

A1T`A2ptrεqT`A3ptrTqI`A4ptrεqI`A5ptrTqε`A6ptrTqptrεqI`A7pεT`

Tεq ` A8trpεTqI “ 0, and where Ai, i “ 1, 2, 3, ...8 are constants. The
study is focused in the particular subclass of the above implicit relation (58)
ε “ B1r1 ` λ2ptrεqsT `B2r1 ` λ3ptrεqsptrTqI, where B1, B2, λ2 and λ3 are
constants. The solution is found for the deformation of a 1D bar, wherein the
notations σ, ε, u and x are used for the 1D stress, strain, displacement field
and position along the bar (see (209)). In such a case defining B1 “ p1`νq{E
and B2 “ ´ν{E, where E, ν are the ground Young’s modulus and Poisson
ratio of the solid, and α “ B1λ2 ` B2λ3, the 1D version of (58) and of the
equation of motion (149)1 (see also (209)1 and without body forces) are:

ε “
σ

E
` αεσ, ρ:u “

Bσ

Bx
, (216)

where ε “ Bu
Bx
. Expressing ε in terms of σ from (216)1, taking the derivative

of that equation twice in time, and of (216)2 once in x, combining the two
equation it is found that (see [39] for a criticism on such procedure of reducing
the equations):

:σ “
E

ρr

B2σ

Bx2
p1 ´ ασq2 ´

2α 9σ2

p1 ´ ασq
, (217)

where (see Section 5.1.1) ρr « ρp1 ` trεq. A travelling wave solution is
found assuming that (see the discussion in the paragraph after (210) and the
footnote therein) σpx, tq “ σpξq, where ξ “ x ´ ct, where c is a constant.

31The reader must not confuse the function G here with the Gibbs potential defined and
used in Sections 3.3.1 and 5.2.1.
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Replacing this in (221) the following nonlinear ordinary differential equation
is obtained:

c2σ2 “
E

ρr
σ2p1 ´ ασq2 ´

2αc2pσ1q2

p1 ´ ασq
, (218)

where the notation σ1 “ dσ
dξ

is used. The exact solution found for (218) is (in

implicit form):

σpξq ´
c

a

E{ρrα
tanh´1

«

a

E{ρr
c

pασpξq ´ 1q

ff

“ C1ξ `
C2 ` 1

α
,

where C1, C2 are constants.

8.2.2 Infinitesimal wave analysis as a consequence of time depen-
dent stress superposed on a time independent stress

In this section some results concerning the extension of the classical incre-
mental analysis for the class of constitutive equations (75) are reviewed (see
[4]). It is assumed the presence of a time independent stress, to which a
small time dependent stress is superimposed (incremental stress). There
are many possible applications for such an analysis, in particular regard-
ing the determination of mechanical properties, a case in point being non-
destructive testing. Let T “ Tpxq and u “ upxq denote the initial time
independent stress and displacement field, which are solutions of the bound-
ary value problem (75), (150) in the case of quasi-static deformations (and no
body forces), i.e., divT “ 0 and 1

2
p∇u`∇uTq “ hhhpTq, where Tn “ t̂pxq on

x P BκrpBqt and u “ ûpxq on x P BκrpBqu, where κrpBq “ κrpBqtYκrpBqu
and κrpBqt X κrpBqu “ Ø. Let us add to the above stress the incremen-

tal time dependent stress ∆Tpx, tq, where it is assumed that |∆T|

|T|
„ Opδq,

δ ! 1, which it is supposed to produce an increment in the displacement field
∆upx, tq. Now the key ingredients in this analysis are the assumptions that
the stress Tpxq ` ∆Tpx, tq and the displacement field upxq ` ∆upx, tq are
also solutions of the equation of motion32 (149), therefore, substituting such

32One ought to mention that in general for this problem it is also necessary to determine
the density, which from (4)2 is given as ρ “

ρr

detF . In the case of small gradient of the
displacement we have detF « 1`tr∇u “ 1`divu “ 1`trεεε, therefore, ρ « ρrp1`trεεεq´1 «

ρrp1´ trεεεq. There may be some problems for which even the small changes in the density
due to the factor trεεε, we can have an important influence in the mechanical behaviour
of the material (see Sections 5.1.1 and 7.3.6). In this section it is assumed that that is
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fields in (149), recalling that T “ Tpxq and u “ upxq are solutions of the
equilibrium equations, it is obtained

ρ∆:u “ div∆T. (219)

Regarding (75), using Tpxq `∆Tpx, tq and upxq `∆upx, tq in that equation,

recalling that |∆T|

|T|
„ Opδq, δ ! 1, the approximation ε`∆ε « hpTq` Bh

BT
¨∆T

is valid, where ε “ 1
2
p∇u ` ∇uTq, and where ∆ε “ 1

2
r∇p∆uq ` ∇p∆uqTs

and the fourth order tensor Bh
BT

is evaluated at T, i.e., it does not depend on

∆T. Let ε “ hpTq, on defining33 CCC “ CCC pTq “ Bhhh
BT

the following incremental
constitutive equation is obtained (see [4])

∆ε “ CCC ¨ ∆T. (220)

With regard to the boundary conditions, for the original quasi-static prob-
lem it is assumed the application of a time-independent traction t̂pxq, and
that the increment in stress ∆Tpx, tq is caused by the addition of a time-
dependent increment in the traction ∆t̂px, tq, therefore, for Tpxq `∆Tpx, tq
and upxq ` ∆upx, tq the boundary conditions become rTpxq ` ∆Tpx, tqsn “

t̂pxq ` ∆t̂px, tq and upxq ` ∆upx, tq “ ûpxq ` ∆ûpx, tq, and it is obtained

∆Tpx, tqn “ ∆t̂px, tq x P BκrpBqt, ∆upx, tq “ ∆ûpx, tq x P BκrpBqu.

If it assumed that ∆T and ∆u do not depend on time, the left side of
(219) is zero, and the counterpart for (75) of the incremental equations are
obtained, which are used, for example, in the nonlinear theory of elasticity,
to study among other things, stability of the solutions for boundary value
problems, especially when it is assumed that ∆t̂ “ 0. If ∆T and ∆u depend
on time, but ∆t̂ “ 0 and ∆û “ 0 and Eq. (219) can be used to explore
uniqueness/non-uniqueness for the solution of a boundary value problem,
and also stability, by looking for the existence of such small wave solutions
from (219).

not the case, and that the mechanical behaviour of the material is not influenced by small
changes in the deformation, therefore, we adopt the approximation ρ « ρr is adopted and
it is assumed that the density is constant in time.

33If it is assumed that hpTq “ BG
BT , then CCC “ B2G

BTBT and this fourth order tensor has the

symmetries Cijkl “ Cjikl “ Cijlk “ Cklij . We assume that hpTq “ BG
BT for the rest of this

section.
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Let us study the problem of propagation of infinitesimal waves in an
infinite medium, assuming that T and εεε are constant tensors. There are
two ways to carry out the analysis, in the first case it can be assumed that
CCC pTq has an inverse, and in the second case it is assumed that that is not
necessarily the case. If CCC pTq has an inverse, from (220) ∆T “ CCC ´1 ¨ ∆εεε is
obtained and (219) becomes

ρ∆:u “ divpCCC ´1 ¨ ∆εεεq, where ∆εεε “
1

2
r∇p∆uq ` ∇p∆uqTs. (221)

A solution of (221) of the form ∆upx, tq “ ∆uogpζq is sought, where ζ “

kp ¨ x´ λt, k, λ being constants and p being in the direction of propagation
of the wave, ∆uo is a constant vector and g is a scalar function that is smooth
enough for our purposes. If the above expression is substituted in (221) after
some manipulations

ˆ

Q ´
ρλ2

k2
I

˙

∆uo “ 0, (222)

is obtained, where it is been defined34 Qij “
´1

C iklj pkpl and ν “ λ
k
is identified

as the wave speed. The above equation (222) has nontrivial solutions if

det
´

Q ´
ρλ2

k2
I
¯

“ 0, which is the equation that must be used to find ν. It

is noticed that Q is a function of the initial time-independent stress since
CCC “ CCC pTq.

Next, the case when CCC pTq does not have inverse is studied, looking for
a solution for ∆Tpx, tq and ∆upx, tq of the form ∆Tpx, tq “ ∆Tofpζq and
∆upx, tq “ ∆uogpζq, where ζ “ kp ¨ x ´ λt, where ∆To is a constant second
order tensor and f is a scalar function smooth enough for our purposes.
Replacing these expressions in (219) and (220) are obtained

ρλ2∆uog
2pζq “ ∆Topkf

1pζq, (223)
1

2
p∆uo b p ` p b ∆uoqkg

1pζq “ CCC ¨ ∆Tofpζq. (224)

Further progress can be made with the above solutions in the following way.
Let us assume that the functions f and g are the same and are given as
fpζq “ gpζq “ eÎζ , where Î is the imaginary number. Substituting this
in (223), (224) the equation rM srV s “ r0s is obtained, where the matrix

34Here
´1

C iklj corresponds to the components iklj of the fourth order tensor CCC ´1.
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rM s “ rM s9ˆ9 and the vector rV s “ rV s9ˆ1 are defined below and r0s9ˆ1 is
a column vector with all components equal to 0. The non-zero components
of rM s are: M11 “ M22 “ M33 “ ρλ2, M14 “ ´M41 “ kÎp1, M25 “ ´M52 “

kÎp2, M36 “ ´M63 “ kÎp3, M17 “ ´M71 “
kÎp2
2

, M18 “ ´M81 “
kÎp3
2

,

M27 “ ´M72 “
kÎp1
2

, M29 “ ´M92 “
kÎp3
2

, M38 “ ´M83 “
kÎp1
2

, M39 “

´M93 “
kÎp2
2

, M44 “ C1111, M45 “ M54 “ C1122, M46 “ M64 “ C1133,
M47 “ M74 “ C1112, M48 “ M84 “ C1113, M49 “ M94 “ C1123, M55 “

C2222, M56 “ M65 “ C2233, M57 “ M75 “ C2212, M58 “ M85 “ C2213,
M59 “ M95 “ C2223, M66 “ C3333, M67 “ M76 “ C3312, M68 “ M86 “ C3313,
M69 “ M96 “ C3323, M77 “ C1212, M78 “ M87 “ C1213, M79 “ M97 “

C1223, M88 “ C1313, M89 “ M98 “ C1323, M99 “ C2323. As well as this,
rV s “ p∆uo1 ,∆uo2 ,∆uo3 ,∆To11 ,∆To22 ,∆To33 , 2∆To12 , 2∆To13 , 2∆To23qT. The
system of equations rM srV s “ r0s has non-trivial solutions if detrM s “ 0. In
this case this last equation would give a relation between λ, k and p for such
a wave to exist.

In [97] Eqs. (221) are solved for some cases formulated in cylindrical
coordinates, wherein T “ Tprq and ∆T “ ∆Tpr, tq and ∆u “ ∆upr, tq.
The problems are: the propagation of small amplitude wave on a cylindrical
annulus under inflation, and a cylindrical annulus showing circumferential
shear and inflation. In such a case T “ Tprq and u are obtained solving
numerically (149), and using such solutions in (221) (in particular for the
evaluation of the fourth order tenso CCC “ CCC pTq). Those equations (which are
linear partial differential equations with coefficients that depends on r) are
solved numerically using the finite element method.

8.3 Modelling of 2D beams and trust problems (small
strains)

In this section different models are presented for beams and trusts, consid-
ering the constitutive equations and relations (54) and (75).

8.3.1 A theory for beams of rectangular cross section by Erbay et
al

In [71] the problem of modelling 2D beams of rectangular section is studied
for some subclasses of the implicit constitutive relations studied in Section
5.1.1 (see in particular (59) and (68) therein), in the particular case of small
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gradient of the displacement field, where we have the density as one of the
main variable (see Section 5.1.1), and we recall that for this case that mass
density is related with the terms trεεε. The particular subclass of constitutive
relation considered is (compare with (59), (68)):

ε “
p1 ` νq

Eop1 ` βtrεεεq
T ´

ν

Eop1 ` βtrεq
ptrTqI, (225)

where Eo, ν are the ‘ground’ Young’s modulus and Poisson ratio, and β is
a material constant. From (225) it is possible to define a sort of density-
dependent Young’s modulus E as: E “ Epρq « Eptrεq “ EpεVq “ Eop1 `

βtrεq, where εV “ trε.
The beam is defined as 0 ď x1 ď L, ´h{2 ď x2 ď h{2, ´b{2 ď x3 ď b{2,

where L is the length of the beam, and h, b are the height and width of
its cross section. In [71] following the standard theory for linearized elastic
beams, it is assumed that the only non-zero components of the stress tensor
are T11 “ T11px1, x3q, T33 “ T33px1, x3q and T13 “ T13px1, x3q. The displace-
ment field is assumed to be u “ u1px1, x3qe1 `u3px1, x3qe3. In [71] Eq. (225)
is inverted, where that inversion must be understood as a mathematical de-
vice, since from the physical point of view it is not rational to do that. In
such a case, using the above definition for E from (150) (when b “ 0) and
(225), the following six equations are obtained:

BT11
Bx1

`
BT13
Bx3

“ 0,
BT13
Bx1

`
BT33
Bx3

“ 0, (226)

T11 “
EpεVq

p1 ´ ν2q

Bu1
Bx1

`
ν

p1 ´ νq
T33, T22 “

EpεVqν

p1 ´ ν2q

Bu1
Bx1

`
ν

p1 ´ νq
T33,(227)

EpεVq
Bu3
Bx3

“ T33 ´ νpT11 ` T22q, EpεVq
Bu1
Bx3

“ ´E
Bu3
Bx1

` 2p1 ` νqT13,(228)

where we recall that εV is defined as εV “ trεεε. An asymptotic analysis is
performed for the above equations, assuming h ! L. In [71] the final system
of equations (after that asymptotic analysis) is not solved (see also [72]).

8.3.2 A model for beams by Gu et al. with applications for gum
metal solids

In [91] a model for beams of rectangular cross section has been proposed
by Gu et al., with applications to gum metal, considering the constitutive
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equation
ε “ λ1ptrTqI ` 2λ2 exppηtrTqT, (229)

where λ1, λ2 and η are material constants.
Here it is assumed that the plane where the stresses are important is the

plane x1 ´ x2, where the authors use the notation x, y instead x1 and x2,
respectively. It is assumed that T “ T11px, yqe1 b e1 ` T22px, yqe2 b e2 `

T12px, yqpe1 b e2 ` e2 b e1q, then the counterparts of (226) in this case are:

BT11
Bx

`
BT12
By

“ 0,
BT12
Bx

`
BT22
By

“ 0. (230)

For the non-zero components of the displacement field and the stress
tensor (where in general u “ upx, yq and T “ Tpx, yq), it is assumed the
series approximations (see [91])

upx, yq « up0qpxq ` yup1qpxq `
y2

2
up2qpxq `

y3

6
up3qpxq,

Tpx, yq «

4
ÿ

k“0

yk

k!
Tpkqpxq.

The above is replaced in (229) and (230), from where a system of equations

for T
pkq

ij pxq and u
pkq

i pxq is obtained. The boundary conditions are Tn “ q at
y “ 0 and y “ 2h, where 2h is the height of the cross section of the beam.
The neutral axis is assumed to be constant in x. The system of equations
mentioned above, which for the sake of brevity are not shown here, are solved
numerically with the collocation method.

8.3.3 A theory for 2D beams of arbitrary cross

Here some elements for the beam model presented in [53] are shown. Fol-
lowing the theory for beams by [205], it is assumed that the only important
component of the stress tensor is the normal stress (in the direction x) that is
denoted σ, which is caused due to bending in the direction x along the beam.
The longitudinal strain in that direction is denoted ε, then from (75) we have
ε “ hpσq. The deflection of the beam is denoted w, the neutral axis for the
beam and the bending moment are denoted ȳ and M respectively. The sym-
bol y denotes the vertical position across the section of the beam from the
neutral axis. In [53] it is assumed that σ “ σpx, yq, ȳ “ ȳpxq, w “ wpxq and

106



M “ Mpxq. The important difference with the classical theory for beams
[205] is that here it is assumed that the neutral axis can depend on the axial
position along the beam x. That is also an important difference with the
other four models presented in Sections 8.3.1, 8.3.2, 8.3.4 and 8.3.5.

The longitudinal strain is assumed to be of the same form as in the
classical theory for beams, i.e., ε “ ´y d2w

dx2
. If A represents the cross sec-

tion for the beam, the balance of forces in the x direction implies that
ş

A σpx, yq dApyq “ 0, the constitutive equation (75) becomes ´y d2w
dx2

“ hpσq,
and the balance of moment of forces meansMpxq “ ´

ş

A yσpx, yq dApyq. The

above three equations can be used to find σ, ȳ and d2w
dx2

(integrating twice
this last variable w can be obtained) if M “ Mpxq is known. In the special
case hpσq “ σ{E is a linearized constitutive equation, where E is the Young’s
modulus, from ε “ hpσq we can obtain σ as σ “ ´Ey dw

dx2
, and replacing that

in
ş

A σpx, yq dApyq “ 0, Mpxq “ ´
ş

A yσpx, yq dApyq we get the well known
equations for 2D beams for linearized elastic solids.

If the auxiliary coordinate ỹ is defined from y “ ỹ ´ ȳ, we have thatσ “

σpx, yq “ σpx, ỹ ´ ȳpxqq “ σpx, ỹq. Using ỹ the above three equations
ş

A σpx, yq dApyq “ 0, ´y d2w
dx2

“ hpσq and Mpxq “ ´
ş

A yσpx, yq dApyq men-
tioned in the previous paragraph become:

ż

A
σpx, ỹq dApỹq “ 0, ´rỹ ´ ȳpxqs

d2w

dx2
“ hpσpx, ỹqq, (231)

Mpxq “ ´

ż

A
rỹ ´ ȳpxqsσpx, ỹq dApỹq. (232)

In [53] the above three equations have been solved with an ‘incremental’
method after obtaining dimensionless version of them. If M “ Mpxq is
known (that is the case for statically determined beams) and depends on
some external load, then such load is divided in N increments such that
Mn`1 « Mn ` ∆Mn, n “ 0, 1, 2, ..., N . It is assumed that |∆Mn| are small
enough such that the following approximations are valid: σn « σn ` ∆σn,
ȳn`1 « ȳn ` ∆ȳn and w̆n`1 « w̆n ` ∆w̆n (where we have defined w̆ “ d2w

dx2
),

and where |∆σn|{|σn|, |∆ȳn|{|ȳn| and |∆w̆n|{|w̆n| are assumed to be very
small. For any increment n it is assumed that

ş

A σnpx, ỹq dApỹq “ 0, ´rỹ ´

ȳnpxqsw̆npxq “ hpσnpx, ỹqq and Mnpxq “ ´
ş

Arỹ ´ ȳnpxqsσnpx, ỹq dApỹq are
satisfied. Using σn « σn ` ∆σn, ȳn`1 « ȳn ` ∆ȳn and w̆n`1 « w̆n ` ∆w̆n
in the above equations a system of two linear equations are obtained for the
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increments ∆ȳn, ∆w̆n:

αn∆ȳn ` βn∆w̆n “ 0, γn∆ȳn ` ζn∆w̆n “ ∆Mn, (233)

where ∆σn “ h2

L2Cn r∆ȳnw̆n ´ pỹ ´ ȳnq∆w̆ns, αn “ w̆n
ş

A
1
CndApỹq, βn “

ş

A
pỹ´ȳnq

Cn dApỹq, γn “ ´
w̆nh2βn
L2 , ζn “ h2

L2

ş

A
pỹ´ȳnq

Cn dApỹq, Cn “ dh
dσ

pσnq and
L, h are the total length of the beam and total height of the cross section of
the beam, respectively.

The above method has been used in [53] to study numerically two prob-
lems, namely the cantilever beam with a point load and the three-point flex-
ural test for a beam, where fpσq has been taken for rock and also for strain
limiting behaviour (see Sections 7.3.1 and 7.3.4). There are important differ-
ences in the behaviour of the beam when compared with the predictions of
the classical theory for beams, in particular regarding the distributions and
magnitudes for σ.

In [55] the shear stress τxy (that also appears in the analysis of beams) is
analyzed for the constitutive equations ε “ fpσq. Using as a starting point
(231), (232) and the procedure presented, for example, in [110], the following
equation is obtained

τxypx, ỹq “
1

tpỹq

ż h

ỹ

Bσ

Bx
px, ξq dApξq,

where σ “ σpx, ỹq is the same normal stress calculated from (231), (232),
t “ tpỹq is the width of the cross section of the beam at a position ỹ, and ξ
is an auxiliary coordinate such that y ď ξ ď h. Using the same numerical
method mentioned before for the normal stress σ, the stress τxy has been
calculated for the same examples for the beams listed previously and for the
constitutive equations for rock and strain limiting behaviour (see Sections
7.3.1 and 7.3.4), comparing the predictions with the results obtained using
the linearized theory of elasticity, where (see, for example, [110]) τxypx, yq “
V pxq

Iztpyq

şh´ȳ

y
ξ dApξq, where V pxq is the inner shear force for the beam and Iz is

the second moment of area for the section.

8.3.4 A model for beams of rectangular section by Janecka et al.

In [106] a model for Euler beams of rectangular section has been proposed
for the class of constitutive equation (75), which has some similarities with
the theory presented in the previous section.
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Let us consider a beam of length L (in the direction of the axis x), with
a cross section of height 2h (axis y) and width 2b. For the stress tensor
it is assumed the same distribution mentioned in Sections 8.3.1 and 8.3.2.
Integrating such equations (see (230)) in y and z we obtain the classical
relations dV

dx
´ q “ 0 and dM

dx
´ V “ 0, where V is the inner shear force and

M is the bending moment. As for the displacement field and the linearized
strain tensor it is assumed that

upx, yq “ ´y
dw

dx
e1 ` wpxqe2 ñ ε “ ´y

d2w

dx2
e1 b e1,

where w “ wpxq is the deflexion for the beam.
In the theory of Janecka et al. [106] the authors look for T11px, yq (which

is the same as σpx, yq in the previous section) and wpxq solving:

d2

dx2

ˆ
ż h

y“´h

yT11 dy

˙

“ q, ´y
d2w

dx2
“ hpT11q, (234)

where h corresponds to the component h11 from (75). In [106] it is assumed
that the neutral axis is constant and does not depend on the load (unlike the
assumption the model presented in the previous section).

Regarding h in [106] different constitutive equations have been considered,
namely for Gum metal alloys and Concrete, where (see Sections 7.3.3 and

7.3.5) hpTq “ λ1ptrTqI ` 2λ2e
ηtrTT, hpTq “ λ1ptrTqI ` λ2p1 ` α|T|2qnT

and hpTq “ γ1ptrTqI ` sinhrptrTqγ2{γ3sI ` γ4T, where λ1, λ2, η, α, n, γ1,
γ2, γ3 and γ4 are material constants.

Eqs. (234) are solve numerically with the collocation method, and it has
been found that the predictions of the same are very different in comparison
with the predictions of the linearized theory for beams.

8.3.5 A study of beams of rectangular section made of solids
whose mechanical properties depend on the mass density

In [148] a model for beams of rectangular section has been proposed, with
focus on solids whose mechanical properties depend on the mass density (see
Section 5.1.1). The class of implicit constitutive relation considered here is
(see (54)), Gpρ, ε,T,Xq “ 0, in particular (see, also (58)):

ε “ pϕ11 ` ϕ12trεqT ` pϕ21 ` ϕ22trεqptrTqI. (235)
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In [148] a beam of length 2L and rectangular cross section of height h and
width b is considered. The notation px, y, zq is used to replace px1, x2, x3q,
where the axis z is aligned in the direction of 2L, x is in the direction of h,
and y in the direction of b. The origin of the coordinate system is located
in the center of the beam. Similarly as the previous sections the neutral
axis is assumed to be located at x “ 0 and is constant in z, i.e. it does
not depend on the magnitude of the load, as well as this, it is assumed that
T “ σzpx, zqe3 b e3.

Demanding that for a part of the beam, which is cut by an imaginary
line, is in static equilibrium, the following relations are obtained (see and
compare with Section 8.3.3):

ż h{2

´h{2

σz dx “ 0, M “ ´

ż h{2

´h{2

xσzb dx. (236)

In that paper some analytical solutions for T, u and ε are obtained for
the beam. Let us show briefly one of them. One solution is obtained based on
assuming that the linearized strain is of the form35 ε “ pαx`ξqpe1be1`e2b

e2q ` pβx ` χqe3 b e3, where α, β, ξ and χ are constants to be determined.
As a results trε “ p2α ` βqx, then from (235) considering the expression
for the stress tensor mentioned in the paragraph after (235), this implies
that σz “

βx`χ
A`Bp2α`βqx`Bp2ξ`χq

, where A “ ϕ11 ` ϕ21, B “ ϕ12 ` ϕ22. The

above stress σz can be substituted in (236). One the other hand from (235)
considering the expression for the strain and the stress ε11 “ pϕ21`ϕ22trεqσz,

we get the restriction ϕ21`ϕ22p2ξ`χq`ϕ22p2α`βqx
ϕ11`ϕ21`pϕ12`ϕ22qp2ξ`χq`pϕ12`ϕ22qp2α`βqx

“ L̃, where L̃

is a constant in x. The above restriction is satisfied if ϕ22
ϕ12`ϕ22

“ L̃ and
ϕ21

ϕ11`ϕ21
“ L̃, and in [148] it is shown that the above means that α “ L̃β,

ξ “ L̃χ. Thus from (236) the authors get:

L̃bh

ϕ22p2L̃ ` 1q
b̃ “ ´M,

1

ã
´

h

ln
´

1`hã
2

1´hã
2

¯ “ b̃, (237)

where ã and b̃ are defined as ã “
Bp2α`βq

A`Bp2ξ`χq
and b̃ “

χ
β
. The above two equa-

tions (237) can be used to find β and χ (here it is assumed thatM is constant

35In [148] it is shown that this strain tensor can be calculated from a continuous displace-
ment field u. Here χ is just a constant and it must not be confused with the deformation
mentioned in Section 2.
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in x). From (2)2 and the expression for ε discussed in the paragraph after

(236) the displacement field is given by u “

!

α
2

”

`

x ´
ξ
α

˘2
´ y2

ı

´
βz2

2
´

ξ2

2α

)

e1`

α
`

x ´
ξ
α

˘

ye2 ` β
`

x ´
ξ
α

˘

ze3.
In [148] one special subclass of (235) is considered, wherein (see Section

5.1.1) ϕ11 “ 1`νr
Er

, ϕ12 “ n p1`νrq

Er
, ϕ21 “ ´ νr

Er
and ϕ22 “ ´n νr

Er
, where Er, νr

are the Young modulus and Poisson ration in the reference configuration and
n is a material constant.

8.3.6 Modelling of trust elements and a numerical technique to
solve some boundary value problems

The problem of modelling trust elements considering a subclass of (54) is
treated in [190]. For the case there is no body force and considering (54) we
need to solve divT “ 0, GpT, εq “ 0.

Eq. (150) (with b “ 0) is solved using the 3D stress potentials Φi “

Φipx, y, zq and ψi where (using the notation x, y and z for xi, i “ 1, 2, 3):

T11 “
B2Φ1

By2
`

B2Φ2

Bz2
` ψ1py, zq, T22 “

B2Φ1

Bx2
`

B2Φ3

Bz2
` ψ2px, zq,

T33 “
B2Φ2

Bx2
`

B2Φ3

By2
` ψ3px, yq, T12 “ ´

B2Φ1

BxBy
, T13 “ ´

B2Φ1

BxBz
,

T23 “ ´
B2Φ1

ByBz
.

In [190] for simplicity it is assumed that Φ1 “ Φpx, yq and Φ2 “ Φ3 “

ψ1 “ ψ2 “ ψ3 “ 0, then two are the main variables for the problem: the
displacement field u and the stress potential Φ. The finite element method
is proposed to solve boundary value problems, where for the displacement
field and the stress potential the following interpolations are used:

u “

N
ÿ

i“1

diξipxq ` Ξpxq, ϕ “

N
ÿ

i“1

ϕiφibpxq,

where di, ϕi are constants to be determined and ξi, φib are basis functions.
The solution of the problem is found by minimizing the function

δ “

ż

V

a

fpT, εq ¨ fpT, εq dv. (238)
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If u and Φ are solutions of the boundary value problem δ “ 0 must hold
exactly. The constants di and ϕi are sought such that δ in (238) is minimized.
One constitutive equation used in this paper is of the form GpT, εq “ 0,

where ε “ K1β1I `

´

β2K
β3
2 ` β2

¯

T, where K1 “ trT, K2 “ trpT2q and βj,

j “ 1, 2, 3, 4 are constants.
The above numerical technique is used for the analysis of axial elements,

considering plane trusses that are statically determined, and also the case
they are statically undetermined. 3D space truss elements are also stud-
ied. The numerical results for the displacement field are compared with the
predictions of the linearized constitutive equation, and the predictions are
considerably different.

In a very recent work [10] the idea of using such stress potentials as basis
for a finite element analysis has been proposed, for a very similar problem,
considering plane stresses.

8.4 A study on hyperbolicity for boundary value prob-
lems

Hyperbolicity is a mathematical property that is very convenient for the
solution and analysis of partial differential equations. In [189] a study on
restrictions on h (see(75)) is provided such that (149) are hyperbolic. That
paper starts with the analysis of 1D problems, wherein (149) becomes (using
the notation u, ε, σ and h for the 1D displacement field, strain, stress and
constitutive function, assuming as well for simplicity that ρ “ 1 and that
there is no body force):

B2u

Bt2
“

Bσ

Bx
, ε “

Bu

Bx
“ hpσq. (239)

Taking the derivative in time of (239)2 we have
Bε
Bt

“ B2u
BxBt

“ Bh
Bσ

Bσ
Bt
, then using

the notation v “ Bu
Bt

Eqs. (239) become the first order partial differential
equations:

Bv

Bt
´

Bσ

Bx
“ 0,

Bf

Bσ

Bσ

Bt
´

Bv

Bx
“ 0. (240)
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Defining the vectors and matrices q “

ˆ

v
σ

˙

, A “

ˆ

1 0
0 Bf{Bσ

˙

and B “
ˆ

0 ´1
´1 0

˙

the above system (240) can be re-written as:

A
Bq

Bt
` B

Bq

Bx
“ 0.

In [189] it is shown that these equations are hyperbolic when Bf
Bσ

ą 0.
In that paper there is an analysis of the fully 3D problem. For simplic-

ity assuming ρ “ 1 and no body force, using the notation (see Section 8.2.2)

Cijkl “
Bhij
BTkl

and defining the vectors and matrices36 v “ pBu1
Bt
, Bu2

Bt
, Bu2

Bt
, σ1, σ2, σ3, σ4, σ5, σ6q

T,

A0 “

ˆ

I3 03ˆ6

06ˆ3 CCC ´1

˙

, Ai “

ˆ

03ˆ3 Ā1
i

`

Ā1
i

˘T
06ˆ6

˙

(where Ā1
i , i “ 1, 2, 3 are matri-

ces filled with 0, -1, which for the sake of brevity are not shown here) then
(149) can be rewritten as

A0px, tq
Bv

Bt
`

3
ÿ

i“1

Aipx, tq
Bv

Bx
“ 0.

For the 3D problem hyperbolicity can be obtained if the eigenvalues λ ob-
tained from the following problem are real and distinct:

det

˜

3
ÿ

i“1

niA
i ´ λA0

¸

“ 0.

9 Boundary value problems. Large elastic

deformations

For the case of large elastic deformations, for the class of constitutive equa-
tion37 (103), some exact solutions have been found, following the same pro-
cedure shown in Section 8.1.3, for the case of small strains (small gradient

36The notation σ1, σ2, σ3, σ4, σ5 and σ6 is used for T11, T22, T33, T12, T13 and T23,
respectively. On the other hand I3 is the 3 ˆ 3 identity matrix, and 0aˆb is a matrix with
a rows and b columns filled with zeroes.

37Some boundary value problems are also been treated for some subclasses of (5) and
(8). In the case of implicit constitutive relations of the form (9), in a very recent work
[219] we can see a study of controllable solutions for the case of compressible bodies.
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of the displacement field). Let us assume that the Gibbs potential presented
in Section 3.3.1 is given as in Section 6.2. We study two classes of problems,
wherein the strains and stresses are distributed homogeneously and inhomo-
geneously. These solutions are taken from [36], and for the sake of brevity
we only show some details of the same.

9.1 Solutions for homogeneous distributions for the
stresses and strains

In this section we show some details for three boundary value problems with
homogeneous distributions for the stresses and strains, namely the uniform
tension/compression of a cylinder, the biaxial tension of a thin slab, and the
uniform shear of a block.

9.1.1 The uniform tension/compression of a cylinder

Let us consider the cylinder defined in the reference configuration as 0 ď

R ď Ro, 0 ď Θ ď 2π, 0 ď Z ď L and we assume that this cylinder has the
stress distribution

T “ σzoez b ez “ ´σSI ` TD,

where σzo is a constant and

TD “ σDrer b er ` σDθ
eθ b eθ ` σDzez b ez. (241)

Since trTD “ 0 we have σDr ` σDθ
` σDz “ 0, as well as this, 0 “ ´σS ` σDr ,

0 “ ´σS ` σDθ
and σzo “ ´σS ` σDz , then σS “ σDr “ σDθ

and σzo “

´σDr ` σDz .
The deformation is assumed to be r “ CR, θ “ Θ and z “ λZ, where C,

λ are positive constants. The cylinder is incompressible then C2λ “ 1, thus
C “ 1{

?
λ. Using the above deformation to determine η and replacing this

and (241) in (103) we obtain38

´
1

2
lnλ “ α0 ` α1σDr ` α2σ

2
Dr
, (242)

´
1

2
lnλ “ α0 ` α1σDθ

` α2σ
2
Dθ
, (243)

lnλ “ α0 ` α1σDz ` α2σ
2
Dz
. (244)

38Notice the typo in Eq. (34) of [36].
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From (242) and (243) we see again that σDr “ σDθ
. The three equations

(242)-(244) are not independent since trη “ 0, and we can choose, for ex-
ample, (242) and (244). Since σDr ` σDθ

` σDz “ 0 and σDr “ σDθ
we obtain

σDr “ σDθ
“ ´σDz{2 and only (244) remains independent. With the above

results, from (244) if σDz is given we can find λ.

9.1.2 Biaxial tension of a thin slab

Let us consider the slab defined in the reference configuration ´Li{2 ď Xi ď

Li{2, i “ 1, 2, 3 and L3 ! L1, L3 ! L2. The stress is assumed to be:

T “ σ1oe1 b e1 ` σ2oe2 b e2 “ ´σSI ` TD, (245)

where σ1o , σ2o are constants and

TD “

3
ÿ

i“1

σDi
ei b ei. (246)

From (245) we have σS “ σD3 and since trTD “ 0 we get σD1 `σD2 `σD3 “ 0,
i.e., σS “ σD3 “ ´σD1 ´ σD2 and σ1o “ 2σD1 ` σD2 , σ2o “ σD1 ` 2σD2 .

The above deviatoric stress tensor (246) is assumed to produce the de-
formation xi “ λiXi (here there is no sum in i), where λi ą 0 are constants,
then η “

ř3
i“1 lnλiei b ei. The solid is incompressible thus λ1λ2λ3 “ 1,

which is equivalent to lnλ1 ` lnλ2 ` lnλ3 “ 0. Using (246) and the above
Hencky strain tensor in (103) we obtain

lnλi “ α0 ` α1σDi
` α2σ

2
Di
, i “ 1, 2, 3.

The above three equations are not independent since lnλ1 ` lnλ2 ` lnλ3 “ 0.
We can choose the first two equations i “ 1, 2, and for given σD1 , σD2 from
these equations we can find λ1 and λ2, recalling that λ3 “ 1{pλ1λ2q.

9.1.3 Uniform simple shear of a slab

For the same slab described in the previous section ´Li{2 ď Xi ď Li{2,
i “ 1, 2, 3, we study the simple shear problem. From [36] we can see that
there are two types of such shear problems. In one of them we can assume
the deformation x1 “ X1 ` γX2, x2 “ X2, x3 “ X3, where γ is a positive
constant. If η is calculated with the above deformation field, from (103)
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we can see that in general T must not only have a shear component in the
plane 1-2, but it must include normal components in the three directions 1,
2 and 3. This is very similar to the classical problem studied in [207, 209]. A
second option, which is studied here, is to assume the presence of the stress
tensor:

T “ τope1 b e2 ` e2 b e1q. (247)

In this case trT “ 0 as a result TD “ T.
For the deformation let us assume that it is given as: x1 “ λAX1 `

γAX2, x2 “ λBX2 ` γBX1 and x3 “ λCX3, where λA, λB, λC , γA and
γB are positive constants. The solid is incompressible, thus J “ pλAλB ´

γAγBqλC “ 1, from where we can get λC “ 1{pλAλB ´ γAγBq assuming
that λAλB ‰ γAγB. The Hencky strain tensor η can be calculated as η “
ř3
i“1 lnλiv

piqbvpiq, where λi, v
piq are the principal stretches and the principal

directions of B, respectively. In this problem (see [36]) we have λ1 “

b

λa´λb
2

,

λ2 “

b

λa`λb
2

, λ3 “ λC “ 1{pλAλB´γAγBq, where λa “ λ2A`λ2B`γ2A`γ2B and

λb “
a

rpλA ´ λBq2 ` pγA ` γBq2srpλA ` λBq2 ` pγA ´ γBq2s (the expressions
for the components for vpiq, i “ 1, 2 can be found in [36], and for the sake
brevity are not shown here, while vp3q “ e3).

Using (247) and the above expression for η in (103) we obtain:

lnλ1

´

v
p1q

1

¯2

` lnλ2

´

v
p2q

1

¯2

“ α0 ` α1τo, (248)

lnλ1

´

v
p1q

2

¯2

` lnλ2

´

v
p2q

2

¯2

“ α0 ` α1τo, (249)

´ lnpλAλB ´ γAγBq “ lnλ3 “ α0, (250)

lnλ1v
p1q

1 v
p1q

2 ` lnλ2v
p2q

1 v
p2q

2 “ α1τo, (251)

where v
piq
j are the components j of the eigenvectors vpiq. The above equations

(248)-(251) are not independent, since trη “ 0. We can choose, for example,
(248), (249) and (251). Such equations can be used to find λA, λB, γA and
γB (if τo is given). We can see that we have 4 unknowns and 3 equations,
thus this problem can present non-unique solutions.

9.2 Solutions for inhomogeneous distributions for the
stresses and strains

In the case of inhomogeneous distributions for the stresses and strains, in [36]
there is a study of the classical universal solutions for Green elastic solids,
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inquiring if those solutions are also solutions for (4)1 and (103) (when :x and
b “ 0). In [36] it is shown that that is indeed the case, and some details of
those solutions are shown in this section. In this section we study briefly the
5 universal solutions listed by Ericksen (see, for example, [77, 209]).

9.2.1 Bending, stretching and shearing of a rectangular block

Let us consider the slab in the reference configuration defined as (changing
the notation Xi, i “ 1, 2, 3 for X, Y and Z, respectively) X1 ď X ď X2,
´Yo ď Y ď Yo, ´Zo ď Z ď Zo. It is assumed that the Cauchy stress is given
as:

T “ ´σSI ` TDprq, (252)

where

TDprq “ σDrprqerber`σDθ
prqeθbeθ`σDzprqezbez`τθzprqpeθbez`ezbeθq.

(253)
From trTD “ 0 we have σDz “ ´σDr ´ σDθ

.
It is assumed that the above slab deforms as r “

?
2AX, θ “ BY and

z “ Z{pABq ´BCY , where A ‰ 0, B ‰ 0 and C are constants. It is possible
to see that J “ 1. The Hencky strain tensor is calculated as (see Section
9.1.3) η “

ř3
i“1 lnλiv

piq b vpiq, where λi, vpiq are the principal stretches
and the principal directions of B. For this problem we have λ1 “ A{r,
λ2 “

?
λa ´ λb{p

?
2ABq, λ3 “

?
λa ` λb{p

?
2ABq, where

λa “ 1 ` A2B2pC2 ` r2q, λb “
a

1 ` 2A2B4pC2 ´ r2q ` A4B8pC2 ` r2q2.

As for vpiq we have vp1q “ er, and for the non-zero components of vpkq, k “ 2, 3

their components given by are v
pkq

2 “ 1
d

1` 1
C2

ˆ

r´
λ2
k

rB2

˙2
, v

pkq

3 “

1
C

ˆ

r´
λ2k
rB2

˙

d

1` 1
C2

ˆ

r´
λ2
k

rB2

˙2
,

k “ 2, 3.
Using (252), (253) in (4)1 we obtain

dTrr
dr

` 1
r
pTrr´Tθθq “ 0, whose solution

is the same as (172), i.e., σSprq “ σDrprq `
şr

ro
1
ξ
rσDrpξq ´ σDθ

pξqs dξ (if we

assume Trrpriq “ ´P and Trrproq “ 0) and P “
şri
ri

1
ξ
rσDrpξq ´ σDθ

pξqs dξ,

where ri “
?
2AX1 and ro “

?
2AX2.
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Replacing (253) and the above expression for η in (103) we obtain:

ln

ˆ

A

r

˙

“ α0 ` α1σDr ` α2σ
2
Dr
, (254)

lnλ2

´

v
p2q

2

¯2

` lnλ2

´

v
p3q

2

¯2

“ α0 ` α1σDθ
` α2

`

σ2
Dθ

` τ 2θz
˘

, (255)

lnλ2

´

v
p2q

3

¯2

` lnλ2

´

v
p3q

3

¯2

“ α0 ` α1σDz ` α2

`

τ 2θz ` σ2
Dz

˘

, (256)

lnλ2v
p2q

2 v
p2q

3 ` lnλ3v
p3q

2 v
p3q

3 “ α1τθz ` α2τθzpσDθ
` σDzq. (257)

The above four equations are not independent since trη “ 0. We can choose,
for example, (254), (255) and (257) to find σDrprq, σDθ

prq and τθzprq (recall
that σDz “ ´σDr ´ σDθ

) in terms of the deformation.

9.2.2 Straightening, stretching and shearing of a sector of a hollow
cylindrical annulus sector

Let us consider the hollow cylindrical annulus sector defined in the reference
configuration as R1 ď R ď R2, ´Θo ď Θ ď Θo, ´Zo ď Z ď Zo. The stress
tensor is assumed to be of the form (we use the notation x, y and z for xi,
i “ 1, 2, 3 in the current configuration):

T “ ´σSpxqI ` TDpxq, (258)

where

TDpxq “

3
ÿ

i“1

σDi
pxqei b ei ` τ23pxqpe2 b e3 ` e3 b e2q. (259)

The above stress tensor (258), (259) satisfy(4)1 (assuming :x “ 0 and b “ 0)
if σSpxq “ σD1pxq. As well as this from trTD “ 0 we have

ř3
i“1 σDi

“ 0.
From Section 92 of [209] (see also [77, 36]) we assume that the defor-

mation is given as x “ AB2R2{2, y “ Θ{pABq, z “ Z{B ` CΘ{pABq,
where A, B, C are constants and AB ‰ 0. It is easy to see that for
the above deformation J “ 1. As for the principal stretches we obtain

λ1 “ AB2R, λ2 “ 1
ABR

b

λa´λb
2

, λ3 “ 1
ABR

b

λa`λb
2

, where λa “ 1`C2 `A2R2

and λb “
a

p1 ` C2q2 ` 2A2pC2 ´ 1qR2 ` A4R4. The eigenvectors of B are

vp1q “ e1 and for the non-zero components of vpkq, k “ 2, 3 we have v
pkq

2 “
1

b

1` 1
C2 pλ2kA2B2R2´1q

2 , v
pkq

3 “ 1
c

C2

pλ2
k
A2B2R2´1q2

`1
, k “ 2, 3.
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Using (259) and the above expressions for the eigenvectors and principal
stretches in (103) we get the four equations:

lnλ1 “ α0 ` α1σD1 ` α2σ
2
D1
, (260)

lnλ2

´

v
p2q

2

¯2

` lnλ3

´

v
p3q

2

¯2

“ α0 ` α1σD2 ` α2pσ
2
D2

` τ 223q, (261)

lnλ2

´

v
p2q

3

¯2

` lnλ3

´

v
p3q

3

¯2

“ α0 ` α1σD3 ` α2pτ
2
23 ` σ2

D3
q, (262)

lnλ2v
p2q

2 v
p2q

3 ` lnλ3v
p3q

2 v
p3q

3 “ α1τ23 ` α2τ23pσD2 ` σD3q. (263)

Again the above four equations are not independent. We can solve, for
example, (260), (262) and (263) to find σD1 , σD2 and τ23 in terms of the
deformation, where also σD3 “ ´σD1 ´ σD2 .

9.2.3 Inflation, bending, torsion, extension and shearing of an
annular wedge

In this problem we are interested in the deformation of the annular wedge
defined in the reference configuration as R1 ď R ď R2, 0 ď Θ ď Θo, 0 ď

Z ď L. The stress tensor is assumed to be of the same form as in Section
9.2.1, and for brevity such expressions are not repeated here.

As for the deformation we assume (see [77] and Section 92 in [209]) that
the wedge deforms as r “

?
AR2 ` B, θ “ CΘ ` DZ, z “ EΘ ` FZ,

where A, B, C, D, E and F are constants. The solid is incompressible
and J “ 1 is satisfied if ApCF ´ DEq “ 1. Regarding η the expres-
sions for λi, i “ 1, 2, 3 are (compare with Section 9.2.1) λ1 “ AR{r, λ2 “?
λa ´ λb{p

?
2Rq, λ3 “

?
λa ` λb{p

?
2Rq, where λa “ E2 ` C2r2 ` R2pF 2 `

D2r2q and λb “
a

rE2 ` C2r2 ` pF 2 ` D2r2qR2s2 ´ 4pDE ´ CF q2r2R2. For
the sake of brevity we do not show the expressions for the components of
vpiq, i “ 1, 2, 3 and the interested reader can see [36].

Replacing the stress tensor and the Hencky strain tensor in (103) we
have ln

`

AR
r

˘

“ α0 ` α1σDr ` α2σ
2
Dr

in the place of (254), and the rest of the
equations are the same as (255)-(257), where here the expressions for λi and
vpiq are different. We can choose three of those four equations (255)-(257)
to find, for example, σDrprq, σDθ

prq and τθzprq in terms of the deformation,
considering that σDz “ ´σDr ´ σDθ

.
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9.2.4 Inflation or eversion of a sector of a spherical shell

Here we are interested in studying the deformation of a hollow sphere defined
in the reference configuration as Ri ď R ď Ro, 0 ď Θ ď 2π, 0 ď Φ ď Φo ď π.
The stress tensor that appear in such a sphere is assumed to be (in spherical
coordinates in the current configuration):

T “ ´σSprqI ` TDprq, (264)

where

TDprq “ σDrprqer b er ` σDθ
prqeθ b eθ ` σDϕ

prqeϕ b eϕ, (265)

where trTD “ 0 ô σDr `σDθ
`σDz “ 0. Using the above stress tensor in (4)1

we obtain σDϕ
“ σDθ

and σSprq “ σDrprq ` 2
şr

ri

1
ξ

rσDrpξq ´ σDθ
pξqs dξ ` C,

where C is a constant, which can be found from the boundary conditions at
R “ Ri or R “ Ro, which for brevity is not discussed here.

As for the deformation from Section 92 of [209] it is assumed that in the
current configuration we have r “

3
?
A ˘ R3, θ “ ˘Θ, ϕ “ Φ, where the `

means we are interested in the inflation of the sphere, and the ´ means we
are interested in the eversion of the same. For the above deformation J “ 1.
Using the Hencky strain tensor calculated with the above deformation and
the stress tensor (264), (265) in (103) we obtain:

ln

ˆ

R2

r2

˙

“ α0 ` α1σDr ` α2σ
2
Dr
, (266)

ln
´ r

R

¯

“ α0 ` α1σDθ
` α2σ

2
Dθ
. (267)

The above two equations are not independent, on the other hand from
trTD “ 0 we have σDθ

“ ´σDr{2. We can solve, for example, (266) to
find σDr as a function of the deformation.

9.2.5 Azimuthal shear of a cuboid

In this problem, for the annular wedge (called cuboid in the original works
[200, 201]) R1 ď R ď R2, 0 ď Θ ď Θo, 0 ď Z ď L, we assume the de-
formation r “ AR, θ “ B lnR ` CΘ, z “ Z{pA2Cq, where A, B and C
are constants. It is easy to show that J “ 1. This deformation is interest-
ing in the sense that although it is inhomogeneous, the principal stretches
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and principal directions of B are constants. We have λ1 “ A
b

λa´λb
2

,

λ2 “ A
b

λa`λb
2

and λ3 “ 1{pA2Cq, where λa “ 1 ` B2 ` C2 and λb “
a

p1 ` B2q2 ` 2pB2 ´ 1qC2 ` C4. On the other hand vp3q “ ez and for the

nonzero components of vpqq, q “ 1, 2 we have v
pqq

1 “ 1
b

1` 1
A4B2 pλ2q´A2q2

and

v
pqq

2 “ 1
c

1` A4B2

pλ2q´A2q2

, q “ 1, 2.

Considering the above results regarding the components of η, for the
stress we assume the following expression:

T “ ´σSpr, θqI ` TD, (268)

where the deviatoric stress tensor has constant components and it is given
as39

TD “ σDrer b er ` σDθ
eθ b eθ ` σDzez b ez ` τrθper b eθ ` eθ b erq, (269)

where σDr , σDθ
, σDz and τrθ are all constants, and σDr ` σDθ

` σDz “ 0.
Replacing (268), (269) in (103) we obtain the partial differential equations
´BσS

Br
` 1

r
pσDr ´ σDθ

q “ 0 and ´1
r

BσS
Bθ

` 2 τrθ
r

“ 0 whose solution is σSpr, θq “

pσDr ´ σDθ
q lnpr{riq ` 2τrθθ ` Co, where Co is a constant.

Replacing (269) and η calculated with the above λi and vpiq, i “ 1, 2, 3
in (103) we obtain

lnλ1

´

v
p1q

1

¯2

` lnλ2

´

v
p2q

1

¯2

“ α0 ` α1σDr ` α2

`

σ2
Dr

` τ 2rθ
˘

, (270)

lnλ1

´

v
p1q

2

¯2

` lnλ2

´

v
p2q

2

¯2

“ α0 ` α1σDθ
` α2

`

τ 2rθ ` σ2
Dθ

˘

, (271)

lnλ3 “ α0 ` α1σDz ` α2σ
2
Dz
, (272)

lnλ1v
p1q

1 v
p1q

2 ` lnλ2v
p2q

1 v
p2q

2 “ α1τrθ ` α2τrθpσDr ` σDθ
q. (273)

The above four equations are not independent, we can choose, for example,
(270), (271) and (273) to find σDr , σDθ

and τrθ in terms of the deformation,
considering that σDr ` σDθ

` σDz “ 0.

39In Section 6.5 of [36] it is assumed that the nonzero components of TD can depend
on the radial position r, but from the constitutive equations therein, it is possible to see
that such components must be constants.
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9.2.6 Circumferential shear of a cylindrical annulus

In this section we show the problem of the circumferential shear of a cylin-
drical annulus, which for the class of constitutive equation for incompressible
solids (104) has been studied in [58].

Let us consider the annulus defined in the reference configuration as Ri ď

R ď Ro, 0 ď Θ ď 2π, 0 ď Z ď L, which deforms as:

r “ fpRq, θ “ Θ ` gpRq, z “ Z, (274)

with the boundary conditions fpRiq “ Ri, fpRoq “ Ro, gpRiq “ 0, gpRoq “ ψ.
It is assumed that the stress compatible with the above deformation is

given as T “ Tprq “ TpRq “ ´σSpRqI ` TDpRq, where

TDpRq “ σDrpRqerber`σDθ
pRqeθbeθ`σDzpRqezbez`τrθpRqperbeθ`eθberq,

(275)
where trTD “ 0. From the constraint of incompressibility we obtain fpRq “

R. Using T above in (4)1 (assuming :x “ 0 and b “ 0) we obtain the
solutions (compare, for example, with the results shown in 9.2.1):

σSpRq “ σDrpRq `

ż R

Ri

1

ξ
rσDrpξq ´ σDθ

pξqs dξ ` σo, τrθpRq “
τo
R2
, (276)

where σo and τo are constants.
The body considered in [58] is isotropic, then the eigenvectors of η (calcu-

lated from (274)) and TD should be the same, which if τrθpRq ‰ 0 is satisfied
if g1pRq “ rσDθ

pRq ´ σDrpRqs{τrθpRq.
From (275) it is possible to calculate the principal stresses σDi

of TD, but
they are long expressions that for the sake of brevity are not shown here, and
which are of the form σDi

“ σDi
pσDrpRq, σDθ

pRqq, i “ 1, 2, 3, where we recall
(276)2 and that from trTD “ 0 we have σDz “ ´σDr ´σDθ

. On the other hand

from (274) the principal stretches are λ1 “ 1?
2

b

2 ` R2g1pRq2 ´ Rg1pRq
a

4 ` R2g1pRq2,

λ2 “ 1?
2

b

2 ` R2g1pRq2 ` Rg1pRq
a

4 ` R2g1pRq2 and λ3 “ 1. Using the

above expressions for the principal stresses and principal stretches40 in (106)-
(108) (recalling the above expression for g1pRq) we obtain two algebraic equa-
tions (we recall that one of the equations (106)-(108) is not independent),
which can be solved to find σDr and σDθ

.

40For the sake of brevity we do not show expressions for the principal directions of B
here.
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9.3 Propagation of small amplitude waves in a body
with an initial ‘large’ time-independent stresses.
Incremental formulation

In this section we present a theory of propagation of small amplitude waves
that propagate in a body with an initial time-independent relatively large
stresses, expanding the results shown in Section 8.2.2 and [4], for the case of
large elastic deformations. These results are taken from [54].

Let us consider a nonlinear incompressible isotropic elastic body using
(21), (103), where the Hencky strain tensor is a function of the Cauchy stress

tensor, i.e. η “ fffpTq “ α0I`α1TD`α2T
2
D, where α0 “ ´

2ID2

3
BĜ

BID3
, α1 “ BĜ

BID2
,

α2 “ BĜ
BID3

and TD “ T ´
tr pTq

3
I. We assume the existence of the following

three configurations: a reference configuration κrpBq, a configuration κ0pBq

where we have large elastic deformations by applying a time-independent
load (where there is a stress tensor T0 “ T0px0q), and a configuration κtpBq

that is obtained by applying a ‘small’ time-dependent incremental stress
∆T “ ∆Tpx, tq to the above body in that configuration κ0pBq.

The position of a particle in κrpBq is denoted X, the position of the same
particle in the configuration κ0pBq is denoted x0, and the position in the
configuration κtpBq is denoted x. We have x0 “ χ0pXq and x “ χpx0, tq and
in [54] the incremental displacement field u is defined through χpx0, tq “

x0 ` upx0, tq.
We assume that |∆T|{|T0| is small enough such that

ˇ

ˇ

Bu
Bx0

ˇ

ˇ „ Opδq, δ ! 1,
then if F0 denotes the deformation gradient from κrpBq to κ0pBq, B0 “

F0 pF0q
T
, and if F denotes the deformation gradient from κrpBq to κtpBq,

from [54] we have the approximation

η “
1

2
lnB “

1

2
ln
`

FFT
˘

«
1

2
lnB0 ` H,

where in Cartesian coordinates Hij “ Ψijkl
Buk
Bx0l

and Ψijkl depends on B0. For

the sake of brevity such Ψijkl are not listed here. Using the above approxi-
mation in η “ fpTq we have 1

2
lnB “ fpTq and 1

2
lnB0 “ fpT0q from where

we get 1
2
lnB0 `H « fpT0q `CCC 0 ¨∆T, where CCC 0 “ Bf

BT
pT0q. From the above

results we obtain the incremental constitutive relation:

H “ CCC 0 ¨ ∆T.
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The body is incompressible, which means trη “ 0 and trη0 “ 0, from
where in [54] it is shown that that is equivalent to Bui

Bx0
“ 0. In that paper it

is proved that that restriction is satisfied automatically.
Obtaining the incremental equation of motion (see [4] and [54]) we can

find u “ upx0, tq and ∆T “ ∆Tpx0, tq solving the two linear partial differ-
ential equations (in index notation and Cartesian coordinates):

Ψijkl
Buk
Bx0l

“ C 0
ijkl∆Tkl, ρ:ui “

B

Bx0j

ˆ

∆Tji ´
Buj
Bx0m

Tmi

˙

,

where Ψijkl depends on B0, and where B0, C 0
ijkl are functions of T0.

For initial time independent T0, η0 “ 1
2
lnB0, for homogeneous distribu-

tions for the stresses and strains, we can solve (4)1 (b “ 0q for infinite media
assuming

u “ U exp
”

Îwpsn ¨ x0 ´ tq
ı

, ∆T “ Λ exp
”

Îwpsn ¨ x0 ´ tq
ı

,

where U, Λ are a vector and a symmetric second order tensor with constant
components, Î is the imaginary unit, ν “ 1{s is the speed of the small
amplitude waves, w is the frequency of such small amplitude waves and n is
a unit vector field (direction of polarization).

Using C 0
ijkl calculated with the constitutive equation for rubber from [43],

results for ν have been obtained for different cases for T0 homogeneous.
The predictions for ν differ significantly from the predictions for speed of
small amplitude waves, using the incremental theory for Green elastic solids
by Ogden [143], where the deformation field is decomposed into an initial
large deformation, to which an incremental time-dependent deformation is
superimposed. The boundary value problems studied in that paper are: the
uniform extension of a cylinder (see Section 9.1.1), the biaxial extension of a
slab (see Section 9.1.2), and the triaxial extension of a slab.

9.4 A boundary value problem for a class of thermo-
elastic body

In this section we show one boundary value problem for the class of isotropic
incompressible thermo-elastic solid presented in Section 6.3 (see Eq. (112)
therein). This problem has been taken from [60]. The problem corresponds
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to the inflation and extension of the cylindrical annulus41 defined in the
reference configuration42 Ri ď R ď Ro, 0 ď Φ ď 2π, 0 ď Z ď L. It is
assumed that the deformation of the annulus is given by:

r “ rpRq, ϕ “ Φ, z “ λzZ, (277)

where λz is a positive constant. About the stress we assume T “ ´σSprqI `

TD, where
43 trTD “ 0 and TD “ σDrprqerber`σDϕ

prqeϕbeϕ`σDzprqezbez.
This problem is quasi-static thus 9τ “ 0. We assume as well that there is

no internal source of heat and 9θ “ 0, and from the first law of thermodynamic
(110) we get divQ “ 0, which for the Fourier’s constitutive equation for
heat transfer becomes ∇2θ “ 0 (see Sections 5.4 and 6.3, considering that
Q “ ζ∇θ). In this problem it is assumed that θ “ θprq and the equation
∇2θ “ 0 is satisfied if

θprq “ C0 ` C1 ln r, (278)

where C0, C1 are constants that depend on the boundary conditions for the
thermal part of the problem.

The most important difference in this case in comparison with what has
been presented in Sections 9.1.1-9.2.5 is that J “ Jpθq. From (277), (278)
and Section 6.3 we have J “ dr

dR
r
R
λz “ fpθprqq whose solution is:

Rprq “

d

2λz

ż r

ri

ξ

fpθpξqq
dξ ` R2

i .

We can try to invert analytically the above equation to find r “ rpRq if we
have an explicit expression for f “ fpθq (considering also (278)).

From (277) we can calculate η, and from the above expressions for J and
TD we can calculate τD “ JTD. Replacing them in (112) we obtain the

41In [60] several other boundary value problems have been analyzed, considering homo-
geneous deformations and non-homogeneous distributions of strains and stresses (which
are similar to what has been presented in [36]). These problems are very similar to what
has been shown in the previous Sections 9.1.1-9.2.5, and for the sake of brevity we do not
show such results here.

42We change the notation Θ and θ that are commonly used for the angular position
in the reference and current configurations, for Φ and ϕ, respectively, in order to avoid
problems with the notation for the absolute temperature used in Section 6.3.

43Here we define τD “ JTD.
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relations44:

ln

ˆ

dr

dR

˙

“
lnrfpθprqqs

3
` α0 ` α1fpθprqqσDrprq ` α2rfpθprqqs2rσDrprqs2,(279)

ln
´ r

R

¯

“
lnrfpθprqqs

3
` α0 ` α1fpθprqqσDϕ

prq ` α2rfpθprqqs2rσDϕ
prqs2.(280)

From J “ dr
dR

r
R
λz “ fpθprqq considering (278) we can obtain dr

dR
“

Rprqfpθprqq

rλz
thus the left sides of (279) and (280) are known functions of r, considering
that from (278) we also have θ “ θprq. Therefore, from (279) and (280)
we have two nonlinear algebraic equations that can be used to find σDrprq
and σDϕ

prq. The final expressions for the stresses depend on the boundary
conditions for the mechanical part of the problem, which for brevity are not
discussed here.

Similar boundary value problems are studied as in [36] following the same
method presented above.

9.5 Other problems

In this section we present results for other problems involving large elastic
deformations, such as in the modelling of strings, rods and trusts elements,
and we review some works on ellipticity, monotonicity and invertibility, con-
sidering some of these new classes of implicit constitutive relations.

9.5.1 A model for strings

In [180] there is a study on nonlinear elastic strings, in particular for semi-
infinite strings. If s denotes the position along the string in the reference
configuration, then 0 ď s ă 8. The vector r “ rps, tq is the position of the
string in the current configuration, from where it is defined ν “ |rs| (that
is the stretching strain for the string). The subscript s means the partial
derivative in s. If the contact force in the string and the body forces are
denoted n and f , respectively, the equation of motion for the string (compare,
for example, with (4)1) is:

pρAqpsqrtt “ ns ` f ,

where pρAqpsq is the mass density per unit of reference length and the sub-
script t means derivative in time.

44Recall that no all relations in (112) are independent since trTD “ 0 and J “ fpθq.
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The main constitutive assumption in [180] is (which is an implicit rela-
tion):

n “ N
rs

|rs|
, ν “ ν̂pN, sq,

where N “ |n| is the norm of the contact force, and the function ν̂ is defined
as

ν̂pNq “

"

ν1 N ě N1
N
E

0 ă N ă N1
,

where ν1 is a constant and E “ N1{ν1 is the elastic modulus for the string
in the reference configuration. The above constitutive model gives a stretch-
limiting behaviour for that elastic string.

One boundary value problem has been studied in that paper [180], wherein
f “ 0, considering the boundary conditions rp0, tq “ 0 and np8, tq “

pζt`τqe1, where ζ and τ are constants. In [180] it is assumed that there exists
a45 σ “ σptq such that N1 ă N ă 8 if 0 ď s ă σptq, while for σptq ă s ă 8 it
is assumed that 0 ă N ă N1 and σ1 ě 0 (where p q1 is the time derivative).
Here σ “ σptq denotes a shock front. In [180] there is a study of existence
and uniqueness of such shock solutions, and the dissipation of energy due to
shock.

9.5.2 A model for rods

One work [173] has been published considering a model for rods using some
constitutive relations similar to (5). Regarding the kinematic for the rod,
in that paper [173] the position of the centerline of the rod in the current
configuration is denoted r “ rpsq, where 0 ď s ď L is a coordinate along
the rod in the reference configuration, which is assumed to be straight and
of length L. Three mutually unit orthogonal vectors di “ dipsq are defined,
one of them d3 is tangent to r, while d1, d2 are tangent to the cross section
of the rod, thus d3 “ d1 ˆd2. In this section u “ upsq and v “ vpsq are used
to denote some types of strains. In particular u must not be confused with
the displacement field (see (2)2). The vector u is calculated as u “ 1

2
dk ˆd1

k,
where p q1 represents the derivative in s. The components u1 and u2 of the
above vector in the directions d1 and d2 are the flexural strains, while the
component u3 in the direction d3 is the torsional strain (twist of the rod).

45Here σptq is just a function of time, and it should not be confused with the notation
for the 1D stress used in previous sections.

127



The components of v are calculated indirectly from r1psq “ vkpsqdkpsq, where
v1 and v2 are the components of the shear strain and v3 is the dilatation strain
(tension/compression). The restriction v3psq ą 0 is imposed.

The balance laws for the rod are (quasi-static case):

n1psq ` fpsq “ 0, m1psq ` r1psq ˆ npsq ` lpsq “ 0,

where n is the contact force, f is the external body force, m is the contact
couple and l is the external body couple. The contact force and contact
couple are expressed as n “ nkpsqdkpsq and m “ mkpsqdkpsq, respectively,
where n1, n2 are the shear forces, n3 is the tension in the rod, m1, m3 are
the bending couples and m3 is the twisting couple.

In [173] a strain limiting constitutive relation has been proposed for u, v
and m, n. The constitutive relation is proposed taking as basis the relation
e “ pa´p ` |bT|pq

´1{pT, where a, b, p ą 0 are constants, and e “ 1
2
pI ´ B´1q

is the Almansi-Hamel strain tensor. The constitutive relation is:

uµ “
“

γp ` Q˚pm,nqp{2
‰´1{p 1

α2
mµ,

u3 “
“

γp ` Q˚pm,nqp{2
‰´1{p 1

pβ2η2 ´ ι2q
pη2m3 ´ ιn3q,

vµ “
“

γp ` Q˚pm,nqp{2
‰´1{p 1

ζ2
nµ,

v3 ´ 1 “
“

γp ` Q˚pm,nqp{2
‰´1{p 1

pβ2η2 ´ ι2q
p´ιm3 ` β2n3q,

where µ “ 1, 2 and Q˚pm,nq “ 1
α2 pm2

1 ` m2
2q ` 1

ζ2
pv21 ` v22q `

η2

pβ2η2´ι2q
m2

3 `

β2

pβ2η2´ι2q
n2
3 ´ 2ι

pβ2η2´ι2q
m3n3, and where α, β, η, ι and ζ are material constants.

In [173] an analysis of some boundary value problems is provided, in
particular for the case of equilibrium states where f “ 0 and l “ 0. For the
sake of brevity that analysis is not presented here.

9.5.3 Modelling of axial elements (trusts)

In [214] a constitutive relation is proposed for the modelling of axial elements
(trusts) for the case of large elastic deformations (see Section 8.3.6). A
numerical method is proposed for the solution of the equations, which is
applied for some examples involving structures.

The model consists of nodes, for each nth node a balance of the forces
‘meeting’ at that node is considered. The force in each axial element if
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denoted Fm, and the reaction forces in the support are denoted Freact. The
displacement of each node is un and the axial stretch of the jth member
connecting the nodes n and m is denoted λj.

The sum of all forces for all nodes equal zero (quasi-static case) and it
becomes:

rCstFmu `

"

Fknown
n

Freact
n

*

“ t0u, (281)

where Fknown
n represents the known external applied forces.

The implicit constitutive relation (74) Gpρ,T,Bq “ 0 is replaced by the
following constitutive relation for trust elements:

Gj

ˆ

Fj
Aj
, λj

˙

“ 0, (282)

where Aj is the cross section area of the jth member before deformation, and
Gj is the constitutive relation for the jth member.

Numerically, boundary value problems are solved minimizing the follow-
ing function

δ “

g

f

f

e

mt
ÿ

j“1

„

Gj

ˆ

Fj
Aj
, λj

˙ȷ2

, (283)

where δ “ 0 means the implicit constitutive relation (282) is satisfied ex-
actly. In (283) mt represents the total number of elements or members in a
structure.

In [214] the following particular expression for (282) is considered that is
valid for rubber46:

σ

2m

„

1 ´
0.9σ

p2.4 ` σq

ȷ

´ lnλj “ 0, (284)

where σ “ 2
3
λj

Fj

Aj
and m is a material parameter.

The above constitutive relation (284) along with (281) and (283) are used
to study some problems, such as a triangular structure made of 3 elements
(statically determined) under a vertical load, and a problem with a structure
made of 6 elements that is statically indetermined.

46The authors also consider a linearized constitutive relation and a model based on the
constitutive equation by Mooney for rubber.
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9.5.4 Some works on ellipticity, monotonicity and invertibility

We finish this section mentioning two works by Mai et al [127, 128], where
the strong ellipticity condition, monotonicity and invertibility are studied for
(29) and for some boundary value problems. In [127] the following particular
expression for (29) has been considered

E “ ϕ0ptrSqI ` ϕ1p|S|qS, (285)

where ϕ0 and ϕ1 are functions. In that work there is study of strong ellipticity
for the boundary value problem and invertibility for (285).

In [128] the subclass of (29) that is studied is

E “ ϕ1p|S|qS ` ϕp|S|2qS2,

where ϕ1 and ϕ1 are functions. In that work the authors study monotonicity
and invertibility for some boundary value problems as well.

10 Implicit constitutive relations for inelastic

deformations and other types of implicit

constitutive relations

In all the previous sections we have only considered elastic deformations,
i.e., problems without dissipation of mechanical work into heat. However,
the modelling of inelastic deformations is also important from the practical
point of view, and in different works that are reviewed in this section, we
show that implicit constitutive relations can also be useful and interesting
for such problems.

10.1 Some implicit constitutive relations for the mod-
elling of inelastic deformations

In this section we review different implicit constitutive relations for the mod-
elling of inelastic bodies, which are not visco-elastic.

10.1.1 An implicit constitutive relation by Rajagopal & Srinivasa

In [165] an implicit constitutive relation for 1D inelastic deformations has
been proposed. If ε, σ and θ represent the 1D strain (small strains), the 1D
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stress and the absolute temperature, the implicit relation for elastic bodies
(compare with (5)) is:

Hpε, σ, θq “ 0.

Taking the time derivative of the above we obtain

A 9ε ` B 9σ ` α 9θ “ 0,

where A “ BH
Bε
, B “ BH

Bσ
and α “ BH

Bθ
. Assuming as a starting point that the

above relation is valid for elastic deformations, in [165] the following implicit
relation for inelastic deformations has been proposed:

Ao ¨ 9X “ ξpX, 9Xq, (286)

where X is a vector with components X “

¨

˝

ε
σ
θ

˛

‚, Ao is a second order tensor

defined as Ao “ BH
BX
, and ξ is the rate of dissipation, which in [165] is assumed

to be given as
ξ “ ξpX, 9Xq “ ωpXqHpµ ¨ 9Xqµ ¨ 9X,

where µ is a vector field, and H is the Heaviside step function. Considering
the above for (286) we have

Ao ¨ 9X “

"

ωpXqµ ¨ 9X if µ ¨ 9X ą 0
0 otherwise

. (287)

The above constitutive relation has been applied for the modelling of per-
fectly plastic deformations, wherein (287) becomes 9σ´E 9ε “ ´Hpσ 9εqHp|σ|´

σY q 9ε, where E and σY are the ground Young’s modulus and yield stress for
the solid. For loss of cohesion (see Section 4.3 in [165]) the authors propose
ε 9σ ´ σ 9ε “ Hpσ ` kε ´ σY qrpk 9ε ´ σqεsHpσ 9εq.

The above theory, which is valid for 1D deformations and stresses, is ex-
tended for 3D problems and finite deformations in [168], where the following
generalization of (286) is proposed:

FpT, 9T,F, 9Fq “ 0.

The above relation must satisfy the principle of frame-indifferent, and that
is the case if

FpRTTR,
9

RTTR,U, 9Uq “ 0. (288)
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In [168] instead considering the polar decomposition, the authors use the
QR decomposition, where F “ R̃F̃, R̃ is the rotation and F̃ is an upper

triangular matrix F̃ “

¨

˝

F̃11 F̃12 F̃13

0 F̃22 F̃23

0 0 F̃33

˛

‚. The components of F̃ can be directly

found from the components of C. The tensor F̃ is frame invariant (since it
depends on C) and for the case of small gradient of the displacement field
we have that ε « F̃ ` I. Then (288) is replaced by

FpT̃, F̃, 9̃T, 9̃Fq “ 0,

where T̃ “ R̃TT̃R̃ and 9̃T is the Green-Naghdi stress rate.

Defining L̃ “
9̃FF̃´1 and the vectors X “

ˆ

T̃

F̃

˙

and V “

˜

9̃T

L̃

¸

the

implicit constitutive relation is rewritten as:

FpX,Vq “ 0.

It is assumed that F is rate-independent, then FpλX, λVq “ λFpX,Vq @λ ą 0.
In [168] the following special case has been studied

FpX,Vq “

"

AAA rVs “ 0 if N ¨ V ą 0
BBBrVs “ 0 otherwise

, (289)

where CCC rHs is equivalent to CijklHkl in index notation and Cartesian co-
ordinates. In the above expression AAA “ AAA pXq and BBB “ BBBpXq. The
vector N “ NpXq is called the local ‘loading’ direction. In the case of
rate-independent hysteretic material the following particular case of (289)
is proposed:

AAA rVs´ ă λ ą µ “ 0, (290)

where λ “ N ¨ V and ă λ ą“ 1
2
pλ ` |λ|q. Then, for the particular case of

rate-independent plasticity it is assumed that AAA “

ˆ

´III
CCC

˙

, where III is

a 6 ˆ 6 identity matrix and CCC “ CCC pXq is a 6 ˆ 6 matrix with the elastic
tagent moduli. As for N it is assumed N “ t0,nu, where in this case 0 is a
6 ˆ 1 vector with components filled with 0, and n is a 6 ˆ 1 vector defined

as n “
CCC rBϕ{BT̃s

| Bϕ

BT̃
CCC Bϕ

BT̃
|
. On the other hand, it is assumed that µ is a 6 ˆ 1 vector
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defined as µ “ Hrϕsn. Using the above expressions in (290) we obtain

9̃T “

"

CCC rL̃s if ϕpT̃q ă 0 or if ϕ “ 0, and N ¨ V ă 0

pCCC ´ Hpϕqn b NqrL̃s otherwise
,

where Hpϕq “ 0 if ϕ ă 0 and Hpϕq “ 1 if ϕ ě 0. The Heaviside step function
H can be replaced by the function f “ fpϕq “ 1

2
p1` tanhpaϕqq for a smooth

transition between elastic and plastic behaviour.
In [168] and implicit relation for Mullins effect is also proposed but for

brevity is not shown here.

10.1.2 An implicit constitutive relation for inelastic deformations
based on the use of a ‘replacement’ stress

In this section we show the main elements of an implicit constitutive relation
presented in [129, 182] for inelastic deformations, whose main concept is the
use of a ‘replacement stress’. The implicit relation proposed in that paper is
of the form

FpT,TR,η, ρ, θq “ 0,

where we recall that η is the Hencky strain tensor and TR is called the re-
placement stress. Let us explain briefly the meaning of the above stress. If
such a body deforms from κrpBq to κtpBq, and if there is dissipation of
energy, then when all external loads disappear due to the inelastic defor-
mations caused by dissipation of energy that configuration is not κrpBq but
something else, say κdpBq. The replacement stresses TR are the stresses nec-
essary for κdpBq to become κrpBq. Such stresses are defined in the reference
configuration, thus the following equations must be satisfied

FpTR,TR,0, ρr, θrq “ 0, DivTR ` ρrb “ 0, (291)

where we notice that for that configuration T must be equal to TR, and θr
is the temperature in the reference configuration. We recall that the Cauchy
stress T must satisfy (4)1 in the current configuration.

Taking the total time derivative of (291) we obtain BF
BT

¨ 9T ` BF
BTR ¨ 9TR `

BF
Bη

¨ 9η ` BF
Bρ

9ρ ` BF
Bθ

¨ 9θ “ 0 from where if
`

BF
BT

˘´1
exists we can calculate

9T “ AAA 1 ¨ 9η ` AAA 2 ¨ 9TR ` AAA 3
9θ,

where AAA 1, AAA 2 and AAA 3 are fourth order tensors and a second order tensor,

respectively, defined in terms of
`

BF
BT

˘´1
, BF

BTR ,
BF
Bη

and BF
Bθ
, which for the sake
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of brevity are not shown here. In the above the following form of the balance
of mass has been used: 9ρ “ ´ρI ¨ 9η.

The second law of thermodynamics written in terms of T and η is

ρθ 9s´ ρ 9u` T ¨ 9η ` pTη ´ ηTq ¨ p 9QTQq ` pVTV´1q ¨ p 9RRTq “ ξ ě 0, (292)

where ξ is the rate of dissipation and Q is a second order tensor, whose
columns in matrix form are formed with the components of the eigenvalues of
B “ V2. In [182] the Gibbs potential G is used47, where G “ U´sθ´pT¨ηq{ρ,
as well as this, it is assumed that G “ ĜpT,TR,η, ρ, θq. Using the above
Gibbs potential in (292) along with the balance of mass (which for brevity
is not shown here), it is obtained (compare with (109)1,2):

η “ ´ρ
BG
BT

, s “ ´
BG
Bθ
, (293)

and (from now assuming isothermal processes)

9η ¨M1 ´ 9TR ¨M2 ` pTη ´ηTq ¨ p 9QTQq ` pVTV´1q ¨ p 9RRTq “ ξ ě 0, (294)

where the second order tensorsM1, M2 are defined in terms of the derivatives
of G in ρ, η and TR, and the term pT ¨ηqI, and which for the sake of brevity
are not shown here.

In [129] in order to simplify the problem the authors consider the special
case, wherein it is assumed that the principal directions of η are the same as
of T, thus pTη ´ ηTq ¨ p 9QTQq ` pVTV´1q ¨ p 9RRTq “ 0 and (294) becomes

9η ¨ M1 ´ 9TR ¨ M2 ´ ξ “ 0. (295)

Regarding ξ for isothermal processes it is assumed that ξ “ ξpT,TR, 9ηq.
In [129, 182] it is assumed that (295) is satisfied ifM1 “ 0 and 9TR¨M2`ξ “ 0.
The entropy production is maximized such that 9TR ¨ M2 ` ξ “ 0 holds. For
the particular case of aluminium alloy, in [129] from such maximization for
ξ, it is found an evolution equation for TR of the form 9TR “ gpTR,ηq.
For such a material (aluminium alloy) the following expression is proposed
for ξ “ ξ̄

?
9η ¨ 9η, where ξ̄ “ s1ttanhrs2pσv ´ σ1qs ` tanhr´s2pσv ` σ1qs `

2 tanhps2σ
1qu and σv “

b

K2 ´
K2

1

6
, σ1 “ s3 ` s4

K1?
2K2

K5

K4
, K1 “ trT, K2 “

47The Gibbs potential used here is defined as minus the Gibbs potential used, for ex-
ample, in Section 6.3
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1
2
trpT2q, K4 “ trTR, K5 “ 1

2
trrpTRq2s and σv is the Von Misses stress.

To make further progress for G “ ĜpT,TR,η, ρq it is assumed that G “

GpK1, K2, K4, K5, K7, J1q, where K7 “ trpTTRq and J1 “ trη. Using this in
(293) and considering (295) and explicit expression for G is proposed, from
where a constitutive equation for η is found, which we do not show explicitly
here. All these elements and relations are used in [129] for the fitting of
experimental data for aluminium alloy obtained from a cyclic uniaxial test
protocol. In [182] the above implicit relation has been used for the fitting of
experimental data for some metals, such as steel, aluminium and titanium,
to study the plasticity with cycles considering 1D deformations and stresses.
For the sake of brevity here we do not show the numerical values for the
material constants.

10.1.3 An inelastic constitutive relation by Cichra and Prusa

From [63] an implicit constitutive relation for the inelastic response of solids
has been proposed. That work uses the definitions L “ 9FF´1, D “ 1

2
pL`LTq

and W “ 1
2
pL´LTq and the objectives derivatives for a second order tensor

A:
Ź

A“ 9A ´ LA ´ ALT,
˝

A“ 9A ´ WA ` AWT. (296)

In [63] it has been noticed that for the left Cauchy-Green tensor
Ź

B“ 0 and
˝

B“ DB ` BD, then a Helmholtz free energy ψ is assumed to be given as
ψ “ ψpθ,Beq, where Be is found from the ‘evolution’ equation

˝

Be“ DBe ` BeD ` M, (297)

where M for inelastic deformations is different from zero, and for elastic
deformations M “ 0, thus Be “ B.

The second order symmetric tensor M is found in the following way.
From the first law of thermodynamic considering the above expression for ψ
we have

ρθ 9s “ trpTDq ´ ρ
Bψ

BBe

¨ 9Be ´ divQ, (298)

where in this case the authors of [63] use a definition for the heat flux Q
that is the negative of the definition considered in previous sections. From

(296)2 we have 9Be “
˝

Be `WBe ` BeW, and since Bψ
BBe

is a symmetric
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second order tensor, it is possible to show that ρ Bψ
BBe

¨ 9Be “ ρ Bψ
BBe

¨
˝

Be.
On the other hand the symmetric tensor D can be found from (297) as

D “
ş8

ς“0
e´ςBe

ˆ

˝

Be ´M

˙

e´ςBe dς. Replacing all these elements in (298) we

get

ρθ 9s “

„
ż 8

ς“0

e´ςBe

ˆ

T ´ 2ρBe
Bψ

BBe

˙

e´ςBe dς

ȷ

¨
˝

Be

´T ¨

ˆ
ż 8

ς“0

e´ςBeMe´ςBe dς

˙

´ divQ. (299)

In the caseM “ 0 the above equation (299) is satisfied ifT “ 2ρBe
Bψ

BBe
, where

Be “ B that is the classical constitutive equation for Green elastic bodies.
In (299) the term ´T ¨

`ş8

ς“0
e´ςBeMe´ςBe dς

˘

produces entropy along with
´divQ.

In [63] it is assumed that M is a function of T, D and Be, and must be
prescribed such that the second law of thermodynamics is always satisfied.
For example, for the case of elastic-perfectly plastic solids the expression
proposed for M is M “ ´HpT ¨ DqHp|T| ´ σY qpDBe ` BeDq, where H is
the Heaviside step function and σY is the yielding stress for the body. Using
the above expression for M in (297) we obtain the evolution equation for Be:

˝

Be“ r1 ´ HpT ¨ DqHp|T| ´ σY qspDBe ` BeDq.

The above is an implicit rate-type constitutive relation.

10.1.4 An implicit constitutive relation for stress softening

Using as a starting point (7) for the case of inelastic deformations, in [50]
the following implicit relation has been proposed:

AAA ¨ 9S ` BBB ¨ 9E ` PPP 9θ “ ζ,

where AAA “ AAA pS,E, θq, BBB “ BBBpS,E, θq are fourth order tensors, PPP “

PPPpS,E, θq is a second order tensor, and ζ “ ζpE, 9E,S, 9S, θ, 9θq is a vector
field. In [50] the authors assumed isothermal processes.

From the second law of thermodynamics we have

´ 9ψ `
1

ρr
trpS 9Eq ě 0. (300)
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Assuming that ψ “ ψpS,Eq from (300) we obtain ´
Bψ
BS

¨ 9S´
Bψ
BE

¨ 9E` trpS 9Eq “

ξ ě 0, where ξ is the rate of entropy production and ρr has been absorbed
in the definition of ψ. Following the method presented in Section 3.2, taking
the derivative of (300) in S we obtain

B2ψ

BSBS
¨ 9S `

„

1

2

ˆ

B2ψ

BEBS
`

B2ψ

BSBE

˙

´ III

ȷ

¨ 9E “ ´
Bξ

BS
, (301)

where we identify AAA “
B2ψ

BSBS
, BBB “ 1

2

´

B2ψ
BEBS

`
B2ψ

BSBE

¯

´ III and ζ “ ´
Bξ
BS
. In

[50] the following special case has been proposed as a starting point for the
analysis of stress softening: ψpS,Eq “ φpSq ` trrSϖpEqs, where ϖ “ ϖpEq

is a second order tensor. Replacing this in (301) we get B2φ
BSBS

¨ 9S`
`

Bϖϖϖ
BE

´ III
˘

¨

9E “ ´
Bξ
BS
, and now defining ϕ “ ϕpEq such that B2ϕ

BEBE
“ Bϖ

BE
´ III we obtain

9Bφ
BS

`
9Bϕ

BS
“ ´

Bξ
BS
. Let us assume that φ, ϕ and ξ are given implicity by

Bφ
BS

“ lnpAAA o ¨ Sq, Bϕ
BE

“ lnE and

´
Bξ

BS
“

#

9
lnpAAA o ¨ Sq ´

9
lnpEo ` BBBo ¨ SqHptrpE 9Sqq if σ̃1 ě σ˚

YT
or σ̃3 ď ´σ˚

YC
,

0 otherwise,

where AAA o, BBBo are fourth order tensors with constant components, Eo is
a symmetric second order tensor with constants components, σ˚

YT
, σ˚

YC
are

material positive constants, H is the Heaviside step function, and σ̃1 ě σ̃2 ě

σ̃3 are the eigenvalues of S̃ “ CCC ¨ S ` DDD ¨ E, where CCC , DDD are fourth order
tensor with constant components. Combining all these elements the implicit
constitutive relation for stress softening is:

9
lnpAAA o ¨ Sq ´

9lnE “
#

9
lnpAAA o ¨ Sq ´

9
lnpEo ` BBBo ¨ SqHptrpE 9Sqq if σ̃1 ě σ˚

YT
or σ̃3 ď ´σ˚

YC
,

0 otherwise,

In [51] the above constitutive relation has been used to solve some bound-
ary value problems (considering small gradient of the displacement field),
namely:

• The homogeneous compression of a cylinder without radial stresses,
where T “ σzptqez b ez and εεε “ εrptqper b er ` eθ b eθq ` εzptqez b ez.
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• The uniform compression of a cylinder with radial stress (triaxial test),
where T “ σrptqper b er ` eθ b eθq ` σzptqez b ez, where εεε is of the
same form as in the previous case.

• The homogeneous simple shear of a slab whereT “ τptqpe1be2`e2be1q
and εεε “ ε1ptqe1 b e1 ` ε2ptqe2 b e2 ` ε12ptqpe1 b e2 ` e2 b e1q.

• The inflation of a cylindrical annulus (for the cinematics see, for exam-
ple, Section 8.1.2).

10.1.5 An implicit constitutive relation for elastic-perfectly plas-
tic solids

In [82] an implicit constitutive relation has been proposed for the modelling
of elastic and perfectly plastic deformations in solids. For the 1D case the
constitutive relation is:

9σ “ E r1 ´ Hpσ 9εqHp|σ| ´ σY qs 9ε, (302)

where σ, ε are the 1D stress and strain (small), respectively, E is the Young’s
modulus and σY is the yield stress.

In (302) if |σ| “ σY we have that 9σ “ 0, thus σ “ constant, i.e., the solid
is perfectly plastic. On the other hand if σ 9ε ă 0 from (302) we get 9σ “ E 9ε,
from where we get the elastic behaviour of the solid, valid for loading and
unloading, including the residual strains that appear after the stress reaches
the yielding stress.

For 3D problem in [82] the following counterpart of (302) has been pro-
posed:

1

E
rp1 ` νq 9T ´ νptr 9TqIs “ 9ε ´ HpT ¨ 9εqHp|TD|2 ´ κ2q 9ε, (303)

where 9A “ B
Bt
ApX, tq and TD is the deviatoric stress, ν is the Poisson ratio

and κ is a material parameter.
Using (303) in the first law of thermodynamics considering the Fourier

model for heat transfer k∇θ, we obtain:

ρrcV 9θ ´ divpk∇θq “ HpT ¨ 9εqHp|TD|2 ´ κ2qT ¨ 9ε.

In [82] the authors also consider a regularized version for H namely Hϵ

defined as (see (7) therein) Hϵpsq “ 1{2 ` arctanps{ϵq{π. A finite element
formulation is presented, and using that the problem of a 2D plate with an
elliptic hole under traction is solved and analyzed.
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10.1.6 Elasto-plastic beams based on an implicit rate type model

In [215] an implicit constitutive relation is proposed for elasto-plastic 3D
beams (see Sections 8.3 and 9.5.2 for similar models for elastic beams). In
that paper the balance equations are written in a compact manner as:

dX

ds
ps, tq “ gpXps, tqq, (304)

where the vectors X and g are defined as

X “ px, y, θ, Vx, Vy,Mq, g “ pcos θ, sin θ, κ, fx, fy, Vx sin θ ´ Vy cos θq,

respectively, where x, y are the coordinates of the position of the centerline
of the deformed beam, θ is the angle of the centerline and the axis x, Vx,
Vy are the net forces in the cross section of the beam in the directions x, y,
respectively, M is the bending moment, s is the arc length in the reference
configuration, κ “ dθ

ds
is the curvature, and fx, fy are the distributed external

forces applied on the beam.
In the classical theory for beams a constitutive equation forM of the form

M “ Mpκq is assumed. Here it is assumed the following implicit constitutive
relation (compare with (5)):

FpM, 9M,κ, 9κq “ 0. (305)

The following particular subclass of (305) is proposed for the modelling of
beams made of aluminium alloys:

9M “

"

1 ´ HpM 9κq

„

1 ` tanh

ˆ

αH

ˆ

1 ´

ˇ

ˇ

ˇ

ˇ

M

My

ˇ

ˇ

ˇ

ˇ

˙ˆˇ

ˇ

ˇ

ˇ

M

My

ˇ

ˇ

ˇ

ˇ

´ 1

˙˙ȷ*

EI 9κ,

(306)
where α is a material constant, Hpxq is the Heaviside step function, EI is the
bending stiffness andMy is a material parameter connected with the bending
moment for which you have yielding.

Some boundary value problems are solved using the finite element method
and a weak formulation applied on (304):

ż L

0

wpsq

ˆ

dX

ds
´ g

˙

ds “ 0, (307)

where wpsq is a weight function. The finite element method is implemented
considering a discretization for X, g and also M and (306) and (307) are
solved numerically.
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10.2 Visco-elastic solids

In this section we present some constitutive relations for visco-elastic bodies
of rate-type. For classical constitutive equations for visco-elastic solids such
rate-type models are of the form stress equals some function of the strain
and strain rate. Here we study constitutive relations that are generalizations
of the above.

Let us consider an implicit constitutive relation of the form:

FpT, 9T,B,Dq “ 0, (308)

where 9T should be replaced for some other time derivative that permits
the implicit relation to be frame-indifferent, and D “ 1

2
pL ` LTq, where

L “ 9FF´1.

10.2.1 A model for thermo-visco-elastic solids using the Gibbs
potential

In [160] a constitutive equation has been proposed for the modelling of
thermo-visco-elastic solids using the Gibbs potential. Using the 1st Piola-
Krichhoff stress tensor P “ TF, the equation of motion (4)1 (without body
forces) and the first law of thermodynamics (see, for example, (42)) become

ρr:x “ DivP, ρr 9U “ ´DivQL ` P ¨ 9F,

whereQL is the heat flux in the reference configuration. A two network model
is proposed (for small gradient of the displacement field that implies small
strains), wherein the stress tensor is decomposed as T “ T1 `T2. Assuming
the Gibbs potential G “ GpT1,T2, θq, from the first law of thermodynamics
we obtain s “ ´BG

Bθ
, as well as this, U “ G ` θs´ BG

BT1
¨T1 ´ BG

BT2
¨T2, and the

first law of thermodynamics becomes

ρrθ 9s “ ´DivQL ` ξ,

where ξ is the rate of mechanical dissipation. The second law of thermody-
namics means ξ ě 0. In [160] it is assumed that

ξ “

2
ÿ

i“1

Ti ¨

„

9ε `
d

dt

ˆ

BG
BTi

˙

θ:fixed

ȷ

.
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One of the ‘networks’ is assumed to be elastic from where it is obtained:

ε “ ´
BG

BT1

thus εv “ ε `
BG

BT2

,

therefore ξ “ T2 ¨ 9εv, where εv is the viscous part of the strain tensor, as a
results from

ε “ εe ` εv,

(where εe is the elastic part of the strain) we get εe “ ´ BG
BT2

and ξ “ ξp 9εv, θq.
In [160] after some manipulations, which are not shown here, a new dissi-
pation function is proposed, which is called ξ̃ “ ξ̃pT2, θq, and the following
expression for G is proposed:

GpT1,T2, θq “ ´
1

2
pCCC p1qrT1s ¨ T1 ` CCC p2qrT2s ¨ T2 ´ A1 ¨ T1θ ´ A2 ¨ T2θq ` fpθq,

ξ̃pT2q “ KpθqrT2s ¨ T2,

where CCC piq, i “ 1, 2 are fourth order tensors with constant components, K
is a second order tensor, and CCC piqrTs is equivalent in index notation and

Cartesian coordinates to C piq
jklmTlm.

10.2.2 On a class of implicit constitutive relation for visco-elastic
bodies

In [57] the following implicit constitutive relations is proposed that is a sub-
class of (308):

FpT,B,D, ρq “ 0. (309)

From [202] we have a list of 36 invariants if F is isotropic (which for brevity
are not shown here, see [57]). Assuming that there exist a scalar function
Π “ ΠpT,B,D, ρq such that (309) can be obtained as F “ BΠ

BT
` BΠ

BB
` BΠ

BD
“ 0

we get

α0I ` α1T ` α2T
2 ` α3B ` α4B

2 ` α5D ` α6D
2 ` α7pTB ` BTq

`α8pTD ` DTq ` α9pBD ` DBq ` α10pT2B ` BT2q ` α11pB
2T ` TB2q

`α12pT2D ` DT2q ` α13pD
2T ` TD2q ` α14pB

2D ` DB2q ` α15pD2B

`BD2q ` α17pD2T2 ` T2D2q ` α18pB
2D2 ` D2B2q ` α19pDBT ` DTBq

`α20pTDB ` BDTq ` α21pBTD ` DTBq ` α22pDBT2 ` T2BDq

`α23pBDT2 ` T2DBq ` α24pTDB2 ` B2DTq ` α25pDTB2 ` B2TDq

`α26pBTD2 ` D2TBq ` α27pTBD2 ` D2BTq ` α28pBT2D ` DT2Bq

`α29pDB2T ` TB2Dq ` α30pTD2B ` BD2Tq “ 0,(310)
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where αi “ αipT,B,D, ρq, i “ 0, 1, 2, ..., 30 are scalar functions defined in
terms of the derivatives of Π, which for brevity are not shown here.

In the case the gradient of the displacement field is very small, and if
|D|{Do „ Opδq, δ ! 1 (where Do is some characteristic value for D) we have
D « 9ε and from (310) we obtain

γ0I ` γ1T ` γ2T
2 ` α3ε ` γ4 9ε ` γ5pTε ` εTq ` γ6pT 9ε ` 9εTq

`α7pT2ε ` εT2q ` α8pT
2 9ε ` 9εT2q “ 0. (311)

In the case that in the above constitutive relation the stresses and strains
only appear linearly, (311) becomes:

ζ0I ` ζ1T ` ζ2ε ` ζ3 9ε ` ζ4pTε ` εTq ` ζ5pT 9ε ` 9εTq “ 0, (312)

where ζ0 “ β
p1q

0 trT ` β
p2q

0 trε ` β
p3q

0 tr 9ε ` β
p4q

0 trpTεq ` β
p5q

0 trpT 9εq, ζ1 “ β1 `

β
p2q

1 trε` β
p3q

1 tr 9ε, ζ2 “ β2 ` β
p1q

2 trT, ζ3 “ β3 ` β
p1q

3 trT, where βi, β
pkq

j and ζ4,
ζ5 are material constants.

In [57] some boundary value problems were studied considering (312),
namely the uniaxial homogeneous tension/compression of a cylinder without
lateral constraints, the triaxial tension/compression of a cylinder, the biaxial
compression of a slab, the simple shear of a slab, and the inflation of a
cylindrical annulus.

10.2.3 A subclass of implicit constitutive relation for visco-elastic
solids with applications to large deformations

In [41] a special class of (309) and (310) was studied, where in particular F
was assumed to be of the form

T ` φI ´ αB ´ µD “ 0, (313)

where µ “ µpI1, I2q “ µo exppδI1qp1 ` 2βI2qn, φ “ φpI1, detFq “ pγI1 `

λqpdetFqm, where µo, δ, β, γ and λ are constants, and I1 “ trT, I2 “
1
2
trpD2q. Here the viscosity of the body µ depends on the mechanical pressure
I1 and the strain rate (through I2). We do now show the numerical values of
the above numerical constants, since they have not been proposed for actual
viscoelastic solids.

Using (313) two boundary value problems were studied, namely the ho-
mogeneous axial deformation and shear of a slab, and the movement of a slab
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on a inclined plane under the influence of gravity. In [46] a generalization of
(313) is used to study the circumferential shear of an annulus. Some details
of the above are shown here.

For the homogeneous axial deformation and shear of the slab we assume
the presence of the stress tensorT “ τptqpe1be2`e2be1q`σ2ptqe2be2, which
it is assumed to produce the deformation xptq “ ℵptqX ` κptqY , y “ ℘ptqY ,
z “ ℓptqZ (using the notation X, Y , Z and x, y, z instead Xi, xi, i “ 1, 2, 3 in
Cartesian coordinates). Calculating F, B andD (assuming that the equation
of motion is satisfied approximately if ρ:x can be neglected), from (313) we
obtain the four nonlinear ordinary differential equations, from where we can
find ℵptq, κptq, ℘ptq and ℓptq as function of τptq and σ2ptq:

λpℵ2 ` κ2q ` µ
9ℵ
ℵ

“ φ, λ℘2 ` µ
9℘

℘
“ σ2ptq ` φ, (314)

λℓ2 ` µ
9ℓ

ℓ
“ 0, λκ℘ `

µ

2℘

˜

9κ ´
κ 9ℵ
ℵ

¸

“ τ. (315)

In [41] numerical solutions of (314), (315) are found assuming the initial
conditions ℵp0q “ 1, κp0q “ 0, ℘p0q “ 1 and ℓp0q “ 1. The main interest was
to study the influence of the material constants m and n mentioned above
in the numerical results.

In [42] Eq. (313) is used to study the movement of a slab moving on an
inclined plane under the influence of gravity. In the reference configuration
the slab is defined as ´8 ď X ď 8, 0 ď Y ď H and ´8 ď Z ď 8, where
H is the thickness of the slab, and θ is the angle of the inclined plane with
respect toX (the gravity acts in the direction y, thus b “ g sin θe1´g cos θe2).
We assume that the stress tensor is given by T “

ř2
i“1 σipy, tqei b ei `

τpy, tqpe1 b e2 ` e2 b e1q, and the deformation is x “ X ` upY, tq, y “

Y ` vpY, tq, z “ Z. Calculating the deformation gradient, the left Cauchy-
Green tensor and the rest of the quantities, from the equation of motion (in
the reference configuration) and (313) we obtain the six nonlinear partial
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differential equations:

Bτ

BY
` ρr

ˆ

g sin θ ´
B2u

Bt2

˙

“ 0,
Bσ2
BY

´ ρr

ˆ

g cos θ `
B2v

Bt2

˙

“ 0,

σ1 ` φ ´ λ

«

1 `

ˆ

Bu

BY

˙2
ff

“ 0, σ2 ` φ ´ λ

ˆ

1 `
Bv

BY

˙2

´ µ
B2v

BY Bt
`

1 ` Bu
BY

˘ “ 0,

σ3 ` φ ´ λ “ 0, τ ´ λ
Bu

BY

ˆ

1 `
Bv

BY

˙

´
µ

2

B2u
BY Bt

`

1 ` Bv
BY

˘ “ 0.

In [42] the above equations are solved numerically in order to find σ1pY, tq,
σ2pY, tq, σ3pY, tq, τpY, tq, upY, tq and vpY, tq, assuming the boundary condi-
tions vp0, tq “ 0, σ2pH, tq “ σ̂2ptq and τpH, tq “ τ̂ptq. Some exact solutions
have been found for the case the gradient of the displacement field is very
small, but are not shown here.

In [46] a generalization of (313) is considered, namely

ϖT ` φI ´ αB ´ µD “ 0, (316)

whereϖ “ ϖpI2q “ p1`2ζI2q
q, where ζ is a material constant, and φ, α and µ

are the same as for (313) (see the paragraph after that equation). The implicit
constitutive relation (316) is used in order to analyze the deformation of the
annulus (described in cylindrical coordinates in the reference configuration)
Ri ď R ď Ro, 0 ď Θ ď 2π, 0 ď Z ď L. The stress tensor and the
deformation field are assumed to be: T “ Tpr, tq “ σrpr, tqerber`σθpr, tqeθb
eθ ` σzpr, tqez b ez ` τrθpr, tqper b eθ ` eθ b erq and r “ fpR, tq, θ “ Θ `

hpR, tq, z “ Z, respectively. Calculating the deformation gradient and the
rest of the variables, from (316) and the equation of motion (in the reference
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configuration) we obtain the six nonlinear partial differential equations:

Rρr
f

«

B2f

Bt2
´ f

ˆ

Bh

Bt

˙2
ff

“
Bσr
BR

`
1

f

Bf

BR
pσr ´ σθq,

Rρr
f

ˆ

2
Bf

Bt

Bh

Bt
´

B2h

Bt2

˙

“
Bτrθ
BR

`
2

f

Bf

BR
τrθ,

ϖσr ` φ ´ λ

ˆ

Bf

BR

˙2

´
µ
Bf
BR

B2f

BRBt
“ 0,

ϖσθ ` φ ´ λf 2

«

ˆ

Bh

BR

˙2

`
1

R2

ff

´
µ

f

Bf

Bt
“ 0,

ϖσz ` φ ´ λ “ 0,

ϖτrθ ´ λf
Bh

BR

Bf

BR
´
µ

2

f
Bf
BR

B2h

BRBt
“ 0.

In [46] these equations are solved numerically in order to find σrpR, tq, σθpR, tq,
σzpR, tq, τrθpR, tq, fpR, tq and hpR, tq, considering the boundary conditions
fpRi, tq “ Ri, fpRo, tq “ Ro, hpRi, tq “ 0 and τrθpRo, tq “ τoptq.

10.2.4 A viscoelastic model by Erbay et al and an analysis of one
boundary value problem

In [76] the following implicit viscoelastic body as been proposed (see (308)):

B ` αpA2 ´ A2
1q “ β0I ` β1T ` β2T

2, (317)

where A1 “ 2D, A2 “ 9A1 ` A1L ` LTA1 are the Rivlin-Ericksen tensors,
the scalar functions βi, i “ 0, 1, 2 depend on the invariants of T. In [76] the
case of small gradient of the displacement field is assumed, as well as this,
β2 “ 0 and isochoric motions are considered, thus trεεε “ 0 and as a result
3pβ0 ´ 1q ` β1trT “ 0, then from (317) we get

2ε ` 2α:ε “ β1TD, (318)

where TD is the deviatoric stress and β1 “ β1pTDq.
For the above implicit relation (318) the following deformation was as-

sumed: x1 “ X1 ` upX3, tq, x2 “ X2 ` vpX3, tq and x3 “ X3, with the stress
distribution: T “ ´pI`T13px3, tqpe1be3`e3be1q`T23px3, tqpe2be3`e3be2q.
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Replacing the above stress tensor in the equation of motion (4)1 (without
body forces) we obtain

ρ
B2u

Bt2
“

BT13
Bx3

´
Bp

Bx1
, ρ

B2v

Bt2
“

BT23
Bx3

´
Bp

Bx2
,

Bp

Bx3
“ 0. (319)

On the other hand from the deformation and using the stress in (318) con-
sidering the above definitions, and using the notation z instead x3 and β
instead β1 we get

Bu

Bz
` α

B3u

BzBt2
“ βpΩ2qT13,

Bv

Bz
` α

B3v

BzBt2
“ βpΩ2qT23, (320)

where Ω2 “ T 2
13 ` T 2

23. It is assumed that p “ f1ptqx1 ` f2ptqx2 then (319)3
is satisfied automatically. Defining U and V through BU

Bt
“ Bu

Bz
and BV

Bt
“ Bv

Bz
,

respectively, taking the derivative of (319)1,2 in z we have ρB2U
Bt2

“ B2T13
Bz2

,

ρB2V
Bt2

“ B2T23
Bz2

, while with the above notation (320) become: U ` α B2U
Bt2

“

βpΩ2qT13 and V `α B2V
Bt2

“ βpΩ2qT23. Taking the derivative of these equations
in t twice, using the previous expressions for the equation of motion, we can
eliminate the variables U , V and by defining the complex stress σpz, tq “

T13pz, tq ` ÎT23pz, tq (where Î is the unit imaginary number) the final partial
differential equation is:

B2σ

Bz2
` α

B2σ

Bz2Bt2
“ ρ

B2

Bt2
rβpΩ2qσs. (321)

In [76] the above partial differential equation is transformed into an ordinary
differential equation for the problem of travelling wave, where it is assumed
(see, for example, Sections 8.2.2 and 9.3) that T13 “ fpξq and T23 “ gpξq,
where in this case ξ is defined as ξ “ pz ´ ctq{

?
αc2, where c is the speed of

such waves. It is possible to see that Ω2 “ f 2 ` g2. If the notation p q1 is
used to denote the derivative in ξ Eq. (321) becomes

f2 ` f p4q “ ρc2rβpΩ2qf s2, g2 ` gp4q “ ρc2rβpΩ2qgs2. (322)

In [76] the authors assume that β is given as βpΩ2q “ 1{pµ
?
1 ` κΩ2q,

where µ, κ are constants. For f and g they assume the solutions fpξq “

A cospkz ´ wtq and gpξq “ ˘A sinpkz ´ wtq and from (322) they obtain
c2 “ 1{rρβpA2q ` αk2q, where c “ w{k.

Another solution is also considered, namely T13 “ ϕpzq cospwtq`ζpzq sinpwtq
and T23 “ ϕpzq sinpwtq ´ ζpzq cospwtq, in such a case Ω2 “ ϕ2 ` ζ2 and (322)
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become p1 ´ αw2q
d2ϕ
dz2

` ρw2βpΩ2qϕ “ 0 and p1 ´ αw2q
d2ζ
dz2

` ρw2βpΩ2qζ “ 0.
In [76] the above system of equations is further reduced but it is not solved
exactly.

10.2.5 Analysis of circular polarized waves for a class of visco-
elastic solid

In [162] there is a study of one boundary value problem for a class of consti-
tutive relation for visco-elastic bodies of the form (compare with (318), (316)
and (313)):

ε ` ν 9ε “ β1TD, (323)

where ν, β1 are constants and TD is the deviatoric part of the stress TD “

T ´ 1
3
trpTqI.

It is assumed that the stress tensor is of the form (using the notation
x, y, z instead xi, and X,Y, Z for Xi, i “ 1, 2, 3)

T “ ´ppx, y, zqI`T13pZ, tqpe1be3`e3be1q`T23pZ, tqpe2be3`e3be2q. (324)

For the motion in [162] the authors assume:

x “ X ` fpZ, tq, y “ Y ` gpZ, tq, z “ Z. (325)

The above motion represents the propagation of shear waves.
Replacing (324), (325) in (4)1 in the case there is no body force we obtain

ρ
B2f

Bt2
“ ´

Bp

Bx
`

BT13
Bz

, ρ
B2g

Bt2
“ ´

Bp

By
`

BT23
Bz

, 0 “ ´
Bp

Bz
. (326)

Using (324) and (325) in (323) we get

Bf

Bz
` ν

B2f

BzBt
“ β1T13,

Bg

Bz
` ν

B2g

BzBt
“ β1T23. (327)

From (326)3 we have ppz, y, zq “ poptq ` p1ptqx ` p2ptqy. Defining F pz, tq “
Bf
Bz

and Gpz, tq “
Bg
Bz
, after some manipulations equations (326)1,2 become

ρB2F
Bt2

“ B2T13
Bz2

and ρB2G
Bt2

“ B2T23
Bz2

. Using the above definitions in (327) we get
F ` ν BF

Bz
“ β1pT 2

13 ` T 2
23qT13 and G ` ν BG

Bz
“ β1pT

2
13 ` T 2

23qT23. In [162] the
solutions of the above equations are:

T13 “ A cospkz ´ wtq, T23 “ ˘A sinpkz ´ wtq,

where A, k and w are constants.
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10.2.6 A summary of some studies on analysis and existence of
solutions, for some boundary value problems, considering
some implicit constitutive relations for viscoelastic solids

In this section we show a summary of different works on some implicit rela-
tions for visco-elastic solids, which are dedicated to the analysis of existence
of solutions for some boundary value problems.

• In [15, 16, 99] we can see some studies on existence of solutions for
some boundary value problems for (309) and in particular the subclass

ν̃D ` α̃B “ β̄0I ` β̄1T ` β̄2T
2,

where β̄i “ β̄ipTq.

In the case of small gradient of the displacement field, where we have
B « I ` 2εεε from the above we obtain

αε ` ν 9ε “ gpTq, ν ą 0, (328)

where for strain limiting behaviour in [15] it is proposed gpTq “ 1
p1`|T|aq1{aT.

In [73] for 1D problems the equation of motion and (328) becomes

ρ
B2u

Bt2
“

Bσ

Bx
, αε ` ν

Bε

Bt
“ gpσq. (329)

In [73] a travelling wave motion is analyzed for (329) in the case α “ 1
for a 1D problem, where the 1D stress σ is assumed to be of the form
σpx, tq “ σpξq, where ξ “ x´ ct (c is the speed of the travelling waves).
Eqs. (329) are manipulated using the notation p q1 for d

dξ
, getting

σ ´ νcσ1 “ c2gpσq ` ao,

where ao is a constant48.

In [99] for the case of (329), when α “ 1 the authors study weak for-
mulations and provide some existence theorems, assuming that gpTq “

βT
p1`κ|T|sq1{s , where β, κ and s are positive constants.

48In [73] the authors considered different examples for gpσq, such as: gpσq “ βσ `αp1`

ασ2{2qnσ, gpσq “ σ{p1 ` |σ|2qp1{rq and gpσq “ αtr1 ´ expp´βσ{p1 ` δ|σ|qqs ` γσ{p1 `

|σ|qu. In [74] a similar analysis was considered, but studying an equation for σ written

in a different manner, namely B2σ
Bx2 ` ν B3σ

BxBt2 “ B2

Bt2 rhpσqs. Existence of local solutions is
considered therein.
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• In [184] some exact solutions are found for the travelling wave (1D
problems), which are found for a special case of (328), namely for the
implicit relation ε`ν 9ε “ gpTq. From the equation of motion in 1D and
the above implicit relation the following partial differential equation is
found

B2σ

Bx2
` ν

B2σ

Bx2Bt
“

B2

Bt2
rgpσqs.

Assuming that σ “ σpξq where ξ “ x ´ ct (see the previous point and
also [39] for some problems about that procedure to reduce (329)) the
above equation becomes

σ2 ´ νcσ3 “ c2rgpσqs2, (330)

where p q1 “ d
dξ
. For the solution of (330) it is assumed that limξÑ˘8 σpξq “

σ˘
8 and that gpσq “ ℵ arctanpϑσq, where ℵ and ϑ are constants. The

solutions are found for some approximations in Taylor series of the
above expression for gpσq, for example: gpσq « σ ´ σ2{3 and gpσq «

σ ´ σ3{3 ` σ5{5. One of such exact solutions is (in implicit form):

σpξqp1{2qr1 ´ σpξq2s1{2

r2 ´ 3σpξq2s3{4
“ Ce´

ξ
13νc .

In [185] a viscoelastic model of the form ε`ν 9ε “ gpTq is considered for
the case gpσq “ β0` σ

α0r1`γ0pσ2qr{2s1{r , where β0, α0, γ0 and r are material

constants. This model and gpσq “ ℵ arctanpϑσq are both proposed to
obtain limiting strain behaviour. In that paper [185] a review of elastic
and visco-elastic relations is also presented.

In [186] starting again with ε`ν 9ε “ gpTq defining ω “ ε`ν 9ε assuming
that g has an inverse we can have σ “ hpωq, where h is the inverse of
g. With such inverse Eq. (329) can be rewritten as

B2ω

Bt2
“

B2

Bx2
rhpωqs ` ν

B3

Bx2Bt
rhpωqs. (331)

Letting ηpx, tq “
şx

´8
ωpy, tq dy Eq. (331) becomes

B2η

Bt2
“

B

Bx

„

h

ˆ

Bη

Bx

˙ȷ

` ν
B2

BxBt

„

h

ˆ

Bη

Bx

˙ȷ

. (332)
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Assuming the existence of a function ϕ such that Bη
Bt

“ ϕ Eq. (332)

becomes Bϕ
Bt

`Aϕ “ G`F , where A “ 1´ν B
Bx

“

h1
`

Bη
Bx

˘

B
Bx

‰

, G “ B
Bx
h
`

Bη
Bx

˘

and F “
Bη
Bt
. In [186] a theorem on global existence of solution for the

above problem is provided.

• In [6] an analysis of existence solution for a 1D problem is provided for

ε “ hpTq ´ γ 9T,

for a 1D problem, where (329)1 is valid, as well as this (recall that
ε “ Bu

Bx
)

Bu

Bx
“ hpσq ´ γ

Bσ

Bt
. (333)

From (329)1 we get ρ B3u
BxBt2

“ B2σ
Bx2

and from (333) we have B3u
BxBt2

“
B2

Bt2
rhpσqs ´ γ B3σ

Bt3
, then combining the above equations we get

ρ

"

B2

Bt2
rhpσqs ´ γ

B3σ

Bt3

*

“
B2σ

Bx2
.

This partial differential equation is analyzed in [6].

• In [70] there is a study of travelling wave solutions for 1D problem for
a subclass of (308), wherein the authors consider FpT, 9T,Bq “ 0 and
in particular the subclass B “ HpT, 9Tq, which when H is isotropic
becomes49:

B “ α0I ` α1T ` α2
9T ` α3T

2 ` α4
9T2 ` α5pT 9T ` 9TTq ` α6pT

2 9T ` 9TT2q

`α7p 9T2T ` T 9T2q ` α8pT2 9T2 ` 9T2T2q. (334)

In [70] the above constitutive equation is studied for a 1D problem
(travelling wave solution), and if in such a case the 1D stress is de-
noted σ, a particular expression for the right side of (334) is consid-
ered, namely hpσq ´ γpσq 9σ. An additional assumption in [70] is that
the gradient of the displacement field is small, then if ε denotes the 1D
strain from (334) we have

ε “ hpσq ´ γpσq 9σ. (335)

49It is necessary to indicate that in [70] there is no analysis if (334) is frame-indifferent,

in particular regarding the term 9T, however as shown in this section, in [70] the actual
interest is in the analysis of a special 1D boundary value problem, for which that is not
an issue.
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If u is the 1D displacement, from ε “ Bu
Bx

and the 1D equation of

motion B2u
Bt2

“ Bσ
Bx

(without body forces and incorporating the density
that is assumed to be constant in the definition of u) combining them
the following nonlinear partial differential equation is found:

B2σ

Bx2
“

B2

Bt2
rhpσqs ´

B2

Bt2

„

γpσq
Bσ

Bt

ȷ

.

Travelling waves are studied for the above partial differential equation.

• In [75] a constitutive equation for 1D problems for viscoelastic bodies
was proposed for the case of large deformations. If the tensor A is

defined as A “ εεε ´ 1
2

`

Bu
Bx

˘ `

Bu
Bx

˘T
then that is equivalent to say A “

1
2
pI ´ B´1q.

The Clausius-Duhem inequality in terms of the complementary energy
ϕc in the 1D case is ρ 9ϕc ` σA 9ρ

ρ
´ 9σA ´ ρs 9θ ´

q
θ

Bθ
Bx

ě 0, from where we

get A “ ρBϕc
Bσ

pσ, ρq. In the viscoelastic case the strain A is decomposed
as A “ Ae ´ Ad, where Ad can be considered as a sort of viscoelastic
part of A, where Ad 9σ ě 0. In [75] it is assumed that Ad “ Adpρ, σ, 9σq,
and in particular the subclass Ad “ γpρ, σq 9σ is studied. Considering
the above we finally get

Apρ, σ, 9σq “ hpρ, σq ´ γpρ, σq 9σ, (336)

which is a large deformation counterpart of (335).

A subclass of (336) has been considered in [75]. Using the equation of
motion and (336) it is possible to obtain one differential equation for
σpx, tq, which is then simplified assuming that σpx, tq “ σpξq, where
ξ “ x ´ ct. The resultant nonlinear ordinary differential equation is
not solved explicitly in that paper.

• In [100] a constitutive equation for a visceolastic solids (showing limit-
ing strains) is presented, and a study of existence of solutions for the
boundary value problem for a body with a crack is considered. The
model (small strains) is (the stress and strain tensors below can also
depend on x):

εptq “ JptqFpTp0qq `

ż t

0

Jpt ´ sq
d

ds
rFpTpsqqs ds, (337)
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where J ą 0 is called the kernel, which in [100] is assumed to be of the
form Jptq “ Jp0q `

řN
n“1 Jnr1 ´ expp´t{τnqs, where Jp0q, J1, J2,...,JN ,

τ1, τ2,...,τN ě 0 are constants (for the generalized creep).

In the case Jptq “ 1 from (337) we obtain εptq “ FpTptqq that is a
constitutive equation for elastic solids of the type (29).

A model for F is proposed for strain limiting behaviour, namely:

FpTq “
1

2µ

T

p1 ` κ|T|rq
p2´pq{r

,

where κ, µ, r ą 0 and 1 ď p ă 8.

• A second constitutive relation for visco-elastic bodies has been proposed
by Itou et al. in [105], where the linearized strain is decomposed as

ε “ εe ` εv, (338)

where εe would be the elastic part of the strain, and εv would be the
viscous part of the strain, where:

εe “ fpTq “ E1TD ` E3bptrTqI, (339)

where the function b “ bptrTq is defined as

bptrTq “

$

’

&

’

%

trT
M if 1 ` λ3trT ď M

trT
1`λ3trT

if M ď 1 ` λ3trT ď M
trT
M

if 1 ` λ3trT ą M,

where E1, E3, λ3, M and M are material constants. On the other hand
for εv it is found that (compare with (337)):

εv “

ż t

0

J1pt ´ sqfpTpsqq ds,

where J is the kernel. In [105] there is a study on restrictions on the
material constants such that there exists a unique solution for some
boundary value problems.
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• In [104] another implicit constitutive relation for visco-elastic bodies
was proposed by Itou et al, similar to what has been presented in (309)
(see also (338) and (339)), wherein

α1εD ` α2 9εD “ TD,
1

a
p1 ` btrTqpα1trε ` α2tr 9εq “ trT,

where α1, α2, a and b are material constants, and εD is the deviatoric
part of the linearized strain tensor.

The above implicit relation and other generalizations (showing limiting
strain behaviour), which for brevity are not shown here, are used to
study well-possednes, existence and uniqueness of solution for some
boundary value problems.

We finish this section on some models and results for visco-elastic solids,
mentioning that in [2] a numerical technique has been proposed, to solve
2D boundary value problems for some classes of implicit visco-elastic solids,
considering small strains (small gradient of the displacement field), and the
use of a stress potential, which is valid for quasi-static problems.

10.3 Application of implicit constitutive relations for
other types of problems

In this section we show two constitutive equations that deal with applica-
tions for problems, which are differen to the cases considered in the previous
sections.

10.3.1 A constitutive relation for ice creep

In [3] and implicit constitutive relation for fluid-like media, with applications
for ice creep, has been proposed which is of the form:

GpT,A1,A2, ....,Anq “ 0

where Ai are the Rivlin-Ericksen tensors.
The following special subclass is studied in detail:

T “ gpp,A1,A2q,

where p “ ´1
3
trT. The interested reader can see the references therein for the

influence of pressure on the behaviour of ice and viscosity. Other potential
applications of the above implicit constitutive relation can be found in the
study of volcanic soil and graphite/epoxy composites.
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10.3.2 A constitutive equation for heterogeneous elastic solid. A
multiscale model

In [213] a constitutive equation of the form (75) is proposed for the develop-
ment of a multiscale model for the study of heterogeneous elastic solids. The
function hpTq in (75) is of the form:

hpTq “ ψ1pI1qI ` ψ2p|T|qT, (340)

where I1 “ trT and |T| “
?
T ¨ T. The following particular subclass of (340)

is considered:

hpTq “
KKK rTs

␣

1 ` βα |pKKK rTsq1{2|
a(1{a

, (341)

where KKK rTs is equivalent in index notation and Cartesian coordinates to
KijklTkl, and where a, α and β are material constants. It is assumed that
KKK rTs “ 1

2µ
T´ λ

2µpλ`
2µ
d q

ptrTqI, where µ, λ are material constants, d is equal

to 2 or 3 depending if we study 2D or 3D problems.
In [213] it is shown that for (341) there exists a positive constant M such

that |hpTq| ď M , @ T, as well as this, rhpT1q ´ hpT2qs ¨ pT1 ´ T2q ą 0, @,
T1, T2.

In this paper the above properties for h are used to invert (341), to
express50 T “ h´1pεq. That inverted expression for the constitutive equation
is used for the application to the modelling of ‘monolithic materials’, wherein
we have a composite made of a soft matrix filled with stiff inclusions. The
main subdomain is denoted Ω1, on the other hand Ω2 denotes the subdomain
of the inclusions, which are assumed to be circular. For the material constants
µ, λ that appear in the expression for KKK above are assumed to be given as:

µpxq “
Epxq

2p1 ` νq
, λpxq “

νEpxq

p1 ` νqp1 ´ 2νq
,

where Epxq “

"

E1 x P Ω1

E2 x P Ω2
, and E1 and E2 are the ‘ground’ Young’s

modulus for the main domain and the subdomain, respectively. In that
paper a study of existence and uniqueness of solution is provided as well.

50This inversion is only a mathematical device and from the physical point of view this
cannot be done, as explained in [169].
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11 Final remarks

In this review, most of the papers on implicit constitutive relations and their
subclasses for solid media have been reviewed in detail, which have been
published from the year 2003 until 2024. The aim of this work is to provide to
the potential readers, not only a detailed account of all such communications,
but also a work where such papers are organized in a simple manner, such
that it is possible to understand the relations between all the results presented
in those communications.

There are many open problems in this area of nonlinear mechanics, and
a non-complete rather short list of them is given here. Although in some
of the works reviewed here, it is possible to find some studies on existence
of solutions for some specific boundary value problems, there is no general
treatment on such issue for any of these new constitutive relations and equa-
tions. The development of a variational formulation for such relatively new
constitutive theories may be useful for such research.

Even though for one dimensional problems there are clear potential appli-
cations for the implicit constitutive relations for the modelling of soft tissue,
no such application has been explored for three-dimensional problems. This
is because of the difficulties of obtaining such relations in terms of the many
invariants for such problems. That is also an open problem.

In the case of stress concentration, so far no exact or semi-analytical
solution has been found for the problems of a plate with a circular or elliptical
hole, or the case of a plate with a crack in mode I, under the application of
a uniform tension applied far away. If it would be possible to find such
solutions, it could be possible to study the concept of stress concentration
for some of such constitutive equations, in particular the cases wherein we
have strain limiting behaviour.

For the problem of modelling inelastic deformations, there are still many
potential applications that should be considered, for soft solids (considering
large deformations), and for electro-active and magneto-active solids, wherein
we can have not only inelastic deformations, but also electrical and magnetic
hysteresis and energy dissipation (considering in particular small strains).

Finally, for many of the applications presented in this review, a future
important work to do is the use of machine learning and similar tools (along
with the finite element method), for the determination of constitutive con-
stants that appear in the different models presented here, see for example,
[121, 216, 217] and the references therein.
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12 Appendix

The development of constitutive theories for electro-elastic and magneto-
elastic bodies is not simple, since it requires some knowledge of electromag-
netism, and about how electromagnetic fields should appear in the constitu-
tive relations. Such a brief introduction is shown in this appendix. Let us
define EEE, DDD and PPP as the electric field, electric displacement and polarization,
respectively, and HHH, BBB and MMM as the magnetic field, magnetic induction and
magnetization, respectively.

Simplified forms for the Maxwell equations

For simplicity let us consider only problems where there is no coupling or
interaction between the magnetic and electric fields, and there is no dis-
tributed charges and no time dependence51. In such a case for electro-elastic
and magneto-elastic bodies the simplified forms of the Maxwell equations are
[115]

curlEEE “ 0, divDDD “ 0, curlHHH “ 0, divBBB “ 0, (342)

where curl is the curl operator in the current configuration, and for condensed
matter we have PPP “ DDD ´ ϵoEEE and for vacuum DDD “ ϵoEEE, where ϵo is the
electric permittivity for free space or vacuum, where for condensed matter
we have BBB “ µopHHH `MMMq and for vacuum BBB “ µoHHH, where µo is the magnetic
permeability for free space or vacuum.

Boundary or Continuity Conditions:

In the mathematical modelling of the behaviour of electro- and magneto-
elastic bodies, it is necessary to model not only the bodies but also the
surrounding space, which we assume is vacuum. In such a case for electro-
elastic bodies the electric field and electric displacement satisfy the continuity
conditions [115] n ˆ rrEEEss “ 0, n ¨ rrDDDss “ 0, and for magneto-elastic bodies
n ˆ rrHHHss “ 0, n ¨ rrBBBss “ 0, where rrass “ apoq ´ apiq is the difference of a

51There is one work (within the context of classical constitutive equations), where the
full form of the Maxwell equations and time-effects has been considered [197]. Since the
formulation presented there is far from simple, we do not show that here. In this review
we only consider separately electro-elastic and magneto-elastic interactions. In [48] for
quasi-static electromagnetic fields a constitutive equation has been proposed, but in [197]
and also in [48] only the classical constitutive equations, wherein the stress is a function
of the strains are analyzed, which is another reason they are not shown in this review.
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quantity between the outside and inside of a body at the boundary and n is
the outer normal vector to the body in the current configuration.

Equations of Equilibrium

When we assume :x “ 0 the equation of equilibrium for electro- and magneto-
elastic bodies, when PPP is considered as the independent electric variable, and
MMM is chosen as the independent magnetic variable, respectively, take the form
(here the notation σ is used to denote the Cauchy stress tensor)

divσ ` pgradEEEqTPPP ` ρb “ 0, divσ ` µ´1
o pgradBBBqTMMM ` ρb “ 0, (343)

where in both cases b represents the non-electric and non-magnetic body
forces and σ is in general non-symmetric. The terms pgradEEEqTPPP and µ´1

o pgradBBBqTMMM
can be incorporated into the divσ term, on the basis of which we can de-
fine a quantity called the total stress tensor τ (not to be confused with the
Kirchhoff stress tensor), and (343) becomes (see, for example, [68, 69])

divτ ` ρb “ 0. (344)

When we use the total stress tensor, the mechanical boundary conditions are
τn “ t̂`τmn, where τm is the Maxwell stress tensor, which for electro-elastic
problems takes the form τm “ DDDpoq bEEEpoq ´ 1

2
pDDDpoq ¨EEEpoqqI, and for magneto-

elastic problems the Maxwell stress is given as τm “ BBBpoqbHHHpoq´ 1
2
pBBBpoq¨HHHpoqqI,

and in both cases t̂ represents the external non-electric and non-magnetic
traction.
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[185] Şengül, Y. (2021) Viscoelasticity with limiting strain. Discrete Contin.
Dyn. Syst. S, 14, 57–70.
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