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Abstract

A phaseseparatiorof fluidized granularmatteris presentedMoleculardynamicssimula-
tionsof grainsystemjn two spatialdimensionswith a vibratingwall andwithout gravity
exhibit appearancesoagulationandevaporationof bubbles . Theinstability is producecdy
theexistenceof anegative compresibilityregion, thatis causedy theenepy dissipationat
collisions. The phenomenoiis analogougo the spinodaldecompositiorof the gas-liquid
transitionof the van der Waalsmodel.A hydrodynamicmodelgivesaccountfor the neg-
ative compresibilityand predictsa critical point thatis in qualitatve agreementvith the
resultsof thesimulationsin theonsetof phaseseparationywe have deduceda macroscopic
modelthatagreesjuite well with moleculardynamicssimulations.
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Granularmatter whenfluidized by continuousenegy injection exhibits a variety
of phenomendhat resembleshoseof molecularfluids: patternsandinstabilities
appearRayleigh-Benardik e corvectionis developed,etc[1-3]. The maindiffer-
encewith molecularfluidsis that,at collisions,grainsdissipatekinetic enegy into
theinternaldegreesof freedomof the grains.Henceenegy mustbe suppliedcon-
tinuouslyto sustaina fluidized regime. Experimentaly, enegy is usuallyinjected
throughvibrating walls or by the gravitationalfield.

Fluidized granularsystemshave the tendenyg to createlarge gradientsin the hy-
drodyname fields, and microscopicand macroscopidime and length scalesare
not enoughseparate@sin elasticfluids [4]. However, whendissipationis not too
large, fluidized regimes of granularmatterare describedsuccessfullyusing hy-
drodyname¢ models.Thesemodelsare similar to the Navier-Stokes equationgor
elasticfluids, with theadditionof anenegy dissipationterm.
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Here,we describea new type of instability obsened in fluidized granularmatter
(reportedpreviously in Ref. [5]), analogoudo the spinodaldecompositiorof the
gas-liquidtransitian in the van der Waalsmodel[6]. The origin of the instability
relies on the fact that for granularmediathe averagegranulartemperatures a
decreasindunction of the densityfor fixed boundaryconditiors. This resultsin
negative compressibiliy for dissipationlarger thana critical value giving rise to
a spatialinstability. We also shawv that the instability can be understoodusing a
simplehydrodyramicmodel.

We considera two-dimensionalsystemof grainson an horizontal surface, with

friction ignored,placedin a box with large aspectratio (seeFig. 1). Henceforth,
we will referto horizontl andvertical directiors asthe long andshortdirections,
respectrely; thesystemis periodic in thehorizontaldirection. Thetop wall reflects
grainselasticallywhile the bottomoneinjectsenegy into the systemby meansof

a vibrating wall at high frequeng w andsmall amplitudeA. The collisionswith

the wall are elasticwith no friction, thus conservinghorizontalmomentum. Due
to the high frequeng, the collisions with the wall are uncorrelatedpeing mod-
eledin a stochastioway. For simplicity, the vibrating wall is well modeledby a
stochastiovall: eachtime a grain collideswith thewall, it is reflectedconserving
thetangentiacomponenbf the velocity, but the normalcomponents sortedfrom

a Maxwellian distribution at a certaintemperaturethatscalesas T ~ m(Aw)?, m

beingthe massof the gains[7]. We definethe granulartemperaturdthe tempea-

ture from now on), like in molecularfluids, to be proportionalto thekineticenegy

per particlein the referencerame of the fluid. We emphasizehat both collisions
with thewalls andbetweerthe grainsconsere horizonal momentum

The systemis studiedusingmoleculardynamicssimulatonsof the InelasticHard
Spheremodel(IHS) [8-10]. Grainsaremodeledassmoothrigid disksandthe col-
lisionsarecharacterizethy a constannhormalrestituton coeficient a. Grainsonly
have translatimal degreesof freedomandthereis no tangentialfriction between
grainsatcollisions.ThelHS hasbeenwidely studiedandreproducesvell mary of
the obsered phenomenan granularfluids at moderatedensitieswhererotationis
not fundamentalsee,for example,[8-10]). Units are chosensuchthatthe diam-
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Fig. 1. Schematiaepresentationf the studiedsystem Grainsareplacedin anhorizontal
box. The bottomwall is vibrating while the top onereflectsgrainselastically The system
is periodicin thex direction.



eterg andmassm of eachdisk is one.Also, taking the wall temperatue asone,
enepgy unitsarefixed.Undertheseconditions,the systemis completelydefinedby

the total numberof grainsN, the aspectratio A = Ly/Ly > 1, the global number
densityn, = N/(LxLy), andthe restitutioncoeficient of the grainsa = (1 — 2q);

theelasticlimit corresponds$o g = 0.

At low dissipation the granularmediadevelopsvertical densityand temperatue
profilesinducedby the dissipationat collisions andthe enepgy injection mecha-
nism, but both fields are homogeneous the horizontaldirection The systemis
hotterandlessdenseneartheinjectingwall, andcolderanddenseiby the opposite
wall (seeFig. 1).

For a larger dissipation(N = 153600,A = 1024, n, = 0.15, Ly = 10240, and
g = 0.02) an spatialinstability is obsered: the systemexhibits the coexistenceof
two fluid phasescharacterizedy differentdensitieqseeFig. 2). Initially thefluid
remainshorizontally homogneousandsuddenlya bubble (low densityregion) ap-
pearsandgrows until it achievesits final size.After that, the systemremainssta-
tionarywith thetwo phasegoexisting.

To characterizén moredetailthisinstability, we analyzethe temporalevolution of
thevertically averagediensity(coarsegraineddensity p(x,t) = L;l fOLy n(x,y,t)dy,
wheren(x,y,t) is thedensityfield. In Fig. 3 the spatio-tempual evolution of p(x;t)
is presentedlt is clearly seenthatthe systemremainsin a homogeneoustatefor
afinite large time until the bubbleis nucleateddueto densityfluctuations.There-
fore, this homogeneoustateis a metastableone. Afterwards, the bubble grows
with a nearlyconstanwelocity while two densificatiorfronts propagteaway from
the bubbleat a larger, but alsoconstantyelocity (illustrated in Fig. 3). Whenthe
fronts reachthe growing bubble —through the periodicboundaryconditions—it

Fig. 2. Snapshot®f a systemwith N = 153600,A = 1024, n, = 0.15, Ly = 10240,and
g = 0.02. Theconfigurationgorrespondo differentsimulationtimes.Eachblackdotrep-
resenta simulatedgrainandtheaspectatio hasbeendistortedto make the systemvisible.
Thebubbleappearsitt ~ 40000.



is pushedinwards,leadingto dampedoscillatiors in its size.Finally, the system
achievesa stationarystatewith thebubble.

The systemshaows a differentbehaior, accordingto the value of the dissipation
parameteq. In Fig. 4 the spatiotempaal evolution of a systemwith a smallerdis-
sipationis shavn (q = 0.01). In this casefour bubblesarecreatedn the fluid with
no apparentnetastabléime. Two of themmeigeinto asingleone,andlateron, the
smallestonedisappear®r evaporatesLateron the two remainingbubblesevolve
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Fig. 3. Spatiotemporakvolution of the coarsegraineddensity p(x,t), with time on the
verticalaxisandincreasingupwards.Thegray scaleis proportionalto density with darker

regionsrepresentinglenseregionsin thesystemThetopgraphcorrespondso themolecu-
lar dynamicssimulationwith the sameparameterasin Fig. 2, wherethebubblenucleation
is triggeredby internalnoise.In thefinal state the vertically averagediensityof thebubble
is p = 0.025,while in thedenseegion p = 0.257.Thedensificatiorfrontsaremarkedwith

lines of crossesThe bottomgraphis obtainedby the simulationof the modeldefinedby

Eq.(11)with € = —6.6 x 10~* andv = 2. Thesystensizeis 5400andthetotal simulation
istime T = 3.5x 1C°. An initial condition(with u = 1.4 x 10~?) thatovercomeghenucle-
ationbarrieris imposed.Theminimum (light gray)andmaximum(darkgray)densitiesare
U= —2.6x102andu=2.9x 10 2, respectiely.



slowly, one of themgrowing while the otherone decreasedensificationfronts,
createdwith thebubbles arealsoseen.

We have also madea seriesof simulatins keepingconstantthe value of g and
changinghevalueof theglobaldensityn,. All thesimulatimsweredonewith the
following parameterdN = 153600,q = 0.02, and Ly = 100. The spatio-temporal
evolution of the coarsegraineddensityp(x,t) is representedh Fig. 5 for differ-
entvaluesof n,. For global densitiessmallerthat n, = 0.03 the systemremains
stable;for densitiesbetweenn, = 0.033 andn, = 0.15 the systemis unstableor
metastablenddependingn the caselow densityregions (bubbles)or large den-
sity ones(droplets) are createdfinally for densitiesarger thann, = 0.25 no in-
stabilitieswere obsened. Note that in all caseg(speciallyvisible for n, = 0.03)
densitywaves createdoy densityfluctuationsare obsened in the backgrounde-
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Fig. 4. The samerepresentatioras in Fig. 3, but changingthe dissipationparameterto
g = 0.01. In the final simulatedstate,the vertically averageddensity of the bubblesis
p = 0.046, while in the denseregions p = 0.216. In the bottomgraph,we usethe same
parametersindgray scaleasin Fig. 3 andtheinitial conditionis u= 7.4 x 10 3. In this
casehereis no nucleatiorbarrierandtheinitial conditionusedin thesolutionof themodel
is homogeneouwith smallfluctuationsthatareamplifiedby theinstability.



gions.Thesewavespropagtewith well definedvelocities.

The obsenredbehaior is similar to the van der Waalsgasliquid transition,where
for temperaturetower thatthe critical one,thereis a densityrangefor which the
homogeneoustateis unstableHere,in the granularfluid, the controlparameters
thedissipationcoeficient g insteadof thethermodynana temperature.

Theorigin of theinstability canbe understooasfollows. In thermodynart equi-
librium, the pressurds a monotonos increasingfunction of the densityandthe
temperaturdg11]. But, in this system the granulartemperatureadjustsitself to a
stationaryprofile givenby the enegy balancebetweerdissipationat collisionsand
injectionatthevibratingwall. As thedissipatiorrateis proportonal to density the
stationarytemperaturas a decreasindunction of p. As anoutcome the effective
pressurgthatis independenof y dueto the absencef gravity) canpresenta re-
gion whereit decreasewith anincreasingdensity Thatis, the temperatue drop
producedby collisionscanbe large enoughto give rise to a decreasen pressure
whenincreasingthe global density[12]. Then,therecanbe a region of negative
compresibilty in the samesenseasthe vanderWaalsloop in classicaffluids, that
triggerstheinstability.

The existenceof the negative compresibiity region canbe verified numericallyas
follows. We have performed moleculardynamicssimulatonsof the IHS systemin
tall boxes(Lx < Ly) to preventthespatialinstabilityto develop:whenthehorizontal
systensizeis small,thereis alargesurfaceenegy costin creatingabubble,andthe
systenremainsstable We computehehorizonal momentunflux (x—x component
of the pressurdensor px), averagecdver theverticaldirectionfor differentvalues
of theglobaldensityn, andthedissipationcoeficientq.

Fig. 5. Spatiotemporalevolution of the coarsegrained density p(x,t). All the sim-
ulations are done with N = 153600, q = 0.02, and Ly = 100. The simulations dif-
fer in the global density; from left to right and top to bottom the densities are
ny = 0.03,0.033 0.035,0.04,0.05,0.08,0.15,and0.30.



For constantg, the pressurepyk exhibits the appearancef van der Waalsloops,
with a critical point locatedat g =~ 0.0047 and p ~ 0.15 (seeFig. 6). For larger
valuesof g thereis a region with negative compresibilty (d px/dn, < 0) thatis
boundedoy the spinodalcurve. Also, we cancomputethe coexistencecurve using
Maxwell’s construction.The region betweenthe coexistenceand spinodalcurves
definethe bistability region, wherebubblesor dropletscannucleatethanksto den-
sity fluctuationsinsidethespinodalkurve, thesystems mechanicallyunstableWe
remarkthatthe Maxwell constructiorfor computirg the coexistencecurwe if valid
for thermog@namicequilibrium systemshowever, asit will be shavn later, close
to the instability critical point the systemdynamicsis governedby a free enegy
(Landautype)andthe Maxwell constructiorcanbedone.

The existenceof the negative compresibiliy region can be studiedtheoretically
usinga hydrodynamicdescriptionof granularfluids. We considerthe simplesthy-

drodyname equationghatmimic the Navier-Stokesoneswith adissipationtermin

the enegy equationmodelirg the enepgy dissipationat collisions.For sufficiently
smalldissipation(q < 1), onehas[13-16]

an
E%—D-(nv)_o,
ov
n(E—I—(V-D)v) =-0-P,
n<%+(v-D)T):—D-J—IP:Dv—w, (1)

with the usualconstitutve equationgor the pressurdensor(hydrostaticpressure
and Newton’s law) and the Fourier’s law for the heat,and the newv constitutve
equationfor theenepy dissipationrateflux,

P.=pnT)5 —n(nT) (ﬂ—l-%) — (&N, T)—n(n,T))O-vé . (2)
1,] ’ 1] ’ dXJ dXI ) ’ (N}
J=—k(n,T)OT
w= wy(n, T)n?T%/2,

Thetransportcoeficientsin thelimit of smalldissipatiorarethe sameasfor elastic
spheresn 2D [17], exceptfor the oneassociatedo the enegy dissipation thatis
calculateddirectly usingthe Enslog theory[18]. All thetransportcoeficientsare
expressedn termsof the pair correlation functionof elasticdisksat contact,y.
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In themodel(1), densityandhorizonal momentun satisfyconserationequations.
We considetthatthethevelocity field is smallenoughto neglectnonlineartermsin
v. Densityandhorizontalmomentumcanbe vertically averagedyiving p(x,t) and
j(x,t), thatobey the equations

atp (th) = _de (Xat) ) (98.)
0 j (1) = =k, (9b)

where® is the verticalaverageof the x—x componentf the pressurgensor

Whenthe horizonal gradientsare small comparedo the vertical ones,p and |
behae asslow variablesandgovernthesystendynamcs. Theotherfields(vertical
momentumtemperatureand®) have fastdynamicsandbehae asslave variables
of p andj.

Thevalueof ® canbecomputediusingthe equationgor thetemperatur@andverti-

calmomentum The verticalmomentunrelaxesfastto its equilibiium value, zero,
dueto theboundaryconditions.Then,the pressurés independentfy (® = p). En-

engy is not conseredimplying thattemperaturés alsoafastvariableandsatisfies
the equation]-J+ w = 0. The equationsf T and ® canbe solved numerically
with the boundaryconditiors T = 1 at the bottomandJ = 0O at the top, andthe

integral condition /¥ n(x,y,t)dy = Lyp(x.t).

For fixed g, the pressuresxhibits, as proposedbefore,van der Waalsloopsasa
functionof ny = p(x,t) (seeFig. 6). The negative compresibilty region hasa crit-

ical pointat q ~ 0.0086andn, ~ 0.11. This is in qualitatve agreementith the
moleculardynamicssimulationsin tall boxes. The differenceis originatedmainly
in the boundarycondition for T. Indeed,eventhoughparticlesareforcedto come
outof thebottomwall with velocitiescharacteristiof atemperatue equalto 1, the
granulartemperatue at the boundaryis lessthanone becausedueto dissipation,
the particlesthat arrive at the wall comewith a smallerkinetic enegy. Thisis a
well known effect in dilute gases(Knudsenlayer effects[19]), that becomealso



importantin granularfluids.

Having verifiedthatthemechanisnthatoriginatesheinstability is a negative com-
pressibilityin the effective pressurewe candescribehe dynamicsof thedominant
modenearthe bifurcationpoint (critical pointin thevanderWaalslanguage)The
critical point is definedby the conditionthat both d®/dp and 9?®/dp? vanish.
Usingsymmetryandscalingagumentdt canbe arguedthatthe averagedpressure
® closeto thecritical point canbewritten as(seeRef. [5])

AP _ 920p?2 BPdbpd 9D,
drdt gt I C PP O

ap 0%p 2  d3p 6  9j?
0P 0d .
— Pt =—ix 10
0 pXX d]x JX ( )

For sale of simplicity, we definenow u = p — p,,, wherep,, is the density at
the Maxwell point (i.e. where 02¢/o"2p\pM = 0). Scalingu andx, Egs.(9) are
approximagdatthe dominantorderby the Van der Waalsnormalform

U= O (8U+UP — AU+ vaLu)
0.7

= 0)0(5 + vdmu, (11)

wheree = d¢/dp|pM is the controlparameteandvd,yu is a diffusionterm. The

variablesscaleasu ~ £%2, j ~ g, dx ~ €¥/2, 3, ~ £ andv ~ o(1). Note that,
the convectionterm in the momentumflux (g?;j2 ~ £2) hasbeenngylected,in
comparisorwith thedominantpart(ordere®/2). Thesignof dCD/dpxx|p hasbeen
chosento be negative, in orderto saturatethe linear instability andto imposethe

. .. . 2 oout (dxu)z
existenceof aglobalminimumfor thefreeenegy .% = fdx{87 + 5+ T}

We emphasiz¢hattheLandaufreeenegy .# hastheclassicaphasaliagramwith

coeistenceand spinodalcurves [20]; asthoseobsered in binary fluids, binary
alloys, and®He—“He mixtures,to mentiona few examples(see[6] andreferences
citedtherein).

For negative &, the homogeneousolution (u = 0) undegoesa spatialinstability,
characterizedy the appearancef equally distributed bubbles.Later on, closest
bubblesmeigeinto a biggerone,asa consequencef a coalescencerocessSub-
sequentlybubbledynamicds led by theinteractionmediatedoy waves(seeFigs.4
and5). Theabove dynamicsis a consequencef the systemtendeng to minimize
its freeenegy. With periodicboundaryconditions,theglobalminimum is aunique
bubble,asthe solutionshownn in Fig. 3. Furtherwork in this coarseningprocesss
in progress.

In the bistability region (seeFig. 6), i.e. the region boundedby the spinodaland
coexistencecurves,the homogeneoustateis stable.Neverthelessa finite fluctu-



ation that overcomeghe nucleationbarrier givesrise to a bubble alongwith two
state-wavesgdensificatio waves) which propa@teaway from the bubbleasa re-
sult of massconseration (seeFig. 3) . Dueto the periodicboundaryconditions,
later on, the waves collide with the bubble producingits oscillation. Afterwards,
dueto viscosity the oscillationsaredampedandthefinal stateis a singlebubble at
rest.

Thenumertal solutionsof Eq. (11) (seeFigs.3 and4) in theunstableandbistable
regionsshav goodqualitatve agreementvith the moleculardynamicsimulatians.
Thatis, the modelcaptureghe mainfeaturesof the systemdynamicscloseto the
instability (densitywaves,fronts, metastabilityandinstability).

The model (11) implies that for global densitiessmallerthanthe Maxwell point
density(u < 0), denseregions (insteadof low densityregions)cannucleate This
predictionis in agreemenwith the simulatiors presentedn Fig. 5, whereone of
mary denseregionsarenucleatedor n, < 0.05. The dynamicsof p(x,t) is, how-
ever, not completelywell describedby the model becausdhesesimulatians are
donewith parametersiot closeto the critical point. The caseof n; = 0.03 is spe-
cial, becausen this casea long wavelengthdensitymodulaton is createdbefore
thedropletappearsThis phenomenotis not capturedoy the model.

In summary we have studiedthe phaseseparationn fluidized granularmatter
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Fig. 6. (A) Phasediagramobtainedfrom moleculardynamicssimulationsin tall, narrov
boxes. The dottedcurves correspondo the horizontalcomponenof the pressue tensor
pxx for thedissipationgy = 0.0032(opentriangles)andq = 0.0070(filled circles),smaller
and larger thanthe critical one, respectiely. The secondcasepresentsa van der Waals
loop. The coexistencecune (solid line) and spinodalcurve (dashedine) are plotted.(B)
Phasaliagramobtainedrom the hydrodynamianormalform. Thesolid line (long-dashed)
curve is the coexistence(spinodal)curve. The gray region is the bistability region. The
dotted(shortdashed)urve correspondo the hydrodynamicpressue for the dissipation
g=0.007(g=0.0130)
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Moleculardynamicssimulatons of a grain system,in two dimension,with a vi-
bratingwall andno gravity exhibit appearance;oagulationanddisappearancef
low densityregions(bubbles).Rarefctionanddensificatiordensitywavesleadthe
bubble dynamics.The mechanisnof phaseseparatioris triggeredby a negative
compressibiliy which, in turns,is a resultof the fact that for granularmediain
closedgeometrieshe granulartemperaturés a decreasindgunction of the density

A simple hydrodynanic modelis ableto predictthe existenceof van der Waals
loopsin the effective pressureThe predictedcritical pointis in qualitatve agree-
mentwith theresultsof moleculardynamicsimulations.

Closeto thetransition thesystems describedy thevanderWaalsnormalform (11).
This model describeqquite well the moleculardynamicssimulations.The phase
separations the analogto the spinodaldecompositia of the gas-liquid transition
of the van der Waals model, but the transientevolution of the systemis led by
state-vaves.

The van der Waalsinstability shouldbe obsered independentlyof the peculiari-
ties of the enepy injection mechanisnor of its stochastianodelization,aslong
asthe particle collisionswith the wall consere horizonal momenum. It should
alsobe obseredin the presenceof a small gravitational field eitherby inclining
slightly thetableor by placingthe systemvertically with characteristienjecteden-
ergy muchlargerthanthegravitationalpotentialenegy (m(Aw)? > mgly). In both
possiblegeneralizationsthe generaltheoreticalframenork continuesto be valid,
andpreliminary numericalsimulatonsconfirmit (in preparation).
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