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Abstract

A phaseseparationof fluidizedgranularmatteris presented.Moleculardynamicssimula-
tionsof grainsystem,in two spatialdimensions,with a vibratingwall andwithout gravity
exhibit appearance,coagulation,andevaporationof bubbles.Theinstability is producedby
theexistenceof anegativecompresibilityregion,thatis causedby theenergy dissipationat
collisions.Thephenomenonis analogousto thespinodaldecompositionof thegas-liquid
transitionof thevanderWaalsmodel.A hydrodynamicmodelgivesaccountfor theneg-
ative compresibilityandpredictsa critical point that is in qualitative agreementwith the
resultsof thesimulations.In theonsetof phaseseparation,wehavededucedamacroscopic
modelthatagreesquitewell with moleculardynamicssimulations.
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Granularmatter, whenfluidized by continuousenergy injection exhibits a variety
of phenomenathat resemblesthoseof molecularfluids: patternsandinstabilities
appear, Rayleigh-Benardlike convectionis developed,etc [1–3]. Themaindiffer-
encewith molecularfluids is that,at collisions,grainsdissipatekinetic energy into
theinternaldegreesof freedomof thegrains.Henceenergy mustbesuppliedcon-
tinuouslyto sustaina fluidized regime.Experimentally, energy is usuallyinjected
throughvibratingwallsor by thegravitationalfield.

Fluidizedgranularsystemshave the tendency to createlarge gradientsin the hy-
drodynamic fields, and microscopicand macroscopictime and length scalesare
not enoughseparatedasin elasticfluids [4]. However, whendissipationis not too
large, fluidized regimesof granularmatterare describedsuccessfullyusing hy-
drodynamic models.Thesemodelsaresimilar to the Navier-Stokesequationsfor
elasticfluids,with theadditionof anenergy dissipationterm.
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Here,we describea new type of instability observed in fluidized granularmatter
(reportedpreviously in Ref. [5]), analogousto the spinodaldecompositionof the
gas-liquidtransition in the van der Waalsmodel[6]. The origin of the instability
relies on the fact that for granularmedia the averagegranulartemperatureis a
decreasingfunction of the densityfor fixed boundaryconditions. This resultsin
negative compressibility for dissipationlarger thana critical valuegiving rise to
a spatialinstability. We alsoshow that the instability canbe understoodusinga
simplehydrodynamicmodel.

We considera two-dimensionalsystemof grainson an horizontalsurface,with
friction ignored,placedin a box with large aspectratio (seeFig. 1). Henceforth,
we will refer to horizontal andverticaldirections asthe long andshortdirections,
respectively; thesystemis periodic in thehorizontaldirection.Thetopwall reflects
grainselasticallywhile thebottomoneinjectsenergy into thesystemby meansof
a vibrating wall at high frequency ω andsmall amplitudeA. The collisionswith
the wall areelasticwith no friction, thusconservinghorizontalmomentum. Due
to the high frequency, the collisions with the wall are uncorrelated,being mod-
eled in a stochasticway. For simplicity, the vibrating wall is well modeledby a
stochasticwall: eachtime a graincollideswith thewall, it is reflectedconserving
thetangentialcomponentof thevelocity, but thenormalcomponentis sortedfrom
a Maxwelliandistribution at a certaintemperature,that scalesasT � m

�
Aω � 2, m

beingthemassof thegains[7]. We definethegranulartemperature(the tempera-
ture from now on), like in molecularfluids, to beproportionalto thekineticenergy
perparticlein the referenceframeof thefluid. We emphasizethatbothcollisions
with thewallsandbetweenthegrainsconservehorizontal momentum.

Thesystemis studiedusingmoleculardynamicssimulationsof theInelasticHard
Spheremodel(IHS) [8–10].Grainsaremodeledassmoothrigid disksandthecol-
lisionsarecharacterizedby aconstantnormalrestitutioncoefficientα. Grainsonly
have translational degreesof freedomandthereis no tangentialfriction between
grainsatcollisions.TheIHS hasbeenwidely studiedandreproduceswell many of
theobservedphenomenain granularfluids at moderatedensities,whererotationis
not fundamental(see,for example,[8–10]). Units arechosensuchthat the diam-

x

y Elastic wall

Vibrating wall

Fig. 1. Schematicrepresentationof thestudiedsystem.Grainsareplacedin anhorizontal
box. Thebottomwall is vibratingwhile thetop onereflectsgrainselastically. Thesystem
is periodicin thex direction.
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eterσ andmassm of eachdisk is one.Also, taking the wall temperature asone,
energy unitsarefixed.Undertheseconditions,thesystemis completelydefinedby
the total numberof grainsN, the aspectratio λ � Lx � Ly � 1, the global number
densityn0 � N � � LxLy � , andthe restitutioncoefficient of thegrainsα � � 1 � 2q� ;
theelasticlimit correspondsto q � 0.

At low dissipation,the granularmediadevelopsvertical densityandtemperature
profiles inducedby the dissipationat collisionsand the energy injection mecha-
nism,but both fields arehomogeneousin the horizontaldirection. The systemis
hotterandlessdenseneartheinjectingwall, andcolderanddenserby theopposite
wall (seeFig. 1).

For a larger dissipation(N � 153600,λ � 102� 4, n0 � 0� 15, Lx � 10240,and
q � 0� 02) anspatialinstability is observed: thesystemexhibits thecoexistenceof
two fluid phases,characterizedby differentdensities(seeFig. 2). Initially thefluid
remainshorizontally homogeneousandsuddenlyabubble (low densityregion)ap-
pearsandgrows until it achievesits final size.After that, thesystemremainssta-
tionarywith thetwo phasescoexisting.

To characterizein moredetailthis instability, weanalyzethetemporalevolutionof
theverticallyaverageddensity(coarsegraineddensity) ρ

�
x� t �	� L 
 1

y
Ly
0

n
�
x� y� t � dy,

wheren
�
x� y� t � is thedensityfield. In Fig. 3 thespatio-temporal evolution of ρ

�
x� t �

is presented.It is clearlyseenthat thesystemremainsin a homogeneousstatefor
a finite large time until thebubbleis nucleateddueto densityfluctuations.There-
fore, this homogeneousstateis a metastableone.Afterwards,the bubble grows
with anearlyconstantvelocitywhile two densificationfrontspropagateaway from
the bubbleat a larger, but alsoconstant,velocity (illustrated in Fig. 3). Whenthe
fronts reachthe growing bubble —through the periodicboundaryconditions—it

t= 77158

t= 54010

t= 30863

t=100305

Fig. 2. Snapshotsof a systemwith N � 153600,λ � 102� 4, n0 � 0� 15, Lx � 10240,and
q � 0� 02.Theconfigurationscorrespondto differentsimulationtimes.Eachblackdot rep-
resentsasimulatedgrainandtheaspectratiohasbeendistortedto makethesystemvisible.
Thebubbleappearsat t 
 40000.
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is pushedinwards,leadingto dampedoscillations in its size.Finally, the system
achievesastationarystatewith thebubble.

The systemshows a differentbehavior, accordingto the valueof the dissipation
parameterq. In Fig. 4 thespatiotemporal evolution of a systemwith a smallerdis-
sipationis shown (q � 0� 01). In this casefour bubblesarecreatedin thefluid with
noapparentmetastabletime.Two of themmergeinto asingleone,andlateron,the
smallestonedisappearsor evaporates.Lateron the two remainingbubblesevolve
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Fig. 3. Spatiotemporalevolution of the coarsegraineddensityρ � x� t � , with time on the
verticalaxisandincreasingupwards.Thegrayscaleis proportionalto density, with darker
regionsrepresentingdenserregionsin thesystem.Thetopgraphcorrespondsto themolecu-
lar dynamicssimulationwith thesameparametersasin Fig. 2, wherethebubblenucleation
is triggeredby internalnoise.In thefinal state,theverticallyaverageddensityof thebubble
is ρ � 0� 025,while in thedenseregionρ � 0� 257.Thedensificationfrontsaremarkedwith
linesof crosses.Thebottomgraphis obtainedby thesimulationof themodeldefinedby
Eq.(11)with ε ��� 6� 6 � 10� 4 andν � 2. Thesystemsizeis 5400andthetotal simulation
is timeT � 3� 5 � 105. An initial condition(with u � 1� 4 � 10� 2) thatovercomesthenucle-
ationbarrieris imposed.Theminimum(light gray)andmaximum(darkgray)densitiesare
u ��� 2� 6 � 10� 2 andu � 2� 9 � 10� 2, respectively.
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slowly, oneof themgrowing while the otheronedecreases.Densificationfronts,
createdwith thebubbles,arealsoseen.

We have also madea seriesof simulations keepingconstantthe value of q and
changingthevalueof theglobaldensityn0. All thesimulationsweredonewith the
following parametersN � 153600,q � 0� 02, andLy � 100. The spatio-temporal
evolution of the coarsegraineddensityρ

�
x� t � is representedin Fig. 5 for differ-

ent valuesof n0. For global densitiessmallerthat n0 � 0� 03 the systemremains
stable;for densitiesbetweenn0 � 0� 033 andn0 � 0� 15 the systemis unstableor
metastableanddependingon thecaselow densityregions(bubbles)or largeden-
sity ones(droplets)arecreated;finally for densitieslarger thann0 � 0� 25 no in-
stabilitieswereobserved. Note that in all cases(speciallyvisible for n0 � 0� 03)
densitywavescreatedby densityfluctuationsareobserved in the backgroundre-
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Fig. 4. The samerepresentationas in Fig. 3, but changingthe dissipationparameterto
q � 0� 01. In the final simulatedstate,the vertically averageddensityof the bubblesis
ρ � 0� 046,while in the denseregionsρ � 0� 216. In the bottomgraph,we usethe same
parametersandgray scaleasin Fig. 3 andthe initial conditionis u � 7� 4 � 10� 3. In this
casethereis nonucleationbarrierandtheinitial conditionusedin thesolutionof themodel
is homogeneouswith smallfluctuationsthatareamplifiedby theinstability.
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gions.Thesewavespropagatewith well definedvelocities.

Theobservedbehavior is similar to thevanderWaalsgasliquid transition,where
for temperatureslower that thecritical one,thereis a densityrangefor which the
homogeneousstateis unstable.Here,in thegranularfluid, thecontrolparameteris
thedissipationcoefficientq insteadof thethermodynamic temperature.

Theorigin of theinstability canbeunderstoodasfollows. In thermodynamic equi-
librium, the pressureis a monotonous increasingfunction of the densityandthe
temperature[11]. But, in this system,the granulartemperatureadjustsitself to a
stationaryprofilegivenby theenergy balancebetweendissipationatcollisionsand
injectionat thevibratingwall. As thedissipationrateis proportional to density, the
stationarytemperatureis a decreasingfunction of ρ. As anoutcome,theeffective
pressure(that is independentof y dueto theabsenceof gravity) canpresenta re-
gion whereit decreaseswith an increasingdensity. That is, the temperature drop
producedby collisionscanbe large enoughto give rise to a decreasein pressure
whenincreasingthe global density[12]. Then,therecanbe a region of negative
compresibility in thesamesenseasthevanderWaalsloop in classicalfluids, that
triggerstheinstability.

Theexistenceof thenegative compresibility region canbeverifiednumericallyas
follows.We have performedmoleculardynamicssimulationsof theIHS systemin
tall boxes(Lx � Ly) to preventthespatialinstabilityto develop:whenthehorizontal
systemsizeis small,thereis alargesurfaceenergy costin creatingabubble,andthe
systemremainsstable.Wecomputethehorizontalmomentumflux (x� x component
of thepressuretensor, pxx), averagedover theverticaldirectionfor differentvalues
of theglobaldensityn0 andthedissipationcoefficientq.

0 0.25 Lx 0.5 Lx 0.75 Lx Lx 0 0.25 Lx 0.5 Lx 0.75 Lx Lx 0 0.25 Lx 0.5 Lx 0.75 Lx Lx 0 0.25 Lx 0.5 Lx 0.75 Lx Lx

0 0.25 Lx 0.5 Lx 0.75 Lx Lx 0 0.25 Lx 0.5 Lx 0.75 Lx Lx

Fig. 5. Spatiotemporalevolution of the coarsegrained density ρ � x� t � . All the sim-
ulations are done with N � 153600, q � 0� 02, and Ly � 100. The simulationsdif-
fer in the global density; from left to right and top to bottom the densities are
n0 � 0� 03� 0� 033� 0� 035� 0� 04� 0� 05� 0� 08� 0� 15,and0� 30.
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For constantq, the pressurepxx exhibits the appearanceof van der Waalsloops,
with a critical point locatedat q � 0� 0047andρ � 0� 15 (seeFig. 6). For larger
valuesof q thereis a region with negative compresibility (∂ pxx � ∂n0 � 0) that is
boundedby thespinodalcurve.Also, we cancomputethecoexistencecurve using
Maxwell’s construction.The region betweenthe coexistenceandspinodalcurves
definethebistability region,wherebubblesor dropletscannucleatethanksto den-
sity fluctuations.Insidethespinodalcurve,thesystemis mechanicallyunstable.We
remarkthattheMaxwell constructionfor computing thecoexistencecurve if valid
for thermodynamicequilibriumsystems;however, asit will beshown later, close
to the instability critical point the systemdynamicsis governedby a free energy
(Landautype)andtheMaxwell constructioncanbedone.

The existenceof the negative compresibility region can be studiedtheoretically
usinga hydrodynamicdescriptionof granularfluids.We considerthesimplesthy-
drodynamic equationsthatmimic theNavier-Stokesoneswith adissipationtermin
theenergy equation,modeling theenergy dissipationat collisions.For sufficiently
smalldissipation(q � 1), onehas[13–16]

∂n
∂ t
� ∇ � � nv ��� 0�

n
∂v
∂ t
� �

v � ∇ � v ��� ∇ � IP�

n
∂T
∂ t
� �

v � ∇ � T ��� ∇ � J � IP : ∇v � ω � (1)

with the usualconstitutive equationsfor the pressuretensor(hydrostaticpressure
and Newton’s law) and the Fourier’s law for the heat,and the new constitutive
equationfor theenergy dissipationrateflux,

IPi � j � p
�
n� T � δi � j � η

�
n� T � ∂vi

∂x j

� ∂v j

∂xi
� � ξ � n� T �	� η

�
n� T ��� ∇ � vδi � j (2)

J ��� k
�
n� T � ∇T

ω � ω0

�
n� T � n2T3 2 �

Thetransportcoefficientsin thelimit of smalldissipationarethesameasfor elastic
spheresin 2D [17], exceptfor theoneassociatedto theenergy dissipation,that is
calculateddirectly usingtheEnskog theory[18]. All the transportcoefficientsare
expressedin termsof thepair correlation functionof elasticdisksat contact,χ.
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χ
�
n�	� 1 � 7πn� 64�

1 � πn� 4� 2
(3)

p
�
n� T �	� nT

1
� π2n2 � 128�
1 � πn� 4� 2

(4)

η
�
n� T �	� 1

2χ
1
� πnχ � 2 � 0� 87

�
πnχ � 2� 2 T

π
(5)

ξ
�
n� T �	� 1� 246

2χ
�
πnχ � 2� 2 T

π
(6)

k
�
n� T �	� 2

χ
1
�

3πnχ � 4 � 0� 87
�
πnχ � 2� 2 T

π
(7)

ω0 � 4! πqχ
�
n� (8)

In themodel(1), densityandhorizontal momentum satisfyconservationequations.
Weconsiderthatthethevelocityfield is smallenoughto neglectnonlineartermsin
v. Densityandhorizontalmomentumcanbevertically averagedgiving ρ

�
x� t � and

j
�
x� t � , thatobey theequations

∂tρ
�
x� t �	��� ∂x j

�
x� t �"� (9a)

∂t j
�
x� t �	��� ∂xΦ � (9b)

whereΦ is theverticalaverageof thex � x componentof thepressuretensor.

When the horizontal gradientsare small comparedto the vertical ones,ρ and j
behaveasslow variablesandgovernthesystemdynamics.Theotherfields(vertical
momentum, temperature,andΦ) have fastdynamicsandbehave asslave variables
of ρ and j.

Thevalueof Φ canbecomputedusingtheequationsfor thetemperatureandverti-
cal momentum. Theverticalmomentumrelaxesfastto its equilibrium value,zero,
dueto theboundaryconditions.Then,thepressureis independentof y (Φ � p). En-
ergy is not conservedimplying thattemperatureis alsoa fastvariableandsatisfies
the equation∇ � J � ω � 0. The equationsof T andΦ canbe solved numerically
with the boundaryconditions T � 1 at the bottomandJ � 0 at the top, andthe
integral condition Ly

0
n
�
x� y� t � dy � Lyρ

�
x� t � .

For fixed q, the pressureexhibits, asproposedbefore,van der Waalsloops as a
functionof n0 � ρ

�
x� t � (seeFig. 6). Thenegative compresibility region hasa crit-

ical point at q � 0� 0086andn0 � 0� 11. This is in qualitative agreementwith the
moleculardynamicssimulationsin tall boxes.Thedifferenceis originatedmainly
in theboundarycondition for T. Indeed,eventhoughparticlesareforcedto come
outof thebottomwall with velocitiescharacteristicof a temperatureequalto 1, the
granulartemperature at theboundaryis lessthanonebecause,dueto dissipation,
the particlesthat arrive at the wall comewith a smallerkinetic energy. This is a
well known effect in dilute gases(Knudsenlayer effects [19]), that becomealso
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importantin granularfluids.

Having verifiedthatthemechanismthatoriginatestheinstability is anegativecom-
pressibilityin theeffectivepressure,wecandescribethedynamicsof thedominant
modenearthebifurcationpoint (critical point in thevanderWaalslanguage).The
critical point is definedby the conditionthat both ∂Φ � ∂ρ and∂ 2Φ � ∂ρ2 vanish.
Usingsymmetryandscalingargumentsit canbearguedthattheaveragedpressure
Φ closeto thecritical point canbewrittenas(seeRef. [5])

Φ � Φo
� ∂Φ

∂ρ
ρ̄ � ∂ 2Φ

∂ 2ρ
ρ2

2
� ∂ 3Φ

∂ 3ρ
ρ3

6
� ∂Φ

∂ j2
j2

� ∂Φ
∂ρxx

ρxx
� ∂Φ

∂ jx
jx � (10)

For sake of simplicity, we definenow u � ρ � ρM, whereρM is the densityat
the Maxwell point (i.e. where ∂ 2Φ � ∂ 2ρ ρM

� 0). Scalingu and x, Eqs. (9) are
approximatedat thedominantorderby theVanderWaalsnormalform

∂ttu � ∂xx εu
�

u3 � ∂xxu
� ν∂tu �

� ∂xx
δ #
δu

� ν∂xxtu� (11)

whereε � ∂Φ � ∂ρ $ ρM
is thecontrolparameterandν∂xxtu is a diffusionterm.The

variablesscaleas u � ε1  2, j � ε, ∂x
� ε1 2, ∂t

� ε and ν � o
�
1� . Note that,

the convection term in the momentumflux ( ∂Φ
∂ j2

j2 � ε2) hasbeenneglected,in

comparisonwith thedominantpart(orderε3 2). Thesignof ∂Φ � ∂ρxx $ ρM
hasbeen

chosento be negative, in orderto saturatethe linear instability andto imposethe

existenceof aglobalminimum for thefreeenergy # � dx ε u2

2
� u4

4
�&% ∂xu' 2

2 .

WeemphasizethattheLandaufreeenergy # hastheclassicalphasediagram,with
coexistenceand spinodalcurves [20]; as thoseobserved in binary fluids, binary
alloys,and3He� 4He mixtures,to mentiona few examples(see[6] andreferences
citedtherein).

For negative ε, the homogeneoussolution(u � 0) undergoesa spatialinstability,
characterizedby the appearanceof equallydistributedbubbles.Later on, closest
bubblesmergeinto a biggerone,asa consequenceof a coalescenceprocess.Sub-
sequently, bubbledynamicsis ledby theinteractionmediatedby waves(seeFigs.4
and5). Theabove dynamicsis a consequenceof thesystemtendency to minimize
its freeenergy. With periodicboundaryconditions,theglobalminimum is aunique
bubble,asthesolutionshown in Fig. 3. Furtherwork in this coarseningprocessis
in progress.

In the bistability region (seeFig. 6), i.e. the region boundedby the spinodaland
coexistencecurves,the homogeneousstateis stable.Nevertheless,a finite fluctu-
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ation that overcomesthe nucleationbarriergivesrise to a bubble alongwith two
state-waves(densification waves), which propagateaway from thebubbleasa re-
sult of massconservation (seeFig. 3) . Due to the periodicboundaryconditions,
later on, the wavescollide with the bubbleproducingits oscillation.Afterwards,
dueto viscosity, theoscillationsaredampedandthefinal stateis asinglebubbleat
rest.

Thenumerical solutionsof Eq.(11) (seeFigs.3 and4) in theunstableandbistable
regionsshow goodqualitative agreementwith themoleculardynamicsimulations.
That is, themodelcapturesthemain featuresof thesystemdynamicscloseto the
instability (densitywaves,fronts,metastability, andinstability).

The model (11) implies that for global densitiessmallerthan the Maxwell point
density(u � 0), denseregions(insteadof low densityregions)cannucleate.This
predictionis in agreementwith the simulations presentedin Fig. 5, whereoneof
many denseregionsarenucleatedfor n0 � 0� 05. Thedynamicsof ρ

�
x� t � is, how-

ever, not completelywell describedby the model becausethesesimulations are
donewith parametersnot closeto thecritical point. Thecaseof n0 � 0� 03 is spe-
cial, becausein this casea long wavelengthdensitymodulation is createdbefore
thedropletappears.Thisphenomenonis not capturedby themodel.

In summary, we have studiedthe phaseseparationin fluidized granularmatter.
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Fig. 6. (A) Phasediagramobtainedfrom moleculardynamicssimulationsin tall, narrow
boxes.The dottedcurvescorrespondto the horizontalcomponentof the pressure tensor
pxx for thedissipationsq � 0� 0032(opentriangles)andq � 0� 0070(filled circles),smaller
and larger than the critical one, respectively. The secondcasepresentsa van der Waals
loop. The coexistencecurve (solid line) andspinodalcurve (dashedline) areplotted.(B)
Phasediagramobtainedfrom thehydrodynamicnormalform. Thesolid line (long-dashed)
curve is the coexistence(spinodal)curve. The gray region is the bistability region. The
dotted(short-dashed)curve correspondto the hydrodynamicpressure for the dissipation
q � 0� 007(q � 0� 0130).
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Moleculardynamicssimulationsof a grain system,in two dimension,with a vi-
bratingwall andno gravity exhibit appearance,coagulationanddisappearanceof
low densityregions(bubbles).Rarefactionanddensificationdensitywavesleadthe
bubbledynamics.The mechanismof phaseseparationis triggeredby a negative
compressibility which, in turns, is a result of the fact that for granularmediain
closedgeometriesthegranulartemperatureis adecreasingfunction of thedensity.

A simplehydrodynamic model is able to predict the existenceof van der Waals
loopsin theeffective pressure.Thepredictedcritical point is in qualitative agree-
mentwith theresultsof moleculardynamicsimulations.

Closeto thetransition,thesystemisdescribedby thevanderWaalsnormalform(11).
This modeldescribesquite well the moleculardynamicssimulations.The phase
separationis theanalogto thespinodaldecomposition of thegas-liquid transition
of the van der Waalsmodel,but the transientevolution of the systemis led by
state-waves.

The van der Waalsinstability shouldbe observed independentlyof the peculiari-
ties of the energy injection mechanismor of its stochasticmodelization,as long
asthe particlecollisionswith the wall conserve horizontal momentum. It should
alsobe observed in the presenceof a small gravitational field eitherby inclining
slightly thetableor by placingthesystemverticallywith characteristicinjecteden-
ergy muchlargerthanthegravitationalpotentialenergy (m

�
Aω � 2 � mgLy). In both

possiblegeneralizations,the generaltheoreticalframework continuesto be valid,
andpreliminarynumericalsimulationsconfirmit (in preparation).

Theauthorswould like to thankP. Cordero,D Risso,andE. Tirapegui for fruitful
discussions.The simulationsoftwaredevelopedat INLN, France,hasbeenused
for thesimulationsof model(11).M.G.C.andR.S.thankthesupportof Programa
de inserción de cient́ıficos chilenosof Fundacíon Andes.M.A. and R.S. greatly
thank the supportof the FONDECYT projects30000017and 1010416, respec-
tively. FONDAP.
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