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 a b s t r a c t

The advent of high-quality optical microresonators and integrated photonic technologies
has established Kerr frequency combs as a versatile platform for both fundamental
studies and practical applications in modern photonics. These combs arise from the in-
terplay between optical nonlinearity, dispersion, coherent driving, and cavity dissipation,
leading to the emergence of a rich variety of self-organized structures and nonlinear
dynamical states. This review presents a comprehensive overview of dissipative solitons
and frequency-comb generation in passive Kerr resonators within the framework of
the Lugiato–Lefever equation and its various extensions. We show how the Lugiato–
Lefever model provides a unified theoretical description of nonlinear phenomena ranging
from modulation instability, Turing patterns, and front propagation to dissipative Kerr
solitons, multi-soliton states, and optical frequency-comb formation. Particular attention
is devoted to the fundamental mechanisms governing light confinement, nonlinear
wave localization, and soliton stabilization in driven-dissipative optical cavities. We
further examine the influence of additional physical effects that enrich the dynamics of
Kerr resonators, including polarization coupling and vector dissipative solitons, Raman
scattering and Raman–Kerr comb generation, spectral filtering, spatially inhomogeneous
pumping, and delayed optical feedback.

Beyond stationary dissipative Kerr solitons, commonly known as dissipative Kerr
solitons, passive optical resonators support a wide spectrum of dynamical behaviors,
including breathing and drifting solitons, oscillatory localized states, front-mediated
dynamics, and fully developed spatiotemporal chaos. Particular attention is devoted to
the characterization of these complex regimes through the tools of nonlinear dynamics
and dynamical systems theory. In this context, Lyapunov spectra and the Kaplan–Yorke
dimension provide powerful indicators for identifying chaotic attractors, quantifying the
dimensionality of the dynamics, and distinguishing spatiotemporal chaos from other
forms of irregular behavior. Their application reveals the coexistence of chaotic states
with dissipative Kerr solitons and homogeneous steady solutions, emphasizing the
intricate organization of the phase space of driven-dissipative optical systems. These
findings illustrate the deep connections between pattern formation, self-organization,
front propagation, symmetry breaking, and high-dimensional nonlinear dynamics in
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Kerr resonators. This review offers a unified framework for understanding the physical
mechanisms governing Kerr frequency-comb generation and control. The rapid progress
achieved in material platforms, microresonator design, and photonic integration contin-
ues to expand the accessible dynamical regimes and performance of frequency-comb
sources. As a result, Kerr comb technologies are becoming increasingly important for a
broad range of applications, including precision metrology, spectroscopy, coherent opti-
cal communications, microwave photonics, sensing, and emerging quantum information
and quantum sensing technologies.

© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, AI
training, and similar technologies.
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1. Introduction

Nonlinear photonics has emerged as a central field of modern optical science, enabling phenomena arising when 
the polarization response of a medium depends on the intensity of the electromagnetic field. Fundamental nonlinear 
interactions such as second-harmonic generation (SHG), four-wave mixing (FWM), and self-phase modulation (SPM) play 
key roles in ultrafast signal processing, frequency conversion, and coherent optical communications [1,2]. Historically, 
these effects required high-power lasers or long propagation distances in bulk materials. The advent of micro- and 
2
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Fig. 1. Stabilization of an optical frequency comb. The repetition rate and offset frequency are measured and locked to a stable reference using 
feedback control, ensuring the comb remains accurate for precision applications.

nanophotonic platforms has radically changed this paradigm: strong spatial confinement dramatically enhances nonlinear 
interactions, making them accessible with pump powers as low as milliwatts or even microwatts.

Light confinement within engineered photonic structures, such as high-Q microresonators, photonic crystal cavities, 
and dispersion-engineered waveguides, extends the interaction time between light and matter while significantly 
increasing optical intensity [3]. Whispering gallery mode (WGM) resonators and silicon-nitride integrated waveguides, 
in particular, have proven highly effective in achieving low threshold powers and enabling a wide range of nonlinear 
effects [4,5]. These platforms have created ideal conditions for exploring rich dynamical regimes, including modulation 
instability, parametric oscillation, and dissipative structures. One of the most transformative outcomes of nonlinear 
photonics and light confinement is the development of optical frequency combs, spectral arrays of evenly spaced lines 
that serve as precise rulers in the frequency domain. Frequency combs have revolutionized spectroscopy, metrology, 
optical clocks, and high-precision measurement science. Initially generated through mode-locked lasers [6,7], frequency 
combs can now be produced in chip scale microresonators via Kerr nonlinearities [8]. These Kerr frequency combs, 
or microcombs, rely on cascaded FWM in high-Q resonators pumped by a continuous-wave laser. Their compactness, 
compatibility, broad spectra, and high degree of coherence offer unique advantages for integrated photonics [9].

A key physical mechanism underlying many microcombs is the formation of dissipative Kerr solitons (DKS). When a 
CW laser pumps a microresonator exhibiting anomalous group velocity dispersion, the balance between dispersion, Kerr 
nonlinearity, pump detuning, and cavity loss supports stable circulating pulses. These temporal dissipative solitons gener-
ate smooth, coherent frequency combs with repetition rates locked to the resonators’ free spectral range. Their discovery 
marked a major step forward in the realization of stable, broadband microcombs for metrology, telecommunications, and 
spectroscopy [10]. Advances in dispersion engineering, thermal control, and hybrid integration have further improved 
bandwidth, robustness, and practical deployability [11,12]. The theoretical framework used to describe these phenomena 
is the Lugiato–Lefever equation (LLE), which models the spatiotemporal evolution of fields in driven Kerr cavities. The 
LLE has provided deep insights into dissipative solitons, chaos, modulation instability, and the transition to single soliton 
states [13]. Beyond classical predictions, the LLE also applies to quantum fluctuations and squeezing [14], a prediction 
confirmed experimentally through squeezed-light generation in Kerr microcombs [15]. These results underscore the 
relevance of confined nonlinear photonics to emerging areas of quantum information science. The performance of optical 
frequency combs depends critically on two parameters: the repetition rate (which determines the line spacing) and 
the carrier-envelope offset frequency (which determines the absolute comb position). Both must be stabilized, often 
through locking to atomic clock Refs. [16,17]. The frequency of each comb line is given by frep + fceo, and any drift 
in frep or fceo directly impacts comb accuracy. In resonator based combs, the repetition rate equals the cavity’s free 
spectral range FSR = 1/tr , where tr  is the round-trip time. Temporal dissipative Kerr solitons circulating in the cavity 
thus generate highly stable frequency combs whose spacing is tied to the resonator geometry. Temporal dissipative 
Kerr soliton based combs offer numerous advantages: intrinsic phase coherence, low timing jitter, and the potential for 
octave-spanning operation through dispersive wave emission or soliton Cherenkov radiation. These properties underpin 
a wide spectrum of applications ranging from precision metrology to coherent telecommunications and microwave 
generation [5,18–24]. Exceptional stability in optical resonators surpassing that of electronic or microwave sources, 
has enabled leaps in precision measurement capabilities [25]. The foundational importance of optical frequency combs 
was recognized by the 2005 Nobel Prize in Physics awarded to Hansch and Hall [17,26]. Among the various comb-
generation platforms, Kerr microresonators have received particular attention due to their high Q-factors, large FSRs, 
low power requirements, and compatibility with chip-scale integration [27–30]. Wideband combs, including octave [13] 
and multi-octave generation [29,31], are now feasible in highly engineered resonator geometries (see Fig.  1).
3
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The tunability of Kerr frequency combs stems from group velocity dispersion engineering via resonator shaping [32]. 
In anomalous-dispersion WGM resonators, the interplay between Kerr nonlinearity and material dispersion naturally 
yields equidistant comb lines [33]. Modern microresonators fabricated in compatible platforms can achieve quality factors 
up to 109, enabling the generation of ultrashort pulses and broadband spectra [34,35]. Their compactness, robustness, 
and low power consumption make them promising for industry implementations in optical communications, aerospace, 
spectroscopy, and precision metrology [8,36–39]. Mode-locked lasers remain an essential complementary platform for 
frequency-comb generation, producing bright and dark solitons in propagation regimes, including dissipative solitons and 
more complex bound states [7,40,41]. These systems offer high pulse energies, low noise, and broad spectral coverage, 
making them indispensable for a wide range of applications. To ensure long term stability, frequency combs require 
careful control of frep and fceo. Repetition rate stabilization is typically achieved by locking the cavity length of a laser or 
microresonator to a microwave reference derived from an atomic clock [26]. Offset-frequency stabilization is commonly 
implemented using an f −2f  interferometer, which compares doubled spectral components to measure and lock fceo [16]. 
Continuous feedback stabilization of both parameters ensures high-precision comb performance suitable for demanding 
metrological tasks [42].

At the heart of frequency comb generation lies the interplay between optical nonlinearity, dispersion, cavity dissipation, 
and external coherent driving. When light is confined within high-quality resonators, nonlinear interactions are greatly 
enhanced, giving rise to a wide range of self-organized structures and dynamical behaviors. These include modulation 
instability, Turing patterns, dissipative solitons, front propagation, oscillatory states, and spatiotemporal chaos. Under-
standing these phenomena is crucial both for controlling frequency-comb generation and for exploring fundamental 
processes of pattern formation and self-organization in driven-dissipative nonlinear systems.

A particularly successful framework for describing these phenomena is provided by the Lugiato–Lefever equation 
(LLE), originally introduced as a mean-field model of passive optical cavities. Over the past decades, the LLE has become 
the cornerstone of the theoretical description of Kerr frequency combs, enabling the understanding of a rich hierarchy 
of nonlinear states ranging from homogeneous steady solutions and periodic patterns to dissipative Kerr solitons and 
complex chaotic regimes. Its versatility has made it one of the most important models in nonlinear optics and photonics.

This review aims to provide a comprehensive and unified perspective on the interplay between light confinement, 
nonlinear optical interactions, and frequency-comb generation in passive resonators and integrated photonic systems. 
We begin by reviewing the fundamental physical mechanisms governing nonlinear optical processes and the role of 
optical confinement in enhancing light–matter interactions. We then discuss the various material platforms and resonator 
architectures that have enabled efficient frequency-comb generation, including fiber cavities, whispering-gallery-mode 
resonators, crystalline microresonators, silicon-based photonic devices, and emerging integrated photonic technologies.

Particular emphasis is placed on the theoretical description provided by the Lugiato–Lefever equation and its exten-
sions. Beyond the standard Kerr cavity model, we examine the influence of several important physical effects, including 
polarization dynamics leading to vector dissipative solitons, Raman–Kerr frequency combs, spectral filtering, spatially 
inhomogeneous pumping, and delayed-feedback control. These extensions significantly enrich the dynamical landscape 
of passive optical resonators and provide additional mechanisms for controlling the generation, stability, motion, and 
interactions of dissipative Kerr solitons.

The review further highlights recent advances in dissipative soliton physics, dispersion engineering, and hybrid 
photonic integration, which have considerably expanded the range of accessible operating regimes and applications. 
These developments have enabled the realization of highly coherent and broadband Kerr frequency combs suitable for 
applications in sensing, spectroscopy, coherent optical communications, microwave generation, optical signal processing, 
and emerging quantum photonic technologies. Beyond their technological relevance, driven nonlinear optical resonators 
constitute an exceptional laboratory for investigating fundamental concepts of nonlinear science, including bifurcation 
theory, symmetry breaking, front propagation, self-organization, and chaos. A wide variety of dynamical regimes can 
emerge from the competition between nonlinearity, dispersion, driving, and dissipation, leading to the coexistence of 
homogeneous steady states, periodic patterns, breathing solitons, drifting dissipative Kerr solitons, and highly complex 
spatiotemporal dynamics.

Finally, we address the current challenges and future perspectives in the field, including the scaling and stabilization 
of frequency-comb sources, the development of novel integrated platforms, and the exploration of increasingly complex 
nonlinear behaviors. Particular attention is devoted to the characterization of spatiotemporal chaos through modern tools 
from dynamical systems theory. Using Lyapunov spectra and the Kaplan–Yorke dimension as key diagnostic measures, we 
discuss how high-dimensional chaotic states emerge in driven optical cavities and coexist with dissipative Kerr solitons 
and homogeneous solutions. These investigations provide a deeper understanding of the fundamental mechanisms 
governing dissipative nonlinear systems and establish a unified framework linking dissipative solitons, Kerr frequency 
combs, pattern formation, and spatiotemporal chaos in modern photonic resonators.

2. Periodic and dissipative Kerr solitons

2.1. Retrospective view

The study of systems far from thermodynamic equilibrium has revealed a remarkable capacity for spontaneous 
organization, challenging the classical view that order inevitably decays over time. In contrast to equilibrium systems, 
4
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where fluctuations are damped and entropy tends to increase monotonically, non-equilibrium systems can exhibit 
persistent, highly organized structures sustained by continuous fluxes of matter and energy. These structures, termed 
dissipative structures, were first conceptualized by Ilya Prigogine in the context of irreversible thermodynamics [43,44]. 
They represent a fundamental paradigm shift, demonstrating that irreversibility can be a source of order rather than 
disorder.

Dissipative structures arise through nonlinear interactions and feedback mechanisms that amplify fluctuations beyond 
a critical threshold, leading to symmetry breaking and pattern formation. A distinctive feature of dissipative structures, in 
contrast to the structures of conservative systems such as crystalline or periodic solutions, is that they act as attractors: 
when disturbed, they have the ability to repair and rebuild themselves. This phenomenon is not confined to a single 
domain of physics; rather, it spans a wide range of disciplines, from fluid dynamics and chemical kinetics to optics, biology, 
and even ecology [45–52]. The principle underlying these structures is self-organization, whereby local interactions 
give rise to coherent macroscopic patterns without external design. Self-organization can manifest in space, producing 
stationary patterns such as convection rolls or chemical concentration waves, or in time, generating oscillatory behaviors 
and propagating fronts.

A seminal example of spatial self-organization is provided by Turing instability in reaction–diffusion systems [53]. Here, 
the interplay between diffusion and nonlinear chemical kinetics destabilizes a homogeneous state, leading to periodic 
structures with an intrinsic wavelength determined solely by dynamical parameters. Conversely, in thermal convection, 
as first reported by Bénard [54], the transition from conduction to convection in a fluid layer heated from below produces a 
regular array of convection cells whose size is dictated by the system’s geometry, an extrinsic constraint. This phenomenon 
was first explained by Rayleigh using fluid dynamics theory [55]. The first experimental confirmation of dissipative 
structures characterized by an intrinsic wavelength was provided by Castets et al. [56] and subsequently by Ouyang 
and Swinney [57] through investigations of the chlorite–iodide–malonic acid (CIMA) reaction. Decades earlier, Belousov 
had anticipated the oscillatory dynamics of chemical systems and demonstrated the capacity of concentration waves to 
propagate [58,59].

In their groundbreaking work, Luigi Lugiato and René Lefever introduced a mean-field model to describe transverse 
pattern formation in nonlinear optical cavities [60]. They developed a model—later known as the Lugiato–Lefever Equation 
(LLE), which is a damped, driven, and detuned adaptation of the well known nonlinear Schrödinger equation commonly 
used in nonlinear fiber optics. Their goal was to study how spatiotemporal patterns emerge in a dissipative, diffractive, 
and nonlinear Kerr cavity driven by a continuous laser pump. To achieve this goal, they developed a model-later known 
as the Lugiato–Lefever Equation (LLE) which is a damped, driven, and detuned adaptation of the well-known nonlinear 
Schrödinger equation commonly used in nonlinear fiber optics. Later, the LLE model has been successfully applied to 
dispersive optical ring cavities [61], left-handed materials [62], whispering gallery mode cavities [63], and integrated 
ring resonators [64,65]. The LLE model has been derived in early reports to describe the plasma driven by a radio 
frequency field [66,67] and the condensate in the presence of an applied ac field [68]. Earlier studies on transverse patterns 
focused on bistable systems illuminated by a Gaussian beam [69,70]. The originality of the Lugiato–Lefever equation 
(LLE) lies in its prediction of transverse electric field structures that appear without requiring a switching process or an 
inhomogeneous input beam. Most importantly, Lugiato and Lefever demonstrated that the symmetry breaking mechanism 
behind spontaneous transverse pattern formation is fundamentally analogous to the classical Turing instability [43,53]. A 
key feature of the self-organized structures arising from that instability is that their wavelength is intrinsic to the system’s 
dynamics. In other words, the wavelength of these dissipative structures depends solely on the system’s parameters, 
rather than on its size or boundary conditions. It has served as the fundamental framework for studying broadband 
microresonator based optical frequency combs [28], first experimentally demonstrated in [8]. Over the past 30 years, the 
LLE has evolved into a widely used model for exploring the dynamical properties of laser fields confined within nonlinear 
optical resonators.

Beyond these classical cases, recent decades have witnessed growing interest in dissipative Kerr solitons (DKS), a 
distinct class of dissipative patterns that coexist with a homogeneous background and exhibit remarkable stability under 
non-equilibrium conditions [71–75]. Dissipative structures are the dissipative counterpart of the solitons in dissipative 
systems. In other words, they are localized solutions characterized by a precise position and an attractive nature. Unlike 
extended periodic patterns, LSs are spatially confined and often arise through subcritical bifurcations, or front pinning.

2.2. Bridging the driven-damped Sine–Gordon and Lugiato–Lefever equations

An oscillator is characterized by its natural frequency. When driven at or near this frequency, it responds most strongly, 
producing large oscillations. This happens because the energy added by the external force matches the energy lost 
through damping, creating a balance. This phenomenon is called resonance, and it is efficient because the system absorbs 
energy without waste [76]. Resonance is a fundamental concept in physics and engineering that enables the control and 
manipulation of oscillators. Resonance has been studied since Galileo’s work on pendulums [77]. When an oscillator is 
subjected to a force close to its natural frequency, nonlinear effects can occur, leading to asymmetric amplitude responses, 
bistability, and even chaotic behavior at high force levels.

To establish a rigorous correspondence between the optical resonator described by the Lugiato–Lefever equation and a 
mechanical system composed of a forced and damped chain of pendula shown in Fig.  2, we adopt the continuum limit as 
5
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Fig. 2. Schematic representation of a chain of coupled pendulums by springs, where L, m, d, and K are the natural length, mass of the pendulums, 
distance between two consecutive pendulums, and the elastic constant of coupling.

the modeling framework. This approach enables the transition from a discrete array of coupled pendula to a continuous 
medium, thereby facilitating the analytical treatment of collective dynamics and wave propagation phenomena. By 
considering this limit, the mechanical system can be the following partial differential equation  [78] 

θ̈ (z, t) = −ω2
0 sin θ − µθ̇ + k∂zzθ + γ sin(ωt), (1)

Here, θ (z, t) denotes the angular displacement of a pendulum with respect to the vertical axis at spatial coordinate z
and time t . The parameter ω0 represents the natural frequency of the pendulum, while µ, k, γ , and ω correspond to the 
damping coefficient, the elastic coupling constant, the amplitude, and the frequency of the external forcing, respectively. 
For analytical convenience, the external forcing is assumed to be harmonic. When there are no outside forces or friction 
(γ = µ = 0), the system behaves like the well-known sine–Gordon model, which is completely reversible in time, like 
watching a movie forward or backward without any difference. Picture a row of pendulums connected together (Fig.  2).

If we introduce friction, the pendulums eventually stop and settle in a straight vertical position (θ (z, t) = 0), which 
becomes the only stable state. Now, if we start applying an external push, the pendulums begin to swing back and forth at 
the rhythm of that push. How big these swings get depends on how close the push’s frequency is to the pendulum’s natural 
swinging rhythm ν = ω−ω0. If the timing matches perfectly, the swings grow large, just like pushing a playground swing 
at the right moment. For example, when soldiers march across a bridge in step, their synchronized rhythm can match the 
bridge’s natural frequency, causing dangerous vibrations. That is why soldiers are ordered to break step when crossing 
bridges, to avoid resonance that could lead to collapse.

To analyze the dynamics of the driven damped sine–Gordon equation, we consider the quasi-reversible limit, which is 
essentially the time-reversal limit perturbed by small energy injection and dissipation. In this regime, the model reduces 
to a perturbed sine–Gordon equation with parameters scaled as ν ∼ µ ∼ ε and γ ∼ ε3/2, where ε ≪ 1 is a small 
parameter [79].

Using the ansatz: 

θ =
2ε
3ω0

F (x, τ )eiωt +
ε3/2

6ω0
F 3ei3ωt + c.c. + h.o.t. (2)

where F (x, τ ) is a slowly varying envelope and τ = εt , x =
√
2εω0/z.

We substitute into the original equation and collect terms by order in ε1/2. At leading order, the envelope A satisfies 
the Lugiato–Lefever equation. We substitute into the original equation and collect terms by order in ε. At leading order, 
the envelope A satisfies the Lugiato–Lefever equation. At order ε3/2, we obtain the envelope equation is given by [79,80]: 

∂τ F = −(µ̃+ iν)F − i|F |
2F −

i
k
∂2x F − γ̃ . (3)

The term µ̃ represents linear damping and accounts for energy dissipation within the system. The parameter ν denotes 
the frequency detuning and introduces a phase shift with respect to the cavity resonance. The nonlinear term i|F |

2F
corresponds to the Kerr nonlinearity, describing self-phase modulation whereby the phase of the field depends on its 
intensity. The term i∂2x  represents spatial or temporal coupling through diffraction or dispersion, respectively, and governs 
the spreading of the field envelope. Finally, the external driving term −̃γ  supplies energy to the system, compensating 
for the losses induced by damping.

The Eq.  (3) has been derived first to describe plasma driven by radio frequency under an applied AC field [66,67]. In 
the conservative AC field limit, where γ → 0 and µ̃ → 0 admit analytical solutions because, in this limit, the model is 
integrable [47,81–84].
6
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3. Theoretical description of passive optical resonators

3.1. Reduction of the Maxwell–Bloch equations to the Lugiato–Lefever equation

The Maxwell–Bloch equations describe the interaction between an electromagnetic field and a two-level atomic 
medium under semiclassical assumptions: the electric field is treated classically, while the matter is described quantum 
mechanically. In this framework, the medium is modeled as an ensemble of atoms with two discrete quantum states, 
and the field–matter interaction are simplified through standard approximations, namely the slowly varying envelope 
approximation and the mean-field approximation [85,86]. Under these approximation, the delayed Maxwell–Bloch 
equations are

∂E
∂ t̃

= γc[−(1 + i∆)E − 2CP + Ei + ia∇2E] (4)

∂P
∂ t̃

= γ⊥[−(1 + iδ + ED)] (5)

∂D
∂ t̃

= γ∥

[
1 − D −

E∗P + EP∗

2

]
(6)

where E is the cavity field with decay rate γc , Ei is the injected signal which is real and positive, P and D are the atomic 
polarization and population difference with decay rates γ∥ and γ⊥, respectively. ∆ = (ωc −ωe)/γc and δ = (ωa −ωe)/γ⊥, 
where ωc , ωa and ωe are the cavity, atomic, and external field frequencies, respectively. The cooperativity parameter is 
denoted by C . η̃ is the delay amplitude. The transverse Laplacian, which describes diffraction in the paraxial approximation, 
is given by ∇2

= ∂2x̃x̃ + ∂2ỹỹ. a is the diffraction coefficient.
The Maxwell–Bloch equations are essential for understanding and managing the interaction between light and matter 

in resonant optical systems. They have enabled the development of lasers, the study of nonlinear phenomena like solitons, 
pattern formation, and the oscillatory and chaotic behaviors of light, and have contributed to progress in quantum and 
photonic technologies [87–89].

The Maxwell–Bloch equation are formed by five real partial differential equation. In order to simplify the analysis, we 
consider the good cavity limit (γc ≪ γ⊥, γ∥), the material variables P and D are adiabatically eliminated, and the resulting 
equation is the delayed LL model 

∂t̃E = Ei − (1 + iθ )E −
2C(1 − iδ)

1 + δ2 + |E|
2 E + ia∇2E, (7)

We now turn to the regime of large atomic detuning, commonly referred to as the pure dispersion limit. In this case, it 
is appropriate to expand and approximate the nonlinear term in the Lugiato–Lefever equation Eq. (7), we get 

∂tE = Ei − (1 + i∆)E + i∇2
⊥
E + i|E|

2E, (8)

This equation is valid in the regime of relatively low optical power. In this operating range where microresonators generate 
frequency combs, the dynamics can be described either by the Lugiato–Lefever equation (LLE) [60] or by coupled-mode 
equations [33]. As we will show in the next section, the applicability of the LLE is restricted to small detuning and to 
weak linear and nonlinear contributions. Moreover, in this regime, the characteristic nonlinear length is much larger than 
the cavity length

3.2. Modeling passive optical resonators with the Ikeda map

The Nonlinear Schrödinger Equation (NLSE) is a fundamental equation in nonlinear optics and wave physics. It describes 
how the envelope of a slowly varying electric field evolves in a nonlinear medium, such as a Kerr medium, where 
the refractive index depends on the light intensity. In its simplest form for one-dimensional propagation, the NLSE 
is [86,90,91]: 

∂zE =
i
2k

(
∂2x + ∂2y

)
E −

iβ2

2
∂2t E − k′∂tE + i

kn2

n
|E|

2E. (9)

E = (x, y, t, z) is slowly varying envelope. The nonlinear refractive index is n2 = 3nχ (3)/2 with n being the linear refractive 
index, and χ (3) is the diffraction coefficient is inversely proportional to the modulus of the wavenumber in the cavity 
material, k = ω0nl/c = 2πn/λ0, where ω0 is the injected field frequency, λ0 is the vacuum wavelength, n is the linear 
refractive index, and c is the speed of light.

When a light pulse propagates through a medium, it travels at the group velocity vg , which is generally less than 
the speed of light in vacuum. If we describe the pulse using the laboratory time t , the pulse appears to move along the 
propagation axis z, making the analysis more complicated because the envelope changes position as well as shape. To 
simplify this, we switch to a moving reference frame that travels with the pulse. This is done by introducing the retarded 
time variable. The retarded time τ  is defined as: 

τ = t −
z

or equivalently τ = t − k′z, (10)

vg

7
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Fig. 3. Schematic setup of an optical cavity filled with a Kerr medium. The cavity is driven by an external field Ei . The mirrors M1 and M2 are 
identical, with reflection and transmission coefficients denoted by ρ and θ , respectively.
Source: Reproduced with permission from Ref. [91] @Copyright(2022) by Optica Publishing Group (Optica).

where k′
= ∂k/∂ω is the group velocity. The pulse center is stationary in τ . Eq.  (9) becomes: 

∂zE =
ik
2

∇
2
⊥
E −

iβ2

2
∂2τ E + iγ |E|

2E, (11)

where ∇2
⊥

= ∂xx+∂yy is the transverse Laplacian acting in the plane (x, y) perpendicular to the optical axis z. This diffraction 
term becomes important in broad-area devices, where the optical field can spread significantly in the transverse plane. 
The second-order chromatic dispersion is denoted by β2. Dispersion governs the temporal evolution of optical pulses and 
is responsible for pulse broadening or compression during propagation. The nonlinear coefficient γ = 2πn2/λ0, with n2
the Kerr nonlinear index, is associated with self-phase modulation (SPM), a nonlinear propagation effect arising from the 
Kerr effect, in which the refractive index depends on the optical intensity. Using scaling: 

(x, y) →
(x, y)
√
k
, τ →

τ
√

|β2|
, E =

(
n
kn2

)1/2

F . (12)

We obtain the dimensionless NLSE: 

∂zF =
i
2

(
∇

2
⊥

± ∂2τ
)
F + i|F |

2F . (13)

This equation governs the evolution of the electric field envelope in Kerr media, and predicts phenomena such as soliton 
formation and beam collapse.

The optical cavity is driven by a coherent plane wave, which enters through one of the mirrors. At the input mirror, the 
injected field combines coherently with the intracavity field, resulting in a superposition that governs the cavity dynamics 
(see Fig.  3). This interaction is described by the boundary condition: 

Fp+1(0, x, y, z) = ρFp(l, x, y, z) eiφ0 + θFi, (14)

where Fp+1(0, x, y, z) is the intracavity field envelope at the input after the (p + 1)th round trip. The cavity length is 
denoted by l. The reflection and transmission coefficients of the mirrors are respectively and the injected field amplitude 
is Fi. The relation Eq. (14) describes how the intracavity field evolves from one round trip to the next. The phase shift φ0
accounts for the linear phase accumulated over a single round trip.

The nonlinear Schrödinger Eq. (13), associated with the boundary conditions of the cavity Eq. (14), defines an infinite-
dimensional discrete map describing the evolution of the intracavity field from one round trip to the next. Within the 
mean-field framework, which assumes a high-finesse cavity and a large Fresnel number, this discrete mapping can be 
reduced to a single partial differential equation known as the Lugiato–Lefever equation. Depending on the physical 
context, the Lugiato–Lefever equation has been formulated in its spatial form [60], temporal form  [61], and spatiotemporal 
form [92].

In what follows, we reduce the infinite discrete map described by the nonlinear Schrödinger equation, supplemented 
by the cavity boundary conditions in Eq. (14), to a partial differential equation in which time is treated as a continuous 
variable. Because the round-trip time tr  is typically very short, the intracavity field changes only slightly from one round 
trip to another. In Kerr optical cavities, the field dynamics naturally separate into two distinct temporal scales. The fast 
8
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time, often called the retarded time, describes the temporal structure of the optical field within a single round trip and 
captures the shape of the circulating pulse. The slow time t represents the gradual evolution of the intracavity field over 
many round trips, accounting for processes such as nonlinear interactions, dispersion, and cavity losses. To perform this 
reduction, it is necessary to introduce the continuous the continuous time when converting the discrete map index p by 
a continuous time t for the modeling of the field envelope evolution at the input of the cavity z = 0. This can be realized 
by defining the continuous variable F (t, x, y, τ ) and its derivative ∂tF (t, x, y, τ )

F (t = ptr , r) = F p(z = 0, r) and (15)
tr∂tF (t = ptr , r) = F p+1(z = 0, r) − F p(z = 0, r). (16)

where the vector r = (x, y, τ ) represents the spatial coordinates (x, y) together with the fast-time coordinate τ .
When the cavity has a high finesse, its resonances are narrow, and the injected field couples efficiently to the cavity 

only when the system operates close to resonance. In the high-finesse limit, the transmission coefficient is much less than 
unity, i.e., ρ ≈ 1 − θ2/2. As a result, a non-zero intracavity field is sustained only in the vicinity of resonance, where the 
round-trip phase shift. Under these conditions, both the linear cavity detuning δ0 = 2πm−φ0, with m an integer, and the 
nonlinear phase shift l|F |

2 must be much smaller than unity. We further assume that the cavity length is much shorter 
than the characteristic dispersion and diffraction lengths of the intracavity field. Under these approximations, the cavity 
boundary condition Eq. (14) reduces to 

F p+1(0, r) = θFi +
(
1 −

θ2

2
− iφ0

)
F p(l, r) (17)

Averaging the nonlinear Schrodinger equation Eq. (13) over one cavity length, combining Eq. (17), using Eqs. (16), and 
assuming θ , δ0, l|F |

2, and l are small, yields the generalized Lugiato–Lefever equation, 

∂tF =
√
θFi − (κ + iδ0 − iγ l|F |

2)F + il
(

∇
2
⊥

+
β2

2
∂2τ

)
F . (18)

We introduce the following scaling: 

(x, y) →

√
l

2qκ
(x, y), (t, τ ) → (κt,

√
κτ ), Fi →

√
κ

γ θ l
Ei, F →

√
κ

γ l
E. (19)

Under these changes, the generalized LLE Eq. (18) becomes dimensionless [92–94]: 
∂tE = Ei − (1 + i∆)E + id(∇2

⊥
+ ∂2τ )E + i|E|

2E, (20)

where ∆ = δ0/κ denotes the cavity detuning, while d = ±1 specifies the dispersion or diffraction regime under 
consideration.

3.3. Continuous-wave solutions, bistability, and pattern-forming instabilities

The homogeneous steady-state (continuous-wave) solutions of Eq. (20) are 
E2
i = |Es|2

(
1 + (∆− |Es|2)2

)
. (21)

For ∆ <
√
3 (∆ >

√
3) the transmitted intensity as a function of the input intensity E2

i  is monostable (bistable). A second-
order critical point occurs where the output–input characteristic curve exhibits an infinite slope. The critical detuning at 
the onset of optical bistability is ∆ = ∆c =

√
3. At this critical point, the coordinates of the intracavity and injected fields 

are as follows: 

Ec =
3Eic
4

− i

√
3Eic
4

 with E2
ic = 2

√
2/3

3
4 (22)

In optical systems and nonlinear cavities, a Turing bifurcation or dissipative modulational instability marks the 
transition from a homogeneous light distribution to spatially periodic or localized intensity patterns. The homogeneous 
steady state undergoes a Turing bifurcation at: 

|Em| = 1 and E2
im = 1 + (1 −∆)2 (23)

Above the threshold for dissipative modulational instability, a finite band of Fourier modes ω becomes unstable, defined 
by ω2

−
< ω2 < ω2

+
, where 

dω2
±

= 2|Es|2 −∆±

√
|Es|2 − 1 (24)

The dependence of ω2
±
 on the intracavity field intensity is shown in Fig.  5. For |Em| < 1, all temporal modes are damped, 

and the homogeneous steady state remains stable. When |Em| > 1, a band of unstable modes emerges, indicating the 
onset of modulational instability. These unstable modes promote the growth of small perturbations, driving the intracavity 
field away from the homogeneous steady state and leading to the formation of a stationary spatially periodic pattern that 
9
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Fig. 4. The homogeneous states as a function of the injected field amplitude. (a) ∆ = 1 (b) ∆ = 1.75 (c) ∆ = 2.5. Solid lines represent stable 
solutions, dashed lines, unstable ones.
Source: Reproduced with authorization from [95].

Fig. 5. Marginal stability curves delimiting unstable domains with respect to the modulational unstability for values of the frequency detuning. (a) 
∆ = 1 (b) ∆ = 1.75 (c) ∆ = 2.5. The shaded region indicates the parameter region where the homogeneous steady states become modulationally 
unstable.
Source: Reprinted with permission from [95].

extends throughout the cavity. The homogeneous steady state becomes unstable through a modulational instability when 
ω− = ω+. The corresponding instability threshold is given by 

|Em| = 1 and E2
im = 1 + (1 −∆)2 (25)

The critical frequency in the temporal regime or the critical wavenumber in the spatial regime is 
dω2

c = 2 −∆ (26)

The outcomes of the linear stability analysis can be divided into two distinct cases:

• The anomalous dispersion or positive diffraction (i.e., d = 1), the dissipative modulational instability can arise even 
within the monostable regime ∆ <

√
3 as shown in Fig.  4(a). Under these conditions, instability occurs when 

Ei > Eim. For 
√
3 < ∆ < 2, a portion of the lower continuous-wave (CW) solution becomes unstable due to 

modulational instability (MI), specifically within the range 1 < |Es|2 < |El|2 with |El|2 = [2∆ − (∆2
− 3)1/2]/3

represents the lower turning point associated with the bistable response curve. The intermediate CW solution 
remains unstable even in the absence of chromatic dispersion, while the upper CW solution is unstable for all input 
injection values satisfying Ei > Eim. The high-intensity regime, including the upper homogeneous solutions, is always 
unstable with respect to dissipative modulational instability as shown in Fig.  4(b). For ∆ >

√
3, the lower branch 

remains completely stable, while the upper branch is always unstable with respect to pattern-forming instability as 
shown in Fig.  4(c). The marginal stability curves corresponding to the three cases are plotted in Fig.  5.

• In the case of normal dispersion or negative diffraction (i.e., d = −1), modulational instability does not affect the 
monostable regime. Conversely, within the bistable regime and for ∆ > 2, a small portion of the lower CW solutions 
becomes modulationally unstable, specifically in the range 1 < |Es|2 < |El|2. The upper homogeneous solution, 
however, remains always stable with respect to dissipative modulational instability.

3.4. Periodic patterns and dissipative Kerr solitons in passive optical cavities

In the previous subsection, we addressed the linear regime by determining the threshold for modulation instability 
(MI) as a function of the injected beam amplitude and frequency detuning, along with identifying the critical wavelength 
10
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at which this instability emerges. To extend the analysis beyond the critical point associated with MI, a weakly 
nonlinear approach offers essential insights into the development of nonlinear solution branches. This methodology, 
originally introduced in seminal works for one-, two-, and three-dimensional configurations, reveals that the bifurcation 
is supercritical for ∆ < ∆sub =

41
30 ≈ 1.36 and subcritical for ∆ > ∆sub. Since dissipative Kerr solitons arise only in 

regions where a stable homogeneous state coexists with stable patterned solutions, our focus will be on the subcritical 
regime. It is noteworthy that the distinction between supercritical and subcritical bifurcations does not coincide with 
the earlier classification into monostable and bistable regimes; LSs can occur in both cases. The investigation of LSs has 
sparked new interest recently, since a direct link between LSs of the temporal LLE and Kerr frequency combs (KCs) has 
been established; It consists of a sequence of equidistant peaks spanning over a broad frequency band. Typically frequency 
combs are generated deploying mode-locked lasers. Generating KCs in microresonators is a cost-effective alternative to 
mode-locked lasers. It is therefore of high interest to investigate the possibilities of KC generation in the LLE.

In the following, we examine the formation of LSs in the LLE. Specifically, the relevant parameter region is given 
by ∆ = ∆sub < 41/30. Thus, the threshold for LS appearance corresponds to ∆ < ∆sub. Regions where ∆ < ∆sub
can be excluded as candidates for LS generation, since in this regime the periodic solution bifurcates supercritically 
from the homogeneous state, preventing their coexistence. For this purpose, we will use the parameters chosen in the 
paper [96]. The first theoretical prediction of localized structures was realized in the monostable regime ∆ = 1.7 and 
Ei = 1.2. The bifurcation structure of LSs in this regime using the pde2path numerical continuation algorithms from the 
MATLAB package [97]. As localized states with different numbers of peaks exhibit comparable intensity, visualizing cluster 
properties is more effective when using the averaged norm will be used as a measure defined as: L1 =

∫
dξ
⏐⏐Re(E − Ē)

⏐⏐, 
where ξ  denotes any of the coordinates (x, y, τ ) and Ē denotes the mean value of the electric field averaged over the 
domain. This definition is adopted since the real part of the LS exhibits more pronounced damped tail oscillations than 
the imaginary part, enabling a clearer distinction between solution branches.

As a function of the injected field amplitude, the L1-norm exhibits two snaking branches with even and odd 
numbers of peaks, as shown in Figs.  6, 7. The origin of the snaking type of bifurcation stems from the coexistence of 
a homogeneous solution and a periodic solution; in this case, the periodic solution is generated by the modulational 
instability. The stationary solutions associated with the localized solutions is characterized by the homogeneous solutions 
being hyperbolic fixed points and the periodic solutions being unstable periodic orbits. The manifolds connecting these 
unstable solutions exhibit heteroclinic entanglement, which is responsible for the emergence of a family of localized 
solutions organized by the homoclinic snaked bifurcation diagram [98,99].

The presence of two snaking bifurcation diagrams Figs.  6, 7 results from the coexistence of two out-of-phase periodic 
solutions; this structure is known as ladders bifurcations [100]. Alternatively, this snaked bifurcation diagram can be 
understood as the result of interactions between fronts that connect a homogeneous state to a periodic one [101]. 
Experimental observation of the snaked bifurcation diagram performed in an optical system [102]. In Fig.  7, the emergence 
of a single LS (green line), which bifurcates from the first periodic branch (red line) with an odd number of peaks, 
is depicted. As L1 increases, each turning, or saddle–node point, where the slope becomes infinite corresponds to the 
emergence of an additional pair of peaks in the localized pattern. Due to finite size effects, not all wavenumbers or 
frequencies can be realized in the system. In particular, the Eckhaus instability as a secondary instability of spatially 
periodic solutions that restricts the range of wavenumbers for which these patterns are stable [103,104]. In an infinite 
domain, both the periodic branch (plotted in red) and the LS branch (green) bifurcate at the same threshold associated 
with modulational instability. The single LS then becomes stable in a saddle–node. The solution profile of the single LS 
is shown in the bottom right of Fig.  6, along with the solution profiles of all the upper branches. The single LS then 
loses stability in another saddle-node, gaining two additional peaks before stabilizing again as a three-peak solution. This 
sequence of folds continues until the peaks fill the entire domain, at which point the LS branch reconnects with the first 
stable periodic branch as shown in the homoclinic snaking Fig.  7.  Periodic and dissipative Kerr solitons characterized by 
odd and even numbers of peaks exhibit multistable behavior [96,106,107]. The existence of dissipative Kerr solitons has 
been experimentally verified in the temporal regime with a fiber-filled macroscopic resonator [108], and in the spatial 
regime using liquid crystals acting as a Kerr medium [109]. In the pinning region where the competition between a 
homogeneous state and a periodic pattern. Within this parameter interval, the fronts connecting the dissipative Kerr 
soliton to the homogeneous background are pinned, meaning they do not drift [101,106,110]. As a result, localized states 
neither expand to fill the domain nor collapse, but instead persist with a fixed spatial or temporal extent. The back 
and forth oscillatory behavior within the pinning region is shown in the bifurcation diagram of Figs.  6, 7, is known as 
homoclinic snaking (see the overviews on this topic in [98,99,111]). This phenomenon has been thoroughly studied in the 
LLE [112–114].

Finally, we again employ numerical continuation algorithms implemented in the program pde2path. Rather than using 
a single continuation parameter with all others fixed, we treat ∆ as the primary continuation parameter while allowing 
the injected field amplitude to vary freely so as to satisfy an additional condition characterizing either a saddle–node or 
an Hopf bifurcation threshold. This approach enables the tracking of both and Andronov–Hopf bifurcation threshold that 
delimit the stability of localized states in parameter space. The results are shown in Fig.  8. The blue curve indicates the 
left saddle–node, which bounds the stability of the single-LS solution, while the green curve marks the location of the 
right saddle–node. The onset of the first Andronov–Hopf bifurcation is indicated by the red curve. Together, these curves 
delineate the full parameter region in which stable single LSs exist, shown as the gray-shaded area in Fig.  8.
11
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Fig. 6. Bifurcation diagram of Eq. (20) in one dimensional setting obtained in the monostable regime with ∆ = 1.7. This diagram showing a snaking 
curves corresponding to localized patterns with odd numbers of peaks. Solid (dotted) curves indicate stable (unstable) localized solutions. A single 
DKS branch emerges from the modulational instability at Ei = Eim and, through a sequence of saddle–node points, successively gains peak pairs 
before reconnecting with the periodic branch. The red curve represents periodic structures that fill the entire domain. Thin gray lines denote the 
even dissipative branch of solutions.
Source: Reproduced with permission from Ref. [105] @Copyright(2022) by Springer.

Fig. 7. Bifurcation diagram of Eq. (20) in one dimensional setting showing a Dissipative soliton branch of solutions with an even number of peaks. 
Same parameter as in Fig.  6.
Source: Reproduced with permission from Ref. [105] @Copyright(2022) by Springer.

3.5. Homoclinic snaking and dissipative soliton interactions

The homoclinic snaking branches displayed in the bifurcation diagram correspond to families of localized bound 
dissipative Kerr solitons (DKSs) composed of two or more peaks shown in Figs.  6, 7. The existence of these multi-peak 
states is a direct consequence of the oscillatory nature of the soliton tails. In the parameter regime where the tails 
decay exponentially while exhibiting spatial oscillations, neighboring solitons can interact over finite distances through 
the overlap of their tails. This tail-mediated interaction produces an effective force whose sign alternates with the 
separation distance, leading to successive attractive and repulsive interaction regions [115,116]. As a result, a discrete 
set of equilibrium distances emerges, corresponding to stationary bound states of DKSs [115,116]. Stable equilibria allow 
the formation of robust soliton pairs, clusters, and extended localized patterns, whereas unstable equilibria delimit the 
transitions between neighboring bound configurations.

The organization of these bound states is reflected in the snaking bifurcation structure. Each turn of the snaking 
branch corresponds to the addition of one or several peaks to the localized state, while preserving the locking mechanism 
imposed by the oscillatory tails. Consequently, homoclinic snaking can be viewed as the bifurcation-theoretic signature 
12
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Fig. 8. Stable single-peak localized solution of the Lugiato–Lefever equation Eq. (27) in the plane of frequency detuning and injected field amplitude. 
The blue (green) curve marks the left (right) saddle–node point, delimiting the existence range of a localized state, as obtained from numerical 
saddle–node point continuation using pde2path. The red curve marks the Andronov–Hopf bifurcation, while the gray-shaded region indicates the 
parameter region where a single peak is stable.
Source: Reproduced with permission from Ref. [105] @Copyright(2022) by Springer.

of tail-mediated soliton interactions. The succession of saddle–node bifurcations along the snaking branch generates 
a hierarchy of localized states with increasing spatial extent and peak number. In this picture, the snaking diagram 
encodes the sequence of admissible equilibrium separations between neighboring solitons and therefore provides a global 
representation of the underlying interaction mechanism. From an analytical viewpoint, the interaction between weakly 
overlapping DKSs can be described by an effective interaction potential derived from the asymptotic expression of the 
soliton tails. The resulting potential exhibits oscillatory minima and maxima as a function of the inter-soliton distance, 
in agreement with the alternation between attractive and repulsive interactions. For exponentially damped oscillatory 
tails, the interaction potential can be expressed in terms of modified Bessel functions, yielding explicit predictions for 
the equilibrium separations and their stability properties [116]. The close correspondence between the extrema of this 
interaction potential and the turning points of the snaking branches demonstrates that bounded DKSs and homoclinic 
snaking originate from the same physical mechanism: the oscillatory tail-induced locking of dissipative Kerr structures. 
The interaction of well-separated dissipative Kerr solitons (DKSs) has been investigated in the presence of higher-order 
dispersion effects [117,118] as well as for breathing solitons [119]. More recently, interactions between dissipative solitons 
mediated by delayed feedback have also been reported [120].

A significant advance in the understanding of multipeak dissipative Kerr solitons (DKSs) was achieved through the 
investigation of the nascent optical bistability regime, where the dynamics of the system can be accurately described by 
the variational Swift–Hohenberg equation. Within this asymptotic framework, the concept of relative stability of multipeak 
localized structures can be rigorously analyzed, providing valuable insight into the organization and selection of bound 
DKS states. Unlike linear stability, which determines whether a given state can withstand small perturbations, relative 
stability enables the comparison of different coexisting localized states and identifies those that are energetically or 
dynamically preferred. The analysis revealed that, in one-dimensional systems, a special parameter value known as the 
spatial Maxwell point plays a central role in the stability hierarchy of localized structures. At this point, all multipeak 
states, regardless of the number of constituent peaks, possess the same stability properties and can therefore coexist on 
an equal footing. Moving away from the Maxwell point breaks this degeneracy: above the Maxwell point, localized states 
containing a larger number of peaks become progressively more stable than their smaller counterparts, whereas below it 
the opposite tendency is observed and states with fewer peaks are preferentially selected. This result establishes a direct 
relationship between the system parameters and the preferred size of localized structures [121].

The notion of relative stability also provides a natural interpretation of the homoclinic snaking structure observed in 
bifurcation diagrams. Along the snaking branch, localized solutions with different numbers of peaks coexist over a finite 
parameter range, and their relative stability determines which configurations are most likely to emerge in experiments 
or numerical simulations. As system parameters are varied, transitions between states with different peak numbers can 
occur, leading to the growth of localized patterns through the nucleation or annihilation of individual peaks. Consequently, 
the Maxwell point acts as an organizing center that governs the competition between localized states of different spatial 
extent and determines the direction of front propagation between homogeneous and patterned regions.

In two-dimensional systems, the situation becomes richer owing to the existence of multiple geometrical arrangements 
of peaks in the localized pattern. Rather than a single Maxwell point, one finds a family of Maxwell points [121,122]. 
The relative stability analysis is restricted to regime close to the critical point associated with bistability, where 
the spatiotemporal dynamics is described by a variational equation. The existence of a Lyapunov functional in this 
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specific regime provides a powerful perspective for understanding the formation, persistence, and selection of multipeak 
dissipative Kerr soliton (DKS) states. In particular, it explains how localized structures self-organize into stable clusters 
and why certain bound states.

In two-dimensional systems, the situation becomes considerably richer due to the existence of multiple geometrical 
arrangements of localized peaks. Instead of a single Maxwell point, one finds a set of Maxwell points associated with 
different spatial organizations, such as compact clusters [121,122]. This generalized Maxwell framework provides a 
powerful theoretical perspective for interpreting the formation, persistence, and selection of multipeak DKS states. In 
particular, it offers a unified description of how localized structures self-organize into stable clusters and explains why 
specific bound states are preferentially observed in experiments, while others remain only weakly stable or entirely 
inaccessible. Thus, the concept of relative stability complements the analysis of soliton interactions and homoclinic snaking 
by establishing a global criterion for the selection and robustness of multipeak dissipative Kerr soliton states.

3.6. Toward the formation of light bullets in optical resonators

Light bullets, also referred to as spatiotemporal solitons [123–125], belong to the class of three-dimensional dissipative 
Kerr solitons. They were initially predicted in Kerr media by accounting for the combined effects of diffraction, chromatic 
dispersion, nonlinearity, external pumping, and dissipation. The theoretical description of this problem leads to a 
three-dimensional generalization of the Lugiato–Lefever equation [92–94].

We have highlighted the existence of three-dimensional dissipative Kerr solitons, characterized by simultaneous 
confinement of light in both space and time. These structures, known as light bullets, circulate inside the optical cavity at 
the group velocity of the electric field. This work has been extended to a variety of systems involving optical frequency-
conversion processes, including optical parametric oscillators and second-harmonic generation [126–128]. In addition, 
light bullets have been predicted in wide-aperture lasers with saturable absorbers [129–131], in models governed by the 
complex cubic-quintic Ginzburg–Landau equation  [132–135], and in non mean-field descriptions of nonlinear resonators 
incorporating saturable absorbers [136,137].

In free propagation, light bullets are intrinsically unstable as a result of beam collapse. In conservative systems, they 
are nonetheless referred to as light bullets because their stabilization can be achieved through a balance between self-
focusing nonlinearity, two-dimensional diffraction, and dispersion [138]. Using a multiscale analysis, Leblond derived a 
three-dimensional model describing the propagation of short optical pulses in quadratic media [139]. The validity of this 
model, including the effects of walk-off, phase mismatch, and anisotropy, was also examined. In contrast, in dissipative 
systems such as driven nonlinear resonators, an additional balance between dissipation and external pumping enables 
the stabilization of light bullets [91,140,141]. An example of such light bullet solutions of the three-dimensional LLE An 
example of such light bullet solutions of the three-dimensional LLE are shown in Fig.  9(a–f). These structures correspond 
to stationary solutions of the three-dimensional LLE Eq. (20). They are traveling solutions that appear stationary in the 
reference frame moving at the group velocity of light within the cavity. The number and spatial arrangement of light 
bullets in the Euclidean space (x, y, τ ) are determined by the seeded initial condition.

Since the amplitudes of light bullets with different numbers of peaks are very similar, it is convenient to represent 
the dimensionless L2 norm as a function of the strength of the injected field amplitude, which provides a clear means 
of distinguishing these solutions defined as N =

∫
|E − Es|2dx dy dτ . The 3D bifurcation diagram in Fig.  9(g) indicates 

that the emergence of light bullets falls within the well-known category of homoclinic snaking bifurcations. The 3D 
bifurcation diagram in Fig.  9(g) indicates that the emergence of light bullets falls within the well known category of 
homoclinic snaking bifurcations. Fig.  9(h,i) displays the transverse cross-section of a single light bullet, revealing its 
damped, oscillatory tail, which is a characteristic feature of dissipative solitons that establishes a non zero background. 
Finally, under a radial approximation, the Laplace operator can be reduced to ∇2

⊥
+ ∂2/∂τ 2 = ∂2/∂r2 + (2/r)∂/∂r where 

r = (x2 + y2 + τ 2)1/2. The single-light-bullet solution is shown alongside the profile obtained from direct numerical 
simulations of the three-dimensional LLE Eq. (20), and the two exhibit very good agreement as shown in Fig.  9(h).

We suggest using chalcogenide glass, which is characterized by a very strong Kerr effect. Chalcogenide glasses are 
particularly attractive for nonlinear optical applications owing to their exceptionally large Kerr response. Their physical 
parameters are among the most favorable of any dielectric platform; in particular, the nonlinear refractive index coefficient 
n2 can reach values as high as n2 ≈ 2.3 × 10−17 m2/W. This results in a nonlinearity coefficient of γ ≈ 0.144 W−1 km−1

for an effective (illuminated) area of Aeff = 25× 104 µm2. The length of the cavity is l = 1000 µm and the reflectivity of 
the mirrors 1 − θ = 0.95, so that the optical losses are determined by the mirror transmission as the intrinsic material 
absorption loss can be as small as 40 dB/km. The wavelength λ0 = 4µm is chosen close to the zero dispersion wavelength. 
The choice of these physical parameters are from [142,143]. The response to an excitation by an optical injection Ei, which 
is the amplitude of the driving field incident on the cavity input mirror M1 with an intensity transmission coefficient θ , 
is Pin = |Ei|2, which is the driving power. The intracavity power is P = |E|

2. These two powers are linked through 
the homogeneous steady states Pin = P[1 + (δ − P)2]. With the above mentioned realistic physical parameters and the 
dimensionless parameters for which the light bullet exists Ei = 1.21 and δ = 1.7, the intensity of the injected field should 
be of the order of 10 MW/cm2. This is reasonable since it is well below the damage threshold of chalcogenides, which 
can be as high as 1 GW/cm2. In these settings, we expect that the spatial width in (x, y) plane will be ≈270 µm and the 
temporal width of the LB will be ≈0.08 ps for a value of β ≈ 20 ps2/km and about 1 ps for a value of β ≈ 3000 ps2/km.
2 2
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Fig. 9. Three-dimensional isosurfaces of dissipative light bullets and their clustered configurations in a Kerr resonator, displaying up to six localized 
peaks. (g) Three-dimensional bifurcation diagram for ∆ = 1.7. (h) Profile obtained with spherical symmetry approximation (red dotted curve) and 
the corresponding one-dimensional cross section (black solid curve). (i) Transverse cross-section of a single light bullet. Parameters: ∆ = 1.7, d = 1, 
and Ei = 1.21.
Source: Reproduced with permission from Ref. [140] @Copyright(2021) by the American Physical Society.

4. Front dynamics and dissipative solitons in the Lugiato–Lefever equation under inhomogeneous pumping

4.1. Dissipative soliton formation under inhomogeneous pumping

The Lugiato–Lefever equation (LLE), in its classical formulation, admits dissipative Kerr solitons over a broad parameter 
range. In this work, we extend the analysis to the case of inhomogeneous injection. Conventional LLE models assume a 
spatially uniform injected field, typically represented as a plane wave with constant amplitude in both the spatial and 
temporal domains. However, the introduction of spatial inhomogeneities warrants investigation for two key reasons. 
First, minor deviations from uniformity or misalignment of any optical element are unavoidable in experimental con-
figurations and inherently break the translational symmetry assumed in theoretical treatments. This symmetry breaking 
can significantly influence the formation, stability, and dynamics of LSs. Second, controlled inhomogeneities may offer a 
practical mechanism for tailoring system properties. Given that the injected beam is comparatively easy to manipulate, 
this approach could provide a versatile tool for influencing pattern formation and dissipative Kerr solitons in nonlinear 
optical systems. The generic dimensionless focusing mean-field LLE with inhomogeneous injection reads 

∂E
∂t

= Ein(ξ ) − (1 + i∆)E + i|E|
2E + id

∂2E
∂ξ 2

. (27)

The intracavity field envelope is represented as E = E(t, ξ ), where ∆ denotes the detuning parameter. For temporal 
dissipative Kerr solitons in a ring cavity, ξ  corresponds to the fast time in a reference frame moving at the group velocity of 
light within the cavity, while t represents the slow time, proportional to the cavity round-trip duration. In the original LLE 
formulation for spatial pattern formation, ξ  denotes the transverse spatial coordinate of the cavity, and t is the temporal 
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variable. In this context, the negative dispersion coefficient indicates that the system operates in the direct dispersion 
regime. Likewise, in the spatial domain, the negative coefficient of the second derivative indicates that the system operates 
in the negative diffraction regime. The proposed model has been formulated for a cavity filled with left-handed material, 
where negative diffraction leads to wavefronts propagating in the opposite direction compared to conventional diffraction, 
thereby reversing the typical beam spreading behavior [62]. For clarity and consistency, we designate the inhomogeneity 
in both scenarios as spatial inhomogeneity. The inhomogeneous injected beam is defined as Ein(ξ ): 

Ein(ξ ) = Ei + A exp(−ξ 2/B), (28)

where Ei is the homogeneous value of the injection, A and 
√
B correspond to the amplitude and the width of the Gaussian 

beam, respectively.

4.2. Periodic and dissipative Kerr solitons under inhomogeneous injection

Localized structures, such as temporal dissipative Kerr solitons (DKS), are fundamental building blocks in nonlinear 
optical systems. They arise from the interplay between nonlinearity, cavity feedback, and dispersive or diffractive 
effects, enabling stable, self-organized states in driven dissipative environments. Inhomogeneities, whether in the driving 
field, cavity parameters, or material properties introduce additional complexity and control opportunities. Phase or 
amplitude variations in the pump can pin LSs at specific positions, while imperfections or engineered defects act as 
trapping sites, influencing stability and dynamics. Combined with chromatic dispersion or spatial diffraction, these 
inhomogeneities govern bifurcation scenarios, excitability, and pattern formation. Understanding these mechanisms is 
crucial for applications such as Kerr frequency comb generation, optical storage, and photonic information processing, 
where precise control of LSs determines system performance.

The original Lugiato–Lefever equation (LLE) assumes a homogeneous driving field, constant in space and time as in 
previous section. This section extends the analysis to inhomogeneous injection, which is important for two reasons. 
First, small spatial inhomogeneities are unavoidable in experiments and break translational symmetry, significantly 
influencing the formation, position, and dynamics of LSs. Second, deliberately introducing controlled inhomogeneities can 
be advantageous, as the injected beam is relatively easy to manipulate. This approach provides a practical mechanism for 
tuning system properties and implementing robust control strategies for LSs in nonlinear cavities.

Although the LLE has been extensively studied for decades, the impact of inhomogeneous injection has received far less 
attention and has only recently emerged as a significant focus in nonlinear optics research. Hendry and colleagues [144] 
looked at what happens when the usual constant input in the LLE is replaced by a Gaussian-shaped input. They found 
that dissipative Kerr solitons do not always settle at the highest or lowest points of the input. Instead, they move toward 
certain preferred values. Another study by Cole et al. [145] shows that changing the input by adding a phase pattern can 
help create a single DKS more reliably. This works by preventing the system from switching between different numbers 
of LSs, which often happens in the LLE. Similarly, one can achieve localized states by considering a spatially modulated 
forcing in the modulation instability region, generating chaotic localized states [146].

Next, we explore what happens when a small inhomogeneity is added to the injected field in a regime where the system 
is just below the threshold for modulational instability. More precisely, we chose the parameter such that the nonlinear 
cavity operates in the subcritical modulational instability regime where ∆ = ∆sub >

41
30 . In addition, we restrict our 

analysis to the monostable regime where the input–output characteristic is a single-valued function, i.e., ∆ < ∆C =
√
3. 

By using numerical path continuation techniques provided by the Matlab package pde2path [97], the bifurcation diagram 
associated with dissipative solitons of the LLE with inhomogeneities Eq. (27) is constructed. The results are shown in Fig. 
10 where we plot the L1-norm as a function of the plotted against Ei for different localized state solutions. The L1-norm 
is defined as L1 =

∫
dξ |Re(E − E)|, with E is the spatial average of the electric field. The blue curve represents the odd 

branch of classical homoclinic snaking for homogeneous injection (A = 0). The homogeneous solution (L1) loses stability 
at the Turing point, where both periodic and single-peak LS solutions bifurcate subcritically. The even branch, which starts 
as a bound state of LSs, is omitted for clarity.

A quasi-homogeneous solution, characterized by Ein(0) = Ei + A, corresponds to a nearly homogeneous state with 
a slight peak at the inhomogeneity position. An example is shown in the inset of Fig.  10 as a gray line. The black line 
represents a localized state with a single peak at the same location. As the injected field amplitude increases, the quasi-
homogeneous solution (gray line) becomes unstable, and the system transitions to a stable single-peak localized state 
(black line). The left saddle–node in the bifurcation diagram shifts toward smaller injection values due to the added 
inhomogeneity, significantly enlarging the stability region for a single LS, as illustrated by the green curve. Interestingly, 
the right saddle–node remains almost unchanged, suggesting that LS formation depends on peak injection, while the 
stability limit is governed by injection at the localized states’ edges. This shift creates a parameter range where only the 
single LS is stable, eliminating multistability with other solutions. The single-peak solution stabilizes at a saddle–node 
and then adds peaks through successive saddle–nodes until the domain is filled. From an experimental perspective, this 
greatly simplifies Kerr-comb generation by making single LS states easier to achieve and reducing unwanted transitions. 
Adding additional peaks increases frequency-comb modulation, with modulation depth growing as the number of peaks 
rises, as confirmed numerically for homogeneous injection in [114]. This scenario corresponds to the blue curve in Fig.  10. 
Note that stability is lost, and the system transitions to a single-peak dissipative Kerr soliton, which then becomes stable. 
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Fig. 10. Snaking bifurcation diagram associated with dissipative Kerr solitons formation under inhomogeneous pumping. L1-norm of dissipative Kerr 
solitons as a function of the uniform intensity of the forcing Ei . Continuous and dashed curves account for stable and unstable solutions, respectively. 
The blue and green curves correspond to the dissipative Kerr soliton, with homogeneous and inhomogeneous forcing, respectively. dissipative Kerr 
soliton are centered on the inhomogeneity. The inset shows dissipative Kerr solitons, with the respective parameters indicated by the symbols x.
Source: Reproduced with permission from Ref. [147] @Copyright(2019) by the American Physical Society.

The left saddle–node in the bifurcation diagram shifts to smaller injection values due to the added inhomogeneity, greatly 
expanding the stability region for a single LS. Surprisingly, the right saddle–node remains almost unchanged, indicating 
that LS formation depends on peak injection, while stability limits relate to injection at the LS edges. This shift creates a 
parameter range where only the single LS is stable, eliminating multistability with other solutions. Experimentally, this 
simplifies Kerr-comb generation by making single LS solutions easier to target and reducing unwanted transitions.

Practically, this means that slightly inhomogeneous injection can greatly expand the stability range for single dissipa-
tive Kerr soliton (DKS). Moreover, the upper branches of the snaking diagram are barely affected, creating a parameter 
region where only single DKSs are stable, reducing multistability and simplifying experimental control. The solution 
centered on the inhomogeneity (blue line, right inset) remains stable for positive values of A, while the solutions fixed 
on either side of the inhomogeneity (green line, left inset) are stable for A < 0 as shown in Fig.  11. These two types of 
solutions exchange their stability through a transcritical bifurcation at A = 0. The centered solution persists, albeit in an 
unstable state, within a narrow range of A > 0 before undergoing a collapse. When the injected field is spatially periodic, 
interesting work shows that instabilities can generate multispot patterns, rogue waves, breathers, and stable dissipative 
Kerr solitons [148].

4.3. Formation and propagation of switching fronts in optical bistability

To provide an analytical understanding of front propagation between two stable states, we reduce our analysis to the 
onset of optical bistability. For this purpose, we introduce a small parameter that measures the distance from the critical 
point ϵ ≪ 1 and we express the cavity detuning in the form ∆ = ∆c(1+ ϵ2σ ), where σ  is a quantity of order one. Then, 
we decompose the envelope of the electric field into its real and imaginary parts: E = x1 + ix2 and we introduce a new 
space and time scales as (ξ, t)

(
ϵ2t/σ , 3

1
4 ϵξ/(|d|

√
σ )
)
.

Let (X1, X2, Yin) = (x1, x2, Ein) − (3/4,
√
3/4, 1)Ec

in with Ec
in = 2

√
2/3

3
4  be the deviations of the real, the imaginary 

cavity field and of the injected field with respect to the values of these quantities at the critical point. Our aim is to 
seek solutions of Eq. (27) in the neighborhood of the critical point associated with the optical bistability. To this end, we 
expand the cavity field and the injected field as (X1, X2, Yin) = ϵ[(u0, v0, y0)+ ϵ(u1, v1, y1)+ ϵ2(u2, v2, y2)+· · · ]. Inserting 
these expansions into the LLE model and using the above scalings, we then obtain a hierarchy of linear problems for the 
unknown functions. At the first order in ϵ, we find, Y0 = 0 and u0 = −w0. At the second, we have Y1 = 3σ/4. Finally, at 
the third order, the solvability condition yields 

∂u
∂t

= η + u − u3
+
∂2u
∂x2

, (29)

where u(x, t) =
√
3/2σu0 is a scalar field that accounts for the real part of the envelope E and η = 4y2σ/3 controls 

the relative stability between the equilibria. Note that y  is proportional to the pumping E . Hence, if the pumping is 
2 in
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Fig. 11. Magnified view of the bifurcation diagram of dissipative Kerr solitons under inhomogeneous pumping. L1-norm of dissipative Kerr solitons 
as a function of the amplitude of the Gaussian A. Continuous and dashed curves account for stable and unstable solutions, respectively. The blue 
and green curves correspond to the dissipative Kerr solitons, with homogeneous and inhomogeneous forcing, respectively. Dissipative Kerr solitons 
are centered on the inhomogeneity. The inset shows dissipative Kerr solitons, with the respective parameters indicated by the symbols x.
Source: Reproduced with permission from Ref. [147] @Copyright(2019) by the American Physical Society.

inhomogeneous, then the parameter η is also inhomogeneous. For a Gaussian pumping, we consider 

η(x) ≡ η̃ + η0e−(x/w)2 , (30)

where η0 accounts for the strength of the spatial pumping beam and w is the width of the Gaussian. For η(x) = 0, both 
states are symmetric corresponding to the Maxwell point, where a front between these states is motionless.

To perform analytical developments, we first approximate the Gaussian forcing by a parabola (first-order development 
close to the center of the optical pumping where the stress is maximum), that is 

η(x) ≈ −η̃ + η0
(
1 − (x/w)2

)
. (31)

Close to the Maxwell point [149], one can consider the following ansatz for the front solution u(x, t) = tanh[
(x − x0(t))/

√
2
]

+ W , where x0 stands for the front position. This position is promoted to a function of time to account 
for the effects of inhomogeneity and asymmetry among states. W  accounts for small corrections. To get the front dynamic, 
we introduce the above ansatz for u in Eq. (29), linearizing in W and imposing the solvability condition, we obtain 

ẋ0 =
−3

√
2

2

[
−η̃ + η0

(
1 −

(x0
w

)2
−

(
π

√
6w

)2
)]

, (32)

that leads to the following trajectory of the front 
x0(t) = ±a tanh (b(t − t0)) , (33)

with a, b and t0 are coefficients depending on η0, η̃ and w. The equilibrium position of the front x0∞ can be inferred from 
expression Eq. (33)) for large time t as 

x0∞ = ±w
√
1 − η̃/η0. (34)

This equilibrium positions could be obtained directly from Eq. (29), assuming η(x0∞) = 0 which is the condition for 
motionless front (Maxwell point). Extending this last property to the initial Gaussian forcing, we get 

x0∞ = ±w

√
ln
(
η0

η̃

)
. (35)

Numerical simulations of the extended bistable model Eq. (29), are carried out employing a parabolic spatial injection in 
order to validate the analytical predictions Eq. (31). At the initial stage, the dynamics reveal front propagation, analogous 
to the scenario observed with a plane wave. The results are shown in Fig.  12. The spatiotemporal evolution of the front, 
illustrating how its position changes over time under the influence of a parabolic forcing profile (cf. Fig.  12(a). The 
transverse intensity profile of the front at t = 4000, highlighting its shape and localization as shown in Fig.  12(b). The 
relative front position, providing insight into the dynamics of front displacement, is shown in Fig.  12(c). The Fig.  12(d) 
displays the front velocity as a function of time. In all plots, blue diamonds correspond to numerical simulation results, 
while red curves represent analytical predictions, demonstrating strong agreement between theory and computation. The 
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Fig. 12. Numerical study of front pinning with parabolic forcing of the extended bistable system Eq. (29). (a) Spatio-temporal diagram; (b) Transverse 
profile of the front at t = 4000. (c) Relative position of the front x0(t) (for x > 0); (d) Front velocity. The blue diamonds represent the numerical 
points, and the red curves represent the analytical predictions. Parameters are η0 = 0.6, η̃ = 0.3, w = 350.
Source: Reproduced with permission from Ref. [150] @Copyright(2014) by the American Physical Society.

hyperbolic tangent always allows the frontal trajectory to be reproduced. The best-fit results, based on expression Eq. (33), 
are depicted by the dashed curves.

4.4. Experimental observation of front dynamics in a Kerr cavity with negative diffraction

Experiments used a 50 µm Kerr liquid crystal layer inside a Fabry–Perot resonator with an intracavity 4f  lens 
system enabling tunable optical path length. This configuration allows continuous control of diffraction from positive 
to negative, effectively creating an equivalent left-handed Kerr material in the visible range. Numerous systems are 
known to operate in the negative diffraction regime. Through periodic modulation of the refractive index, the sign of the 
diffraction coefficient can be inverted [151], as demonstrated in atomic Bose–Einstein condensates [152] and dissipative 
nonlinear photonic crystal resonators [153–160]. Other examples of negative diffraction systems include near self-imaging 
resonators [161] and, more recently, left-handed materials [62,162,163]. Additionally, the zero-diffraction regime has also 
been explored in [164].

The experimental setup consists of two plane mirrors, M1,2, with an intracavity 4f  lens arrangement (L1 and L2, see 
Fig.  13), which images the real mirror M2 onto its virtual counterpart M ′

2. Consequently, the equivalent optical cavity was 
bounded by M1 and M2 (see Fig.  13), with an optical length ddd that could be tuned from positive to negative values 
(positive in Fig.  13). For negative optical path lengths (d < 0), a beam propagating along this path experiences negative 
diffraction. Combined with the positive Kerr index, the setup is equivalent to a Kerr cavity with positive optical distance 
but a negative Kerr index. This intracavity lens arrangement enables the realization of an equivalent left-handed Kerr 
material in the visible range and allows continuous tuning of diffraction from positive to negative.

The cavity is pumped by a single-mode, frequency-doubled Nd3+:YVO4 laser (λ0 = 532 nm), with the beam shaped 
using two cylindrical telescopes. The resulting beam dimensions (∼200×2800µm2) create a cylindrical transverse profile, 
ensuring that only one spot can form along one axis, effectively rendering the system one-dimensional. The forward-
propagating beam is monitored at the output of mirror M2. In addition to the cavity length d, two experimental control 
parameters are readily accessible: the maximum input intensity I0 of the incident laser and the cavity detuning, adjusted 
via the linear phase shift φ over one round trip.

The dynamical regimes strongly depend on the value of φ. To ensure stability, the optical cavity length is actively 
controlled using a weak probe beam orthogonally polarized to the main beam. The cavity incorporates a Kerr focusing 
nonlinearity, is adjusted to operate within the bistable regime (φ < 0), where the two states correspond to distinct 
average orientations of nematic liquid crystal molecules, and light exhibits negative diffraction (d < 0). This setup can 
switch between two stable states, each associated with different orientations of liquid-crystal molecules. The main factor 
we adjust is the amount of light entering the cavity. At low power, the light coming out of the cavity looks almost the 
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Fig. 13. Inhomogeneous Kerr cavity exhibiting negative diffraction: (a) Experimental setup; (b) Diagram of the physical cavity and its equivalent 
configuration with negative optical length.
Source: Reproduced with permission from Ref. [150] @Copyright(2014) by the American Physical Society.

same as the input beam with a Gaussian transverse shape as shown in Fig.  14(a,c). When we suddenly increase the power, 
the center of the light pattern becomes much brighter and spreads outward before stopping [see Fig.  14(a,c)]. Eventually, 
the pattern stabilizes into a localized ‘‘spot’’ of light. This localized state settles at positions about 17% of the beam width 
from the center, where the light is only slightly dimmer than at the center. This shows that two different patterns can 
exist side by side. Random fluctuations cause the boundaries to appear and move toward each other, then stop.

Fig.  15 presents the experimental and numerical time evolutions of the front position of the LLE Eq. (27). The 
results demonstrate that Eq. (33) accurately captures the front dynamics. Consequently, spatial forcing influences front 
propagation by inducing oscillatory movements and ultimately stabilizing the front at an asymptotic position, following 
a hyperbolic tangent trajectory.

4.5. Propagation fronts in passive cavities with synchronization mismatch

The system is a passive fiber ring resonator synchronously driven by a train of pump pulses. Synchronization mismatch 
(∆ ̸= 0) produces a convective term in the reduced intracavity model, effectively advecting localized perturbations (or 
switching fronts) along the fast-time coordinate. Chromatic dispersion appears as a second-order operator that spreads 
filters the field in time. In this context, convection refers to the effect of a temporal drift or mismatch between the 
circulating pulse and the pump pulse inside the cavity. Mathematically, it appears as a term proportional to ∆T∂τE in 
the governing equation, representing a first-order derivative that shifts the pulse in time. Physically, it means the pulse 
moves relative to the pump envelope, which can destabilize steady-state solutions.

Experimentally, the schematic setup employing synchronous synchronization mismatch, which increases the peak 
power over the continuous-wave-driving regime, is depicted in Fig.  16. Synchronously pumped by a mode-locked Nd:YAG 
laser delivering 180ps (FWHM) pulses at 1064 nm with an 82MHz repetition rate. Precise cavity length control was 
achieved using a mechanical fiber stretcher, enabling synchronization tuning with a resolution of ±50 fs. During bistability 
measurements, the input power was held constant while cavity detuning (∆) was varied by applying a triangular 
signal to a piezoelectric stretcher. Fig.  17 presents hysteresis loops for different synchronization mismatches. Increasing 
synchronization mismatch (convection) reduces the parameter window for bistability and may fully inhibit switching front 
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Fig. 14. Front propagation in the negative diffractive inhomogeneous Kerr cavity. (a) and (b) Transverse cross-section of the initial (final) average 
dissipative Kerr soliton shown by the dashed black (solid gray) line. (c) and (d) Spatiotemporal response to a step function of the input intensity 
from the lower to the upper branch of the bistable cycle. (e) and (f) Experimental and numerical cross-section of the localized state. The light region 
accounts for the high intensity of the light. (a), (c), and (e) Experiments with I0 = 433 W/cm2, d = −5 mm, φ = −0.6 rad, wx = 1400 µm, wy
= 100 µm, R1 = 81.8%, and R2 = 81.4%. (b) and (d) Numerical simulation of the LL model with E0 = 1.9, 3.0, α = 0.001, wx = 1400 µm, wy
= 100 µm, and ϵ = 0.4.
Source: Reproduced with permission from Ref. [150] @Copyright(2014) by the American Physical Society.

formation unless dispersion is present and sufficiently strong. Conversely, with adequate dispersion, they recover robust 
bistability and clear evidence of switching waves that mediate transitions between the two states. These observations 
match their analytical predictions based on the front dynamics described by the extended bistable model Eq. (29) 
described in Section 4.3 [165,166].

An extension mean-field model to include small synchronization mismatches and the impact on optical bistability is 
addressed. The analysis revealed that chromatic dispersion is essential for bistability, a conclusion supported by numerical 
simulations and experimental observations [165,166]. These findings were interpreted through switching-wave dynamics, 
for which a simple model in the form of the extended bistable equation. The generality of our partial differential 
equation and its reduction to a bistable model form highlight the universality of the underlying mechanisms. The 
interplay between synchronization mismatch (convection) and inhomogeneities can trigger oscillations and excitability 
of temporal solitons [167,168]. It is now well established that introducing phase or amplitude inhomogeneities into 
the cavity injected field enables dissipative Kerr solitons to be reliably pinned at specific temporal [144,145,169–174] 
or spatial positions [175–178]. Using driving fields with phase or amplitude inhomogeneities offers significant benefits 
over continuous-wave pumping for temporal Kerr dissipative solitons. These include robust soliton trapping at specific 
positions, enhanced control of soliton dynamics, and improved system performance through optimized locking ranges and 
reduced timing jitter. A passive photonic-crystal cavity driven by a spatially modulated pump exhibits bistability, modu-
lational instability, and stable Bragg localized structures within the conduction band, providing an early demonstration of 
truly stationary intraband dissipative states [179]. Pulsed or modulated driving also enables access to higher peak powers, 
facilitating broader frequency comb bandwidths and expanding soliton-based applications. Furthermore, combining phase 
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Fig. 15. Temporal evolution of the front position x0(t) corresponding to the spatiotemporal diagrams of Fig.  14. (a) Experiment and (b) numerical 
simulations of the LLE Eq. (27) using the same parameters considered in Fig.  14. Diamonds represent the location values extracted from the smoothed 
spatiotemporal diagrams. Dashed curves are the best fit using expression (5). The experimental fit parameters are a = 308 µm, b = 0.069, and t0
= 35.2 s; The numerical fit parameters are a = 306 µm, b = 0.017, and t0 = 107.7.
Source: Reproduced with permission from Ref. [150] @Copyright(2019) by the American Physical Society.

Fig. 16. Schematic setup of a passive fiber ring resonator synchronously pumped by a train of optical pulses.
Source: Reproduced with permission from Ref. [165] @Copyright(1999) by the American Physical Society.

and amplitude inhomogeneities provides additional flexibility for tailoring cavity behavior, paving the way for advanced 
control schemes and next-generation optical systems.

A another stabilization mechanism for dissipative Kerr solitons formation in passive optical cavities has been pro-
posed [180–182]. This mechanism arises from the interaction of fronts mediated by strong nonlocal coupling. Crucially, the 
character of the front interaction depends sensitively on the form of the influence function defining the nonlocal coupling. 
For weak nonlocal coupling, the asymptotic behavior of isolated front solutions exhibits either a purely exponential decay 
or damped oscillations. In the case of exponential decay, the interaction between fronts is always attractive and decreases 
exponentially with their spatial separation. As a consequence, any bound states formed through such an interaction remain 
unstable. Conversely, when the front tails display damped oscillations, the interaction alternates between attraction and 
repulsion, while its amplitude still decays exponentially with the front separation. This oscillatory nature permits the 
formation of stable bound states of fronts. This section illustrates a previously unexplored competition between convection 
and diffusion, diffraction, or dispersion-like transport processes, offering insights relevant to nonlinear optics and other 
fields of physics.
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Fig. 17. Hysteresis loops illustrating bistable behavior for (a) perfect synchronization and for synchronization mismatches of (b) 150 fs, (c) 300 fs, 
and (d) 600 fs. The mean input power is maintained at 2.8 W.
Source: Reproduced with permission from Ref. [165] @Copyright(1999) by the American Physical Society.

5. Delayed feedback control of dissipative soliton dynamics

5.1. Applications of time-delayed feedback

Optical feedback occurs when part of a laser’s output is routed through an external cavity or fiber loop and reinjected 
after a controlled propagation time. The delayed light accumulates a phase shift and interacts with the intracavity field, 
altering the gain, phase, and stability. Even a small feedback can significantly alter the dynamics of the laser, leading to 
coherence collapse, low-frequency fluctuations, self-pulses, or chaotic regimes. Beyond studies of laser stability, optical 
delay systems serve as powerful analog processors in reservoir computing, generate ultra low noise microwave signals in 
optoelectronic oscillators, and enable secure communications based on chaos (see overviews on this issue [183–189]). The 
underlying physics is captured by delay differential equations, which exhibit high-dimensional dynamics, multistability, 
and complex bifurcations [190–195]. Recent advances in integrated photonics now allow precise control of delay lines 
and feedback strength, enabling the creation of compact, tunable devices that exploit delay-induced effects for modern 
photonic applications [196,197].

Several theoretical studies have looked at dissipative solitons in semiconductor based devices that experience standard 
delayed optical feedback. These studies focus on VCSELs that can form CSs either through optical injection [198–201] or 
by using a built in saturable absorber [202–205]. Typically, optical feedback is modeled as a single round trip of light in an 
external cavity formed by the VCSEL’s output mirror and a distant mirror [206]. Following this idea, we added a feedback 
term to the mean field model that describes how a broad area cavity semiconductor evolves in space and time [207]. In 
the absence of delay feedback, experimental evidence of dissipative solitons-known as cavity solitons, has been reported 
in earlier work in two spatial dimensions [208,209], in the temporal domain [210], and in spatio-temporal [211]. A VCSEL 
with an external cavity generates temporal vectorial dissipative, solitons localized polarization pulses with constant total 
intensity [205]. These solitons coexist independently, form bound states, and behave as polarization kinks described by a 
reduced delay equation model.

5.2. The Swift–Hohenberg equation with delayed feedback

The system under investigation consists of a Fabry–Perot cavity containing two-level atoms without population 
inversion, driven by a coherent external beam. Delayed optical feedback is implemented via an external mirror placed 
at a distance L from the right facet of the Fabry–Perot resonator (Fig.  18). The corresponding delay time, τ = 2L/c , 
represents the round-trip propagation in the external cavity, where c is the speed of light. The delay feedback strength 
is controlled using an attenuator, which is denoted by η = R(1 − R2

F )/(TRF ), with R is the reflectivity of the external 
mirror, the Fabry–Perot round trip time T , and RF  denotes the facet reflectivity of the laser cavity. The feedback phase 
φ = ωeτ̃ , where ωe is the frequency of the injected signal. To model the delayed feedback, we employ the Lang–Kobayashi 
(LK, [206]) formalism, which assumes a single longitudinal mode operation and a sufficiently attenuated reflected field 
that can be represented by a single delay term. Originally, LK introduced two delay differential equations for a single-mode 
semiconductor laser subject to optical feedback. Numerical simulations have validated the LK model against experimental 
observations, including mode hopping and chaotic dynamics, for both short and long external cavities [212]. Even in 
configurations where LK assumptions are violated, such as multimode operation or ultra-short external cavities, the model 
remains a fundamental reference for extended approaches [213]. A comprehensive treatment of this topic, relying on the 
LK approximation, has been published [190].
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Fig. 18. Schematic setup of a Fabry–Perot cavity with delayed optical feedback and driven by a coherent external injected beam. The nonlinear 
medium (NLM) consists of two-level atoms. To control the feedback strength, we use an attenuator, and to compensate for the diffraction in the 
external cavity, we used two lenses.
Source: Reproduced with permission from Ref. [214] @Copyright(2009) by the American Physical Society.

We employ a Pyragas type control scheme in which the delayed feedback is proportional to the difference between the 
current system state E(x, y, t) and its delayed state E(x, y, t − τ ). More precisely, the delay feedback term is introduced 
by adding to the first Maxwell–Bloch equation (Eq. (6)) the contribution η exp(iφ)[E(x, y, t − τ ) − E(x, y, t)]. Owing to 
the specific structure of this type of control scheme, the stationary solutions Es(x, y) of the delay free system, i.e., η = 0
remain stationary solutions of the full time delayed system. This invariance arises because the feedback term identically 
vanishes when the system persists in the same stationary state over a time interval τ . As a result, the formation and 
propagation of switching fronts in optical bistability introduced in the previous section continue to represent stationary 
solutions under delayed feedback. Nevertheless, the introduction of time-delayed feedback can substantially modify the 
stability properties of these LSs.

Starting from the Maxwell–Bloch equations (Eq. (6)) supplemented with time-delay feedback, we perform a multiple 
space–time expansion in the vicinity of the critical point associated with bistability [215,216]. This procedure yields 
a reduced scalar model, which takes the form of a delayed Swift–Hohenberg equation (DSHE) incorporating delayed 
feedback [214,217]: 

∂u
∂t

= s + cu − u3
+ a1∇2u + a2∇4u + η[u(x, y, t − τ ) − u(x, y, t)] (36)

Stable stationary dissipative Kerr solitons (∂u/∂t = 0 and ∇2u = 0) correspond to homoclinic solutions of Eq. (36) . In the 
absence of delayed feedback, such localized structures exist in the subcritical regime where both the homogeneous state 
and a branch of spatially periodic solutions are linearly stable  [106,107]. However, when the delay term η[u(x, y, t − τ )−
u(x, y, t)] is introduced, the Eq. (36)  no longer possesses a gradient structure. A typical manifestation of this nonvariational 
effect is illustrated in Fig.  19. In our case, the external cavity is self imaging, meaning that diffraction between the Kerr 
medium and the feedback mirror is compensated [199].

The delayed feedback does not modify the homogeneous steady state solutions of the DSHE Eq. (36): s = us(u2
s −c). For 

c < 0 (c > 0) the transmitted intensity as a function of the input intensity Y 2 is monostable (bistable). Localized solutions 
of the Swift–Hohenberg equation are radially symmetric stationary u = u0(r), r = ( x y )T  of the SHE, i.e., it satisfies Eq. 
with η = 0 with the cylindrical approximation ∇2

= ∂2rr + (1/r)∂r , and boundary conditions are ∂ru0|r=0 = ∂rrru0|r=0 = 0, 
and limx→+∞ u0 = us. The solution of the linear problem is 

u0 = us + ℜ(A exp (iψ))K0[
√

−ζ1 + iζ2r] (37)

with ζ1 = kc and ζ2 =

√
3(3us − c − 3∆2). The Bessel function K0 describes the decaying oscillations at large distances 

from the center of a single LS. The radially symmetric LS is calculated by the shooting method which consist of integrating 
Eq. (13) with u0(r)|r=r0 = B1, ∂rru0|r=r0 = B2, and ∂ru0|r=r0 = ∂rrru0|r=r0 = 0. Then we solve Eq. (13) with ∂ru0|r=0 from 
r = r1 to r = 100 for the initial condition of Eq. (37). The parameters A, B1,2, C and ψ are determined numerically by 
matching the solution at r = r1.

Linear stability of this solution can be analyzed by substituting u = u0(r)+ δX(r)eλt+iωt into Eq. (36) and collecting the 
linear in δX terms:

LΨ =
[
λ+ iω − η(e−λτ−iωτ

− 1)
]
Ψ , with (38)

L = c − 3u2
0 + a1∇2

+ a2∇4 (39)

where the linear operator describes the stability of the solution X0. Any eigenfunction Ψµ of the operator L solves Eq. (39) 
which then leads to 

µ = λ+ iω − η(e−λτ−iωτ
− 1), (40)

Unlike the case without feedback, where the eigenvalues λ come from a polynomial, the inclusion of OF leads to a 
transcendental characteristic equation containing a delay term exp λτ , which generally prevents analytical solutions. The 
parameter µ is the eigenvalue of L corresponding to the eigenfunction Ψ  (LΨ = µΨ ). The solution will be thus stable 
µ µ µ
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Fig. 19. Moving bright dissipative localized structure under the effect of delayed feedback. s = 0.25, c = 1, a1 = −1.6, a2 = −4/3, ητ = −0.98. 
These parameter values correspond, e.g., to the reflectivity of the external mirror r = 0.03. The cavity length l = 100 µm and the external cavity 
length L > 3 cm [212]. Light amplitude maxima are plain white. The integration mesh is 96 × 96 and the time step is 0.0025.
Source: Reproduced with permission from Ref. [214] @Copyright(2009) by the American Physical Society.

for η ̸= 0 when λ(µ) < 0. Bifurcation point corresponds to λ(µ) vanishing at some µ. In the absence of delayed feedback, 
i.e., η = 0, we have µ ≤ 0.

Due to the translational symmetry operator L has two zero eigenvalues corresponding to the translational neutral (often 
called Goldstone) modes given by the two components of the vector ( Ψ01 Ψ02 )T = ∇u0: they satisfy LΨ01,02 = 0. From 
Eq. (40)) we see clearly that when the feedback strength |η| is increased, localized solution X = u0(r) of Eq.  (40) becomes 
instable at η = −1/τ  and this corresponds to µ = 0, ω = 0. At this bifurcation point, the eigenvalue λ+ iω = 0 becomes 
four-fold degenerate with the geometrical multiplicity 2. The corresponding eigenfunctions are the neutral modes Ψ01
and Ψ02. At the bifurcation point, each of these two neutral modes corresponds to a 2 × 2 Jordan block. In what follows, 
we compute analytically the velocity of a single peak dissipative Kerr solitons near the bifurcation point ητ = −1. We 
assume that near that point, the velocity v = |v| is small and the single localizes peak preserves its form during the 
motion. Let u(r, t) = u0(r − vt) = u0(ζ). Taylor expansion near v = 0 gives

u(r − vτ ) = u0 + vτu1 + (vτ )2u2/2
+ (vτ )3u3/6 + (vτ )4u4/24 + O(v5) (41)

with u0 = u0(ζ), up(ζ) = (v · ∇up−1(ζ))/v, p = 1, 2, 3, 4. multiplying both sides by u1, and integrating from −∞ to +∞, 
and using ∫

+∞

−∞

u1(a1∇2u0 + a2∇4up)dζ = 0forp = 0, 2, 4 (42)

which follows from the symmetry property up(−ζ) = (−1)pup(ζ). we obtain; 

(1 + ητ )
∫

+∞

−∞

u2
1dζ =

ηv2τ 3

6

∫
+∞

−∞

u1u3dζ + O(v5). (43)

In addition, using integration by parts, the integral 
∫

+∞

−∞
u1u3dζ in the right hand side of Eq. (43) can be replaced by 

−
∫

+∞

−∞
u2
2dζ. From Eq. (43) we see that when approaching the bifurcation point v → 0, we should have 1 + ητ = O(v2). 

Due to the rotational symmetry of the delayed Swift–Hohenberg equation, the direction of the localized peak velocity v is 
arbitrary. Therefore, the instability leading to the emergence of a moving single localized peak solution can be referred to 
as a circle pitchfork bifurcation [218]. Let us now consider a small deviation from the bifurcation point, i.e., η = −τ−1

−ϵ, 
with ϵ ≪ 1. Substituting this relation into Eq. (43) and neglecting second order terms ϵ2, we obtain 

v = ±Q

√
6ϵ
τ

(44)

The constant Q  has been evaluated numerically. For ∆ = −0.45, and ητ = −1.025 (ϵ = 0.025), we have Q ≈ 1.33. 
To compare with a direct 2D numerical simulations, we first calculate the speed given by Eq. (44) and that of the single 
2D dissipative soliton obtained by a direct numerical simulation. This is displayed in Fig.  20. We can see that near the 
bifurcation point ητ = −1 the agreement is very good, while far from this point the numerical velocity becomes smaller 
than that obtained by numerical simulations. Next, we compare the threshold associated with the motion of the dissipative 
soliton. Analytically we have ηth = −1/τ  numerically we obtain ηnum = −0.98/τ . We also see a good agreement between 
the two thresholds.

5.3. Passive optical cavities with delayed feedback

We have shown in the previous section that the delayed optical feedback strongly modifies the input–output response 
of the system, with its impact governed by the feedback strength and for a fixed phase. Delayed feedback controls 
25



M. Tlidi, M.G. Clerc and S. Boccaletti Physics Reports 1201 (2026) 1–56
Fig. 20. Velocity of a moving dissipative Kerr solitons as a function of the delayed feedback strength. The solid curve represents the analytically 
predicted velocity, while the circles denote velocities obtained from numerical simulations. The parameters used are identical to those in Fig.  19.
Source: Reproduced with permission from Ref. [214] @Copyright(2009) by the American Physical Society.

(DFC) rely on the use of the difference between the system variables at a given moment and their values at a given 
moment in the past. They have the property that the steady states of the unperturbed problem are solutions to the 
delayed feedback problem. We have used the simplest delay feedback for a single variable u, provided by the control 
force η[u(x, y, t − τ ) − u(x, y, t)], where η and τ  represent the feedback strength and the time delay, respectively. 
Previous analytical and numerical investigations of the two-dimensional Swift–Hohenberg equation have shown that 
stable dissipative Kerr solitons can acquire mobility when the condition ητ < −1 is satisfied [214,217]. Indeed, this 
instability corresponds to a spontaneous breakdown of spatial symmetry in a non-variational system. The primary aim of 
this article is to demonstrate that the transition occurring at ητ = −1 corresponds to a bifurcation.

In what follows we investigate the effect of the delayed phase φ also controls the width of the modulation instability 
domain, which can be tuned by small adjustments of the external cavity length on the order of one wavelength. Moreover, 
delay optical feedback may induce a traveling wave instability, characterized by a pair of complex conjugate eigenvalues 
with zero real part at a finite wavenumber or frequency. For this purpose we consider the simplest feedback control 
η exp(iφ)E(x, y, t − τ ). We incorporate optical feedback into the LLE model Eq. (8) by introducing a self-imaging external 
cavity together with a single round trip delay term [219] 

∂E
∂t

= i∇2
⊥
E − (1 + iθ )E + i|E|

2E + Ei + ηeiφE(t − τ ). (45)

The inclusion of delayed optical control may also induce a drift bifurcation of the LS, similar to that reported in the case of 
Swift–Hohenberg equation [214] and the semiconductor based resonators [199,200]. Such a feedback induced LS drift is 
illustrated in Fig.  21 for the case of θ = 2, Ei = 1.3, and delay feedback with a fixed phase φ = π and different strengths 
η = 0.11, 0.12, and 0.15. The CS is launched at t = 0 and starts moving after a certain delay, which decreases as the 
feedback strength is increased, see also [199]. Furthermore, the CS moves faster as η is increased. In order to estimate 
the threshold of the CS drift bifurcation we proceed in a similar way as in [200,201]. Slightly above this threshold, we 
consider a CS moving uniformly with a small velocity v = |v| and expand the electric field amplitude in power series 
of v around E = E0(r). E0 is the stationary dissipative Kerr soliton, ξ = r − v e t , r = (x, y), and e is the unit vector in 
the direction of the soliton motion. Substituting this expansion into Eq. (45) and collecting the first order terms in small 
parameter v we obtain 

L
(

ReE1
ImE1

)
=

(
Re[w01(1 + ητeiϕ)]
Im[w01(1 + ητeiφ)]

)
(46)

with w01 = e · ∇E0. The linear operator L is given by

L =

(
1 + 2A0B0 ∇

2
eff + 2B2

0
−∇

2
eff − 2A2

0 1 − 2A0B0

)
,

where A0 = ReE0, B0 = ImE0 and ∇2
eff = ∇

2
− θ + |E0|2. By applying the solvability condition to the right-hand side of 

Eq. (46), we obtain the drift instability threshold 

ητ = −
X1 + Y2

cosφ(X1 + Y2) + sinφ(Y1 − X2)
(47)

with X1,2 = ⟨ψ
†
1,2,∇ReE0⟩ and Y1,2 = ⟨ψ

†
1,2,∇ImE0⟩. Here, the eigenfunction ψ†

=

(
ψ

†
1 , ψ

†
2

)T
 is the solution of the 

homogeneous adjoint problem L†ψ†
= 0 and the scalar product ⟨, ⟩ is defined as ⟨U, V ⟩ =

∫
+∞ UV dr. For a feedback 

−∞

26



M. Tlidi, M.G. Clerc and S. Boccaletti Physics Reports 1201 (2026) 1–56
Fig. 21. Moving dissipative Kerr soliton as a function of the delayed feedback strength. The color bar is such that the maximum and minimum are 
associated with yellow and light blue, respectively.
Source: Reproduced with permission from Ref. [219] @Copyright(2016) by the American Physical Society.

Fig. 22. Moving dissipative Kerr soliton as a function of the delayed feedback strength.
Source: Reprinted with permission from [219]. Reproduced with permission from 
Ref. [219] @Copyright(2016) by the American Physical Society.

phase of φ = π , we recover from (47) the threshold condition obtained earlier for the drift instability of dissipative 
solitons in the Swift–Hohenberg equation with delayed feedback, η0τ = 1 [214]. In Fig.  22 we plot the threshold values 
of the product of the feedback strength and delay time η0τ  at onset of CS drift instability as a function of feedback phase 
φ. As previously observed for the VCSEL model in  [200,201] the drift instability is only possible in certain windows of 
the feedback phase.

For relatively low input intensities, it has been demonstrated that the introduction of time delay feedback can give 
rise to markedly more complex dynamical behavior, including spatio-temporal chaos and the emergence of rogue wave 
like extreme events. Such phenomena have been reported both in the generic Lugiato–Lefever model [220,221] and in 
broad area semiconductor laser systems  [91,220,222].
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6. Polarization dynamics of vector dissipative solitons

6.1. Polarization dynamics in the coupled Lugiato–Lefever equation

The dynamics of dissipative structures in Kerr resonators is generally described by the Lugiato–Lefever (LLE) mean-field 
model. In this section, the model is extended to include polarization degrees of freedom, leading to a generalized vector 
LLE. This framework enables the study of vector dissipative Kerr solitons with distinct polarization states and intensities in 
macro- and microresonators. Stokes parameters are introduced to characterize their polarization properties. We analyze 
two types of dynamical regimes, corresponding to the anomalous dispersion case and the normal dispersion case.

In free propagation, that is, in the absence of an optical resonator, it has been shown that additional forms of 
modulational instability may arise. These instabilities can lead to a variety of symmetry breaking phenomena and give 
rise to a broad range of vectorial nonlinear structures, including domain wall vector solitons, rotating bound states of 
vector solitons [223], dark-bright vector solitons [224], and vector flat-top solitons  [225].

In the anomalous dispersion regime, following reference  [2], bright LS resulting from the formation of modulational 
instability patterns are examined. The added degrees of polarization freedom allow the coexistence of several distinct 
solutions in the same cavity. In the normal dispersion regime, based on references  [226,227], dark LS created by front 
locking mechanisms are studied in conditions far from modulation instability. At higher mismatches, polarization effects 
induce tristability among continuous wave solutions, resulting in strong multistability of dissipative Kerr solitons with 
distinct polarization states. In all cases, intracavity LS exhibits elliptical polarization, even though the cavity is driven by 
a linearly polarized field.

This analysis applies equally to large fiber cavities and small scale resonators, as long as they contain a birefringent 
medium whose slow and fast axes are aligned with the x and y directions. The model explicitly includes polarization ef-
fects, while neglecting diffraction so that the system’s behavior is driven only by the interaction between Kerr nonlinearity 
and chromatic dispersion along the longitudinal direction. Brillouin and Raman scattering are not considered. Significant 
attention has been devoted to understanding the polarization behavior of bright dissipative soliton frequency combs, 
with advances achieved through both theoretical work  [228–231] and experimental studies  [232,233]. Vector dissipative 
solitons are commonly divided into two main categories: polarization locked vector solitons and group velocity locked 
vector solitons. The polarization locked type was first predicted theoretically in [234] and later observed experimentally 
in [224], mainly in dispersion managed fiber laser resonators. Beyond these well known classes, other forms also exist 
such as polarization precessing vector solitons, which have been demonstrated in spatial domain experiments  [235,236].

This system is described by propagation equations consisting of two coupled nonlinear Schrödinger equations sup-
plemented with the appropriate boundary conditions. The mathematical formulation leads to infinite dimensional maps, 
which can be reduced to a set of coupled Lugiato–Lefever equations by applying the mean-field approximation both in 
macroscopic resonators  [237] and in microresonators  [238]. The resulting dimensionless coupled LLE model is given 
by [228]

∂tEx,y = Eix,iy + i
(
|Ex,y|2 + b|Ey,x|2

)
Ex,y (48)

−
(
1 + iθx,y ∓∆β1∂τ − iβ2∂ττ

)
Ex,y,

where The Ex and Ey denote the slowly varying envelopes of the intracavity field associated with the two orthogonal 
polarization components. In what follows, we consider a linearly polarized injected field with identical amplitudes in both 
polarization directions, such that Eix = Eiy = Ei. The parameter b represents the cross phase modulation (XPM) coefficient 
coupling the two components, while θx and θy denote their respective frequency detunings. The term ∆β1 accounts for 
the group velocity mismatch arising from first-order dispersion, whereas the second-order dispersion coefficient β2 is 
assumed to be identical for both polarizations. In this study, we focus on a macroscopic fiber ring resonator, which permits 
adopting the standard value b = 2/3 for silica fibers  [1] and enables the group velocity mismatch to be neglected by 
setting b = 2/3 [1], in line with earlier experimental and theoretical work  [233,239,240]. Since b < 1, the cavity operates 
outside the regime in which polarization domain walls may form [232]. Other vector solitons have been demonstrated 
theoretically and experimentally that dissipative Faraday instability can be realized in a Raman fiber laser, leading to high 
repetition rate pulse trains and establishing a new dissipative mechanism for mode-locking  [241,242].

Recent work has experimentally demonstrated that Kerr dissipative solitons in a polarization symmetric optical ring 
resonator can undergo spontaneous symmetry breaking, giving rise to coexisting vectorial solitons with asymmetric po-
larization states [243]. The authors further showed that controlled perturbations enable deterministic switching between 
these symmetry breaking dissipative soliton states, providing new insight into multimode nonlinear resonators [243]. 
Other vector resonance multimode solitons and instabilities have been reported in  [244].

The continuous wave (CW) solutions of the coupled LLE (48) satisfy: 

Iix,iy =

[
1 +

(
θx,y − Ix,y − bIy,x

)2] Ix,y, (49)

The quantities Iix,iy = E2
ix,iy  and Ix,y = |Ex,y|2 denote, respectively, the injected intensities and the intracavity intensities 

associated with the two polarization components. The steady state solutions of Eqs. (49) can exhibit a rich multistable 
structure: depending on the system parameters, the response curve may display the familiar bistable S-shaped form 
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Fig. 23. Equilibria diagram in parameter space and stability of the homogeneous steady states. (a) Anomalous dispersion regime: β2 = 1 > 0
with a fixed detuning θy = 5. (b) Normal dispersion regime: β2 = −1 < 0 with fixed θy = 4.3. Each panel displays the stability domains of the 
homogeneous steady state solutions in the (EI , θx) parameter plane. Color-coded regions indicate the number and nature of the coexisting steady 
states, distinguishing stable homogeneous branches from modulationally unstable ones. The diagrams provide a global overview of how dispersion, 
detuning, and polarization coupling shape the monostable, bistable, and tristable regimes accessible to the cavity. The black region denotes parameter 
values for which the system supports a single stable homogeneous steady state (HSS). In contrast, the blue (dark-gray) region identifies a domain 
where the HSS is modulationally unstable (MI-unstable). The green (light-gray) area corresponds to a regime in which a stable homogeneous branch 
coexists with an MI-unstable branch. The red (gray) region marks the coexistence of two distinct MI-unstable states. Finally, the white region 
delineates parameter values where one stable homogeneous solution coexists with two separate MI-unstable branches. Taken together, this stability 
map provides a global view of the dynamical behavior supported by the cavity, revealing extensive domains of bistability and multistability arising 
from the interplay between polarization dynamics, detuning, and external driving.
Source: Reproduced with permission from Ref. [226] @Copyright(2021) by the American Physical Society (APS).

known from the scalar Lugiato–Lefever model, or it may even develop a tri-stable behavior arising from the interplay 
of birefringence, cross phase modulation, dissipation and detuning. As in the scalar case, these homogeneous steady 
states may lose stability through modulational instability (MI), thereby providing access to the formation of patterned 
or localized structures. To characterize these regimes, a linear stability analysis of the continuous wave (CW) solutions is 
performed by perturbing the steady state with fluctuations of the form exp (iωτ + λt), where ω is the temporal frequency 
of the perturbation and λ the associated growth rate. This procedure enables identification of the parameter regions in 
which the homogeneous state becomes unstable with respect to finite frequency perturbations.

A global summary of the results of this stability analysis is presented in the (EI , θx) parameter plane shown in Fig.  23. 
These diagrams delineate the various dynamical regimes supported by the cavity and highlight the boundaries between 
stable homogeneous operation, MI-induced instabilities, and regions of coexistence where multiple steady or unstable 
branches overlap. In the analysis that follows, we distinguish between two fundamental operating regimes determined 
by the sign of the group velocity dispersion: the anomalous dispersion regime, illustrated in Fig.  23(a), and the normal-(or 
direct-) dispersion regime, shown in Fig.  23(b) (see Fig.  23).

The parameter plane can be partitioned into several distinct dynamical regions, each characterized by the number and 
stability of the homogeneous steady states supported by the system: Region I corresponds to monostability, where only 
a single stable homogeneous steady state exists. Region II corresponds to bistability between two stable steady states, 
indicating the coexistence of two physically accessible homogeneous branches. Region III denotes bistability between one 
stable steady state and one modulationally unstable state. In this regime, the system supports a stable homogeneous 
solution alongside a second branch that is unstable to finite frequency perturbations. Region IV corresponds to tristability 
between three stable homogeneous states. This regime reflects a highly multivalued response of the cavity, arising from 
the combined effects of birefringence and nonlinear cross coupling. Region V represents tristability between two stable 
states and one modulationally unstable state, indicating partial multistability involving both stable and MI-unstable 
branches. RegionVI characterizes tristability between one stable state and two modulationally unstable states. In this 
case, the system supports a single stable homogeneous branch coexisting with two distinct MI-unstable branches.

We briefly recall the fundamental concepts required to describe the polarization of light, following the classical 
framework presented in [245]. From a classical standpoint, an optical field propagates as a transverse electromagnetic 
wave composed of mutually orthogonal electric and magnetic field components, both lying in the plane perpendicular 
to the propagation direction. A defining property of such transverse waves is their polarization, which characterizes the 
temporal evolution of the electric field vector in this transverse plane. When the orientation of the electric-field vector 
varies randomly in time, with no persistent directional preference, the field is said to be unpolarized. In this situation, 
successive orientations of the electric field are uncorrelated and no dominant polarization state emerges. By contrast, 
polarization plays a central role in nonlinear optics and laser physics, where laser sources typically generate quasi-
monochromatic fields that are at least partially polarized. To quantitatively characterize polarization, one may consider 
the transverse components of the electric field, and derive several useful quantities. Among these, the most widely used 
are the Stokes parameters, where defined as a set of four real quantities that provide a complete and experimentally 
accessible description of the polarization state of an electromagnetic field: S0 = |Ex|2 + |Ey|2 is the total intensity. 
S = |E |

2
−|E |

2 and S = |E⋆E + E E⋆| quantify the relative fluxes of linearly polarized light. Specifically, S  measures the 
1 x y 2 x y x y 1
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Fig. 24. Numerical simulation of Eq.  (49) after 500 time units, represented in terms of the Stokes parameters of the output field. In the upper-left 
panel (S0), both the dissipative Kerr soliton and the homogeneous background are annotated with their corresponding polarization ellipses. Parameters 
are : Ei = 2.54, θx = 2.75, β2 = 1, θy = 4.3, and Ψ = π/4.
Source: Reproduced with permission from Ref. [228] @Copyright(2017) by the American Physical Society (APS).

intensity difference between horizontal and vertical linear polarizations, while S2 corresponds to the intensity difference 
between light polarized at 45◦ (Pπ/4) and 135◦ (P3π/4) with respect to the x-axis. The circular polarization component 
is characterized by the parameter S3, whose sign indicates the handedness of the polarization: S3 > 0 corresponds to 
right-handed circular polarization, whereas S3 < 0 denotes left-handed circular polarization.

6.2. Coexisting vector dissipative soliton families with different polarization states and peak powers

Polarization instabilities in isotropic, optically injected nonlinear cavities were examined in detail [246]. For linearly 
polarized injection, those authors demonstrated the occurrence of a pitchfork bifurcation leading to the emergence of two 
circularly polarized steady states of opposite handedness. They also identified MI regions in both normal and anomalous 
dispersion regimes. In contrast to that ideal isotropic scenario, the present system exhibits weak birefringence, which 
fundamentally modifies the structure of the polarization attractors. Instead of circular polarization branches, the cavity 
supports multiple steady states with distinct ellipticities, thus giving rise to polarization multistability. This behavior is 
illustrated in Fig.  24 and represents a key qualitative difference from the isotropic case. Spatial propagation is computed 
using a second-order finite-difference scheme, while time integration is performed with a fourth order Runge–Kutta 
method. Because the model is formulated in dimensionless variables, all axes in the figures are displayed without physical 
units. The distinct polarization states of the two dissipative solitons denoted respectively A and B become apparent 
upon inspection of their Stokes parameters. At its peak intensity, dissipative soliton  A exhibits a negative S1 together 
with a positive S2, while soliton  B shows the opposite behavior, with a positive S1 and a negative S2. Both solitons 
display a strongly negative S3, with slightly differing magnitudes, indicating a dominant right-handed circular polarization 
component [228]. These clear differences in their polarization properties distinguish the present vector solitons from 
those reported in [247]. In that work, the observed tristability arises from a multivalued stationary state in the form 
of so called super cavity soliton solutions of the scalar Ikeda map [247]. However, such dynamics cannot occur in the 
scalar Lugiato–Lefever model, as it does not incorporate polarization degrees of freedom. To construct the bifurcation 
diagram associated with both types of dissipative solitons, we evaluate N0 =

∫
tr
(|E|

2
− |E0|2)dτ  and plot this quantity 

as a function of the driving field amplitude Ei, where |E0|2, denotes the continuous wave (CW) intensity solutions of Eq. 
(49). The results is shown in Fig.  25. The two types of LSs coexist only within a finite parameter interval between Ei1
and Ei2. Their profiles types A and B are shown in Eq.  (49)(a,b). In the weakly birefringent configuration considered here, 
polarization multistability plays a crucial role in enabling the coexistence of multiple families of polarization vector locked 
solitons, each associated with a distinct elliptical polarization state. As we demonstrate below, such coexistence is directly 
rooted in the multibranch structure of the homogeneous steady state manifold. Related forms of multistability, arising 
from the coexistence of unstable modes associated with different transverse profiles, have been reported in whispering 
gallery mode resonators in the form of mixed-mode MI [248]. These results underscore the generality of multibranch and 
multimode instability mechanisms across a broad class of nonlinear optical resonators.
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Fig. 25. Bifurcation diagram showing the evolution of the quantity N0 as the system transitions from the homogeneous background state to a type-A 
dissipative Kerr soliton, passing through an intermediate type-B structure. Dashed lines represent unstable solutions, while solid lines represent stable 
ones. Numerical simulations are carried out using the same parameter set as in Fig.  24.
Source: Reproduced with permission from Ref. [228] @Copyright(2017) by the American Physical Society (APS).

6.3. Vector soliton families and domain walls

In this subsection, we investigate the normal dispersion regime by imposing β2 = −1. The analysis is conducted within 
the bistable and tristable parameter regions, sufficiently far from any symmetry-breaking or modulational instabilities. In 
this parameter range, the system dynamics is primarily governed by the front connections linking the two or more CW’s 
stable solutions.

Front interactions are determined by the nature of their tails. When the tails decay exponentially without oscillations, 
the interaction is purely attractive and decreases exponentially with the separation between fronts. In contrast, when 
the tails exhibit damped oscillations, the interaction alternates between attraction and repulsion, with an amplitude that 
also decays exponentially with distance. The profiles of the vectorial fronts shown in the insets of the τ − t map of Fig. 
26 clearly reveal the presence of damped oscillatory tails on the lower CW state. Consequently, the interaction between 
fronts oscillates in sign and can lead to front locking, providing a mechanism for the stabilization of dissipative Kerr 
solitons [101,249–252]. Conversely, in the absence of oscillatory tails, only monotonic attraction occurs, preventing the 
formation of stable dissipative solitons. Thus, the stability properties are entirely dictated by the tail structure: two well 
separated vectorial fronts propagating in the cavity inevitably interact shown Fig.  26(a), as illustrated by the temporal 
evolution of the total intensity in the τ−t map of Fig.  26. Depending on the initial conditions, two distinct dark dissipative 
Kerr solitons can be generated, as illustrated in Fig.  26(b) and (c). The simplest solution, featuring a single intensity dip 
in the total field [see Fig.  26(b)]. In contrast, the vector dissipative shown in Fig.  26(b) exhibits a more complex profile, 
characterized by a small bump at the bottom of the dip. These two types of solutions can therefore coexist for the same 
parameter values [226]. We now turn to the tristable regime. The bifurcation diagram associated with these dark LSs 
corresponding to the configuration with two distinct hysteresis loops between the homogeneous steady states CW1, CW2, 
and CW3 shown in Fig.  27(a). The magnified views highlight two families of heteroclinic connections: one linking CW1 to 
CW2 (blue curve in Fig.  27(b)), and the other linking CW2 to CW3 (yellow curve in Fig.  27(c)). In this diagrams we plot the 
normalized L2-norm = N =

∫
S0/L dτ  with L the size of the system. This scenario corresponds to a collapsed heteroclinic 

snaking structure, a well-documented feature in far from equilibrium pattern forming systems [249,253,254]. In both 
cases, the branches of vectorial dissipative solitons exhibit oscillations of exponentially decreasing amplitude around the 
corresponding Maxwell point, ultimately terminating as they collapse onto it. In the scalar case, i.e., neglecting polarization 
effects, their collapse bifurcation diagram has been reported [252,255].
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Fig. 26. Vectorial dark dissipative soliton resulting from fronts interaction. (a,b) Profiles of the two coexisting stable vectorial dark dissipative solitons, 
each exhibiting a different width, corresponding to the cross sections taken along the dashed lines indicated in the τ − t map. Numerical simulations 
of Eq.  (49) are obtained for the parameters Ei = 1.4675, θx = 1.9, and θy = 1.95.
Source: Reproduced with permission from Ref. [226] @Copyright(2021) by Optica Publishing Group (Optica).

Fig. 27. Vectorial dark dissipative soliton resulting from fronts interaction. (a) Bifurcation diagram showing N as a function of the injected field 
intensity. (b,c) the magnified views highlight two families of heteroclinic connections shown in (a). Stable states are represented by solid lines, while 
unstable states are shown with dashed lines. Parameters are θx = 2.7 and θy = 5.
Source: Reproduced with permission from Ref. [227] @Copyright(2021) by the American Physical Society (APS).

The profiles of the Stokes parameters associated with points (a, b, c) and (a′, b′, c ′) indicated in Fig.  27(b,c) are shown 
in Fig.  28. Each turning point along the collapsed snaking branches marks a stability change, and each newly stabilized 
dissipative Kerr soliton acquires an additional bump at its edge, as illustrated by profiles (a, b, c) and (a′, b′, c ′). Once the 
branch collapses onto the Maxwell point, the oscillatory behavior of the snaking structure disappears, and the internal 
shape of the solutions no longer evolves; only the width of the localized states continues to increase along the branch. 
This widening, clearly visible in the dissipative Kerr soliton profiles, reflects the progressive invasion of the system by the 
lower homogeneous state. At the end of the branch, the solution reconnects with the lower stable homogeneous steady 
states, corresponding to the complete invasion of the domain by the lower state. The bifurcation diagram corresponding 
to the tristable configuration with two overlapping hysteresis loops, shown in Fig.  29. In this regime, two distinct types 
of fronts may coexist for the same set of system parameters: those connecting CW3 to CW3, and those connecting CW2
to CW1. Consequently, the associated families of dark localized structures can also coexist. As in previous cases, each 
family forms a collapsed snaking bifurcation curve: the branch associated with the CW3 → CW2 connection is shown in 
light orange, while the branch associated with the CW2 → CW1 connection appears in blue. Unlike the previous tristable 
CW solutions, however, these two collapse snaking curves overlap over a finite interval of the injected field intensity, 
denoted by region C . The system can also sustain two distinct types of dissipative Kerr solitons, each characterized by 
its own collapsed snaking bifurcation. As before, these two families of LSs differ markedly in their peak intensities and 
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Fig. 28. Vectorial dark dissipative soliton resulting from fronts interaction. Profiles of the Stokes parameters as functions of the fast time τ for the 
stable LS solutions indicated in Fig.  27(b,c).  Same parameters as in Fig.  27(b,c), and for the injected field amplitude (a) 2.2917 (b) 2.2922 (c) 2.2926 
(a′) 2.9394 (b′) 2.9406 (c ′) 2.9406.
Source: Reproduced with permission from Ref. [227] @Copyright(2021) by the American Physical Society (APS).

Fig. 29. Tristable heteroclinic snaking bifurcation diagram. Left panel: Bifurcation diagram showing the L2-norm as a function of the injected field 
intensity Ei . Stable and unstable steady states are indicated by solid and dashed lines, respectively. The parameters are θx = 6.5 and θy = 4.5. Right 
panel: Enlarged view of the collapsed snaking branches associated with each bistability, highlighting the coexistence region C where the two families 
of solutions overlap.
Source: Reproduced with permission from Ref. [227] @Copyright(2021) by the American Physical Society (APS).

polarization properties. For appropriate values of the detuning parameters, the two collapse snaking branches of solutions 
exhibit an overlapping stability region, implying that both types of LSs may exist for the same set of system parameters, 
although not simultaneously within a single physical realization, since each LS type requires a different homogeneous 
background state [226].

These results provide new insights into the diversity and complexity of dissipative structures in driven resonators when 
polarization degrees of freedom are taken into account. More recently, vectorial solitons in Kerr Fabry-Pérot resonators 
with normal dispersion exhibit rich polarization dynamics enabled by nonlocal coupling [256]. This includes polarization 
symmetry breaking, self-organized dark soliton crystals, and the formation of stationary and dynamical vectorial dark-
bright solitons. To achieve a more complete description, it is necessary to consider the influence of the group-velocity 
mismatch between the two polarization components. Although this effect was neglected in the present analysis, it can 
strongly modify the dynamics by inducing a drift of the LSs through the breaking of the τ → −τ  reflection symmetry.

7. Spectral filtering effects on Kerr frequency combs

7.1. Spectral filtering in nonlinear Kerr resonators

We investigate the formation and dynamics of dissipative soliton Kerr frequency combs in the presence of temporal 
spectral filtering. The system under consideration is an optical resonator filled with a Kerr nonlinear medium and 
coherently driven by an external continuous wave field. In addition to the usual dispersion-nonlinearity balance, the 
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Fig. 30. Schematic representation of a driven ring resonator filled with Kerr media, equipped with a filter and excited by a coherent input field. BS 
denotes a beam splitter, and the arrows indicate the direction of light propagation.
Source: Reproduced with permission from Ref. [257] @Copyright(2025) by the American Physical Society (APS).

cavity incorporates a temporal filter acting on the intracavity field spectrum (see Fig.  30), thereby introducing a controlled 
frequency dependent loss mechanism. Starting from the infinite dimensional Ikeda map that describes the discrete 
round-trip evolution of the intracavity field, we derive an effective mean-field description that takes the form of a Lugiato–
Lefever equation (LLE) modified to include spectral filtering effects. To further reduce the complexity of this generalized 
LLE, we employ a global perturbative approach based on multiple scale analysis. This asymptotic method enables the 
systematic elimination of higher-order contributions such as third-order dispersion and nonlinear convection terms under 
the assumption of smooth temporal variations and intensity based intracavity evolution. Within this regime of validity, 
the filtering operator not only modifies or renormalizes the coefficient of the second-order temporal derivative but also 
introduces a first-order derivative term with a purely imaginary coefficient, iα1∂τ , with α1 is real. This term represents a 
dissipative spectral shift mechanism imposed by the filter and plays a central role in soliton drift and spectral asymmetry. 
In the second part of the study, we analyze moving dissipative solitons emerging in the filtered Kerr cavity. These localized 
states possess broadband spectral signatures corresponding to frequency combs and exhibit nontrivial velocity dynamics 
induced by the interplay between dispersion, Kerr nonlinearity, and thereby inducing symmetry breaking.

7.2. Lugiato–Lefever model with spectral filtering

In the absence of diffraction, the nonlinear Schrödinger equation (Eq. (13)) describes light propagation along the optical 
fiber. Let us rewrite this equation as follows: 

∂F
∂z

= ı̇β2
∂2F
∂ζ 2

+ ı̇γ |F |
2F , (50)

where F = F (z, ζ ) is the slowly varying electric field envelope, z is the longitudinal coordinate along the propagation 
light axis, and ζ  is the time in a reference frame traveling at the group velocity of light within the Kerr material. This 
equation has to be supplemented by the following cavity boundary conditions: 

F p+1(0, ζ ) = θFi + ρ exp (iφ)h(ζ ) ⊗ F p(l, ζ ), (51)

where parameters ρ and θ are the amplitudes associated with the reflection and the transmission coefficients of the cavity 
beamsplitter, respectively. Eq.  (51) establishes the iterative relation linking the intracavity field envelope F p+1, evaluated 
at the cavity input after the p+1th round-trip, to the field F p(l, ζ ) at the cavity output after the pth pass, where l denotes 
the cavity length. The phase shift φ = 2πnl/λ0 accounts for the linear phase accumulated by the optical field during a 
single round-trip time tr , with nnn the refractive index of the medium. Because this phase accumulation is large compared 
to the characteristic temporal variations of the envelope, the evolution of the intracavity field occurs on a timescale much 
slower than the round-trip time. In Eq. (51), the symbol ⊗ denotes the causal convolution between the impulse response 
function h(ζ ) and the field F p after p round-trips after. The convolution term h(ζ ) ⊗ F p(t, ζ ) accounts for the spectral 
filtering induced by the Bragg reflector, with h(ζ ) being a real valued impulse response characterizing the filter. This term 
therefore encapsulates the distributed frequency selective effects experienced by the intracavity field during each pass 
through the Bragg filter.

The nonlinear Schrödinger Eq. (50) supplemented by the cavity boundary conditions, Eq. (51), constitutes an infinite 
dimensional map. To make the theoretical treatment more manageable, the discrete round-trip map can be reformulated 
as a single integrodifferential equation. This simplification relies on considering high-finesse cavities, for which the 
transmission coefficient θ is assumed to be much smaller than one. In this case, the intracavity field experiences only 
minor changes during each round-trip of duration t . As a result, the field envelope may be viewed as evolving almost 
r
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continuously on timescales much longer than tr . This perspective allows the discrete index p to be replaced by a continuous 
slow time variable ttt when describing the field dynamics at the point z = 0. Following the same approach as in 
Section 3.2, we perform an averaging over a cavity length and by introducing continuous time and its derivative in the 
double limit of high finesse cavities θ ≪ 1 and small the linear phase shift φ ≪ 1, we obtain [257]

tr
∂F
∂t

= θFi − F +

(
1 −

θ2

2
− iφ

)[
h(ζ ) ⊗ F

+
iβ2l
2

h(ζ ) ⊗
∂2F
∂ζ 2

+ ı̇γ lh(ζ ) ⊗ |F |
2F
]
. (52)

The last three terms in this integro-differential equation contains convolutions that requires to be evaluated. The first 
terms is h(ζ ) ⊗ F (t, ζ ) =

∫ ζ
−∞

h(ζ ′)F (t, ζ − ζ ′)dζ ′. Then we extend in Taylor series F (t, ζ − ζ ′) as

h(ζ ) ⊗ F (t, ζ ) =

∫ ζ

−∞

h(ζ ′)
∞∑
n=0

(−1)n
ζ ′n

n!
∂nF
∂ζ n

dζ ′,

=

∞∑
n=0

an
∂nF
∂ζ n

, (53)

with 

an(ζ ) = (−1)n
∫ ζ

−∞

hr (ζ ′)
ζ ′n

n!
dζ ′. (54)

These coefficient are well-defined for any function h(ζ ) that decays faster than a polynomial. Under this approximation, 
we have 

h(ζ ) ⊗ F (t, ζ ) = a0F + a1
∂F
∂ζ

+ a2
∂2F
∂ζ 2

+ . . . (55)

The two other contributions in the integro-differential Eq. (52) are evaluated similarly.

h(ζ ) ⊗
∂2F
∂ζ 2

= c0
∂2F
∂ζ 2

+ c1
∂3F
∂ζ 3

+ . . . , (56)

h(ζ ) ⊗ |F |
2F = d0|F |

2F + d1
∂|F |

2F
∂ζ

+ . . . (57)

We replace the three convolution terms Eqs. (55)–(57) in the integro-differential Eq. (52). We assume further that the 
filter bandwidth is large so that the coefficients c1 ≪ 1 and d1 ≪ 1. Under these approximations, we get [257]

tr
∂F
∂t

= θFi − (1 − a0 +
θ2

2
+ iφa0)F + ı̇γ ld0|F |

2F

+ (1 −
θ2

2
− iφ)a1

∂F
∂ζ

+

(
a2 +

iβ2lc0
2

)
∂2F
∂ζ 2

(58)

by using the following change of parameter and variables are and renormalization: (E, Ei) = (F , θFi)γ ld0/(1−a0), t ≡ κt/tr , 
(δ, β, α1, α2, v) = [2a0φ, β2lc0,−2φa1, a2, 2(1 − θ2/2)a1/2κ], κ = 1 − a0 + θ2/2, and τ = ζ + vt . Under these changes, 
the generalized LLE Eq. (58) takes its dimensionless form [257]

∂tE(t, τ ) = Ei − (1 + i∆)E + i|E|
2E

+ iα1
∂E
∂τ

+ (α2 + iβ)
∂2E
∂τ 2

, (59)

Incorporating the temporal or spatial filtering effects associated with gain dispersion and diffusion, respectively, into the 
modeling of a ring cavity filled with Kerr media requires going beyond the sole diffusive contribution α2∂τ , as considered 
in Refs. [119,258–260]. In addition to this second-order term, one must also account for the first-order derivative iα1∂τ , 
whose coefficient is purely imaginary. Note that the drift with the imaginary term cannot be trivially eliminated by 
changing the reference frame or renormalizing the wave number, particularly, as we will see, it plays a significant role in 
the dynamics of the system’s dissipative solitons.

7.3. Drifting and breathing dissipative soliton combs

Before addressing the formation of dissipative Kerr solitons under the influence of spectral filtering, it is instructive to 
first examine the emergence of periodic patterns generated by modulational instability. We restrict our analysis to the 
monostable regime, in which the continuous-wave (CW) solution constitutes a single-valued response to the injected field. 
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Fig. 31. Traveling periodic structures (a) Bifurcation diagram of the light intensity versus pumping.(a) Bifurcation diagram. The black curve shows the 
CW solutions, which become unstable for Ei > Eim due to modulational instability. The blue dots indicate the maximum amplitude of the resulting 
moving periodic structures. The yellow branches, representing stable and unstable periodic solutions emerging from modulational instability, are 
obtained using the pseudo-arclength continuation method. (b) the τ−t map showing a traveling periodic solution obtained for Ei = 2.3. (c) Breathing 
traveling periodic solution obtained for Ei = 2.39. The temporal profiles of both solutions are shown in the inset of panel (a). Other parameters are 
∆ = 1.7, β = 1, α1 = 0.1 and α2 = 0.1.
Source: Reproduced with permission from Ref. [257] @Copyright(2025) by the American Physical Society (APS).

This CW branch, represented by the black curve in Fig.  31, remains stable up to the threshold associated with the onset 
of modulational instability, denoted by Eim. Beyond this critical point, a standard linear stability analysis with respect to 
perturbations of finite frequency reveals that the CW state destabilizes and gives rise to moving periodic structures. A 
representative example of such a spatially extended pattern, which fills the entire optical cavity, is displayed in the τ − t
map of Fig.  31(b). The numerical simulations are carried out by discretizing Eq. (59) on a grid of 512 points with a temporal 
resolution of ∆τ = ∆τ = 0.1. The temporal derivatives with respect to the retarded time τ  are evaluated spectrally in 
order to ensure high accuracy, and the time evolution is computed using a fourth-order adaptive Runge–Kutta integration 
scheme. The temporal profile of the intracavity field corresponding to one of these solutions—propagating at a constant 
velocity v is shown above the map, illustrating the coherent drift of the pattern.

The dependence of the amplitude of these periodic traveling states on the injected field strength is presented in Fig. 
31, highlighting their evolution as nonlinear solutions of Eq. (59). Importantly, these solutions cannot be stationary: they 
systematically exhibit a uniform translational motion. This drift is a direct consequence of the spectral filtering term 
iα1∂τE, which explicitly breaks the reflection symmetry τ → −τ  of the governing equation. The symmetry breaking 
induced by this imaginary coefficient first-order derivative thus plays a central role in enabling and sustaining the 
propagation of periodic structures. Upon further increasing the injected field amplitude, the periodic solutions begin to 
exhibit breathing dynamics, as illustrated in Fig.  31(c). The results presented below describe the behaviors predicted 
from Eq. (59) within the strongly nonlinear regime where the modulational instability is subcritical and the CWs are 
monostable. As a consequence of the inversion (subcritical bifurcation) associated with MI, an hysteresis loop emerges 
in the range Eil < Ei < Eim, where stable CW state coexist with moving periodic structures. Beyond the periodic and 
continuous wave (CW) solutions that coexist in the interval Eil < Ei < Eim, an additional family of stable dissipative 
Kerr soliton emerges from the threshold associated with modulational instability. The maximum amplitudes of these 
dissipative solitons are shown for different values of the filter parameters α1 and α2. A pseudo-arclength continuation 
algorithm is used to compute the stable and unstable branches associated with modulational instability, while the blue 
dots correspond to direct numerical simulations of Eq. (59). The excellent agreement between the continuation results 
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Fig. 32. Moving dissipative solitons obtained in the monostable case. (a) Their maximum amplitude as a function of the injected beam amplitude is 
shown by the three square marker curves, corresponding to different values of α = α1 = α2 . The black curve represents the CW solutions, with solid 
(dashed) lines indicating regions stable (unstable) with respect to modulational instability. The unstable and stable branches indicated by yellow 
color that emerge from the modulational instability of the periodic solutions are obtained using the pseudo-arclength continuation method. (b,c) (b), 
(c) τ − t maps associated with stationary and moving dissipative solitons obtained respectively for α1 = 0 and α1 = 0.1. Parameters are Ei = 1.21, 
and α2 = 0.1. (d) Magnified dissipative soliton profiles illustrating tail deformation induced by variations in the filter parameters. (e) Soliton velocity 
versus α 1 at a fixed injected field amplitude. (f,g) Combs corresponding to the stationary and moving dissipative solitons are shown in panels(b) 
and (c). Other parameters are δ = 1.7, and β = 1.
Source: Reproduced with permission from Ref. [257] @Copyright(2025) by the American Physical Society (APS).

and the simulations confirms the accuracy of our approach for α = α1 = α2 = 0.1. Examples of stationary and moving 
dissipative structures obtained from numerical simulations are illustrated in the τ − t maps in Fig.  32(b,c). In the absence 
of spectral filtering (α1 = α2 = 0), the dissipative solitons remain stationary and display symmetric profiles, as shown in 
Fig.  32(b). In contrast, when spectral filtering is introduced, the dissipative solitons begin to move with a constant velocity. 
Furthermore, the profile of the dissipative structures becomes asymmetric, as shown in Fig.  32(d). This deformation of 
the tail results from the drift induced by the purely imaginary coefficient α1 ∂τE, where α1 is real. In contrast, a drift (or 
convection) associated with a real coefficient translates the dissipative structures without altering the shape of their tails, 
producing a pure translation rather than a deformation. To better characterize the soliton velocity, we evaluate the speed 
as a function of α1 while varying α2, as shown in Fig.  32(e). The spectral content of the dissipative solitons emerging from 
the resonator output forms an optical frequency comb, as illustrated in Eq. (59)(g) for α1 = 0 and in Eq. (59)(f) for α1 ̸= 0. 
When the dissipative solitons remain stationary, the resulting combs are symmetric. In contrast, when the solitons exhibit 
motion, the corresponding combs become asymmetric. The comb lines remain evenly spaced in all cases, since the free 
spectral range set by the inverse of the cavity round-trip time has a fixed value.

To construct the bifurcation diagram associated with the formation of dissipative solitons, we use a pseudo-long arc 
continuation method that allows us to follow the branch of solutions through the fold points and also plot the unstable 
states without discontinuity [261]. The LLE model of Eq. (59) supports not only bound two peak states but also an infinite 
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Fig. 33. Dissipative solitons isolas. (a) Bifurcation diagram showing the intensity of the intracavity field as a function of the injected field amplitude 
Ei . Black lines indicate the CWs, green lines indicate the intensity of moving periodic solutions, and blue lines indicate the one peak dissipative 
soliton. (b) L2-norm of the dissipative soliton branch as a function of the injected field amplitude. Insets A-D on the left show the profiles along 
the soliton branch. (c) Velocity of moving dissipative solitons isolas as a function of the injected field amplitude Ei . Full (dashed) lines correspond 
to stable (unstable) states, respectively. Parameters are δ = 1.7, β = 1, and α1 = α2 = α = 0.1.
Source: Reproduced with permission from Ref. [257] @Copyright(2025) by the American Physical Society (APS).

set of localized peaks [96,114]. For α1 = 0 and α2 ̸= 0, Eq. (59) admits stationary solutions with odd and even numbers 
of localized peaks. In this regime, dissipative Kerr solitons undergo classical homoclinic snaking type of bifurcation. They 
correspond to the back-and-forth oscillations across the pinning region. This feature has been abundantly addressed for the 
Lugiato–Lefever model without spatial filtering [113,114]. Recently, it has been shown that when increasing the value of 
the coefficient α2 of diffusive contribution, the stability domain associated with dissipative solitons shrinks and therefore 
reduces the size of the pinning region [257]. When α1 ̸= 0, we construct the bifurcation diagram shown in Fig.  33(a), 
and we report the corresponding dissipative soliton speed in Fig.  33(b). The introduction of spectral filtering breaks the 
homoclinic snaking bifurcation structure, causing the system dynamics to organize instead into a sequence of isolas. An 
example of an isola associated with a single-peak dissipative soliton is presented in Fig.  33(c). On the left side of this 
figure, we show the soliton profile along the corresponding closed loop branch of dissipative soliton.

Similar closed loop branches of dissipative solitons, appearing in the form of isolas, have been reported when the 
stimulated Raman scattering is taken into account. This behavior arises because Raman scattering breaks the reflection 
symmetry of the system. The interplay between Raman scattering and Kerr nonlinearity is well established and has 
been documented across numerous experimental and theoretical studies [262–267]. Furthermore, a series of recent 
investigations has examined how stimulated Raman scattering, in conjunction with Kerr effects, shapes front dynamics 
and contributes to the stabilization of dissipative Kerr solitons in normal dispersion media [268–272]. This behavior is 
well established within dynamical systems theory and is formally designated as isolas [273–280]. In this configuration, 
the solutions connect only to four other asymmetric counterparts, forming a closed loop in the phase diagram typically 
resembling a Lissajous type curve (see Fig.  33).

In the bistable regime, δ >
√
3, numerical simulations of Eq. (59) indicate that the introduction of spectral filtering 

substantially enlarges the stability domain of moving dissipative solitons. In particular, the onset of breathing dynamics is 
shifted to higher values of the injected field amplitude, demonstrating that spectral filtering stabilizes against oscillatory 
instabilities [257]. Moreover, the simulations reveal a wide variety of dynamical behaviors, including the emergence of 
moving bound states of dissipative solitons, in which two or more LSs propagate together while maintaining a fixed 
separation (see Fig.  34). Notably, we also observe moving breathing bound DSs, where the collective entity undergoes 
simultaneous translational motion and periodic oscillations in amplitude or width [257]. These findings highlight the 
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Fig. 34. Bounded dissipative solitons in the presence of spectral filtering. (a) Bounded moving dissipative solitons and (b) bounded moving and 
breathing dissipative solitons obtained for the same parameters.
Source: Reproduced with permission from Ref. [257] @Copyright(2025) by the American Physical Society (APS).

intricate interplay between spectral filtering, nonlinear interactions, and dispersion in shaping the stability and dynamical 
evolution of dissipative structures in the system.

Temporal spectral filtering introduces frequency-selective losses that damp high-frequency components of the intra-
cavity field, thereby regularizing the waveform, delaying the onset of breathing or oscillatory instabilities, and enlarging 
the stability domain of stationary or steadily moving dissipative Kerr solitons. By reshaping the oscillatory tails of the 
solutions, filtering also alters soliton interactions enabling moving and moving breathing bound states and reorganizes 
the global bifurcation structure, notably breaking homoclinic snaking and giving rise to isolas when α1 ̸= 0. In contrast, 
chromatic dispersion acts as a conservative phase mechanism, introducing frequency-dependent group delays that govern 
temporal pulse shaping. Taken together, dispersion determines how spectral components propagate, while spectral 
filtering selects which components persist, yielding a more controllable temporal profile and a tailored, often more 
symmetric, optical spectrum. Tail remodeling weakens (or strengthens) the effective forces between dissipative solitons, 
thereby allowing the formation of robust bound states that can be stationary, move uniformly, or be moving and breathing 
hybrids. Since the interaction is mediated by the overlap of oscillatory tails, even modest filtering can qualitatively alter 
the set of admissible bound separations and their stability, thereby enriching the observed multi-soliton configurations.

8. Raman-Kerr frequency combs in microresonators

8.1. Raman Kerr frequency combs in optical resonators

Macroscopic systems are commonly described using a reduced set of coarse-grained variables, an approach enabled by 
a separation of timescales between microscopic and macroscopic dynamics. In practice, this justifies a reduced description 
formulated in terms of slowly evolving macroscopic or coarse-grained variables [281]. When this separation is not well-
defined, temporal correlations arise and give rise to delayed, nonlocal responses that can substantially alter the system’s 
behavior. A classic example is the polarization or magnetization of a material under an external electric or magnetic 
field. In the linear regime, the polarization at time τ  depends on the past history of the electric field according to 
P(τ ) =

∫ τ
χ (τ − τ ′) E(τ ′) dτ ′, where E is the electric field and χ (τ ) is the temporal susceptibility kernel encoding 
−∞
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the delayed material response. When the characteristic frequency of the driving field is much smaller than the intrinsic 
charge dynamics, the delay can be neglected, and the response becomes effectively local and instantaneous.

It is instructive to contrast stimulated Raman scattering with the instantaneous Kerr nonlinearity, as both originate 
from the nonlinear response of matter to intense electromagnetic fields but have markedly different physical origins and 
dynamical consequences. The Kerr effect arises from the instantaneous electronic response of the medium to the applied 
optical field. On timescales relevant to optical propagation, the electronic polarization follows the field adiabatically, 
leading to an intensity-dependent refractive index. This response is effectively local in time and results in phenomena such 
as self-phase modulation and cross-phase modulation, without any intrinsic frequency preference or energy exchange 
between spectral components. As a consequence, Kerr nonlinearity is often regarded as conservative, preserving the 
symmetry of the optical spectrum. Stimulated Raman scattering, by contrast, stems from the interaction of light with 
vibrational (phononic) modes of the medium. These modes have finite response times, typically on the order of tens to 
hundreds of femtoseconds in amorphous materials such as silica. The Raman contribution, therefore, introduces a delayed 
nonlinear response, which crucially breaks the temporal reversibility of the Kerr dynamics. This delay enables a non-
instantaneous transfer of energy from the optical field to the medium and back, favoring emission at lower (red-shifted) 
frequencies. From a physical perspective, while the Kerr effect modifies the optical phase through an intensity-dependent 
refractive index, SRS actively reshapes the optical spectrum by inducing a net frequency downshift. In driven-dissipative 
optical resonators, this distinction has profound implications. Whereas the Kerr nonlinearity alone supports stationary 
localized structures through a balance of dispersion, nonlinearity, driving, and loss, the presence of Raman scattering 
introduces an additional mechanism that continuously redistributes energy within the spectrum. This difference can 
be summarized as follows: the instantaneous Kerr effect preserves spectral symmetry and primarily affects the phase 
evolution of the intracavity field. Stimulated Raman scattering introduces a delayed, nonconservative response that breaks 
spectral symmetry and promotes energy transfer toward longer wavelengths.

The combined influence of Kerr and Raman scattering nonlinearities in both micro- and macro-resonators has attracted 
significant interest from both fundamental and applied perspectives. Numerous studies have explored soliton self-
frequency shifts associated with frequency comb generation, as well as the formation of dissipative Kerr–Raman solitons in 
the anomalous dispersion regime [172,264,271,282–285]. More recently, theoretical and experimental studies investigate 
the impact of stimulated Raman scattering (SRS) on Kerr domain walls and dissipative Kerr solitons in all-fiber Kerr 
resonators under coherent optical injection [268–270,286–288].

8.2. Mean-field equation with spectral filtering

Prior to the advent of lasers, optical phenomena were almost entirely described within a linear theoretical framework, 
with only a few notable exceptions, such as Raman scattering. Consequently, nonlinear dynamical regimes were largely 
absent from conventional optical research. In this section, we analyze the formation of dissipative solitons resulting from 
the combined action of Kerr and Raman nonlinearities in a coherently driven micro-ring cavity, as schematically illustrated 
in Fig.  35. The dynamics of the intracavity electric field envelope are governed by the Lugiato–Lefever equation (LLE) [60], 
modified to account for the delayed nonlocal Raman response of the medium [282]

∂E
∂ζ

= S − (1 + i∆)E − ib2
∂2E
∂T 2 + i (1 − fR) |E|

2 E

+ iafRE
∫ T

−∞

χ (T − T ′)|E(T ′)|2dT ′. (60)

Here E = E(ζ , T ) is the normalized mean-field cavity electric field, ∆ accounts for the normalized detuning parameter, 
and losses are normalized to unity. The time ζ  is the slow time describing the evolution over successive round trips, and 
T  is the fast time in the reference frame moving with the group velocity of the light within the cavity. S is the input 
field amplitude, and b2 the second-order chromatic dispersion coefficient. The Raman is described by an integral whose 
strength is fR and a = τ0(τ 21 + τ 22 )/(τ1τ

2
2 ). The delay kernel function χ (τ ) is 

χ (τ ) = exp (−τ0τ )/τ2 sin(τ0τ/τ1), (61)

with τ0 = [|b2L|/2αc]
1/2, where αc is the losses parameter. The choice of this Kernel, or influence function, has been 

proposed in [289,290], and shows an excellent agreement with experiments using standard fiber. In the absence of 
Raman effect, i.e., fR = 0, fronts [165], motionless LS connecting HSS solutions, in which LSs move due to the third-order 
dispersion effect [117,280,291,292], have been reported.

8.3. Propagation of Kerr domain walls in the normal dispersion regime

In the normal dispersion regime, the effect of stimulated Raman scattering (SRS) on the dynamics of domain walls 
(DWs) and dissipative Kerr solitons has been extensively studied [268,269,271]. In particular, SRS has been shown to 
stabilize moving bright LSs that would otherwise be absent. Near the onset of bistability, DW interactions and the 
bifurcation structure of LSs can be described by a real order parameter equation [268,269]. However, this description 
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Fig. 35. Diagram showing the generation of a Raman–Kerr frequency comb in a microresonator driven by a continuous-wave (CW) laser. It highlights 
the Kerr and Raman nonlinear interactions within the cavity and the resulting comb spectrum.

is limited to that regime. To clarify the impact of SRS on the dynamics and bifurcation structure of DWs and DKSs over 
the full parameter space [270].

When the system operates close to the critical point associated with optical bistability. The coordinate of this point is 
given by (22). Starting from Eq. (60), the deviation u ≡ Er − Erc of the electric field envelope from its value at the onset 
of bistability is shown to obey the generic bistable model [268] 

∂tu = η + µu − u3
+ D∂ττu + γα

∫ τ

−∞

χ (τ − τ ′)u(τ ′)dτ ′, (62)

where u = u(t, τ ) is a scalar order parameter, and the delay kernel function χ (τ ) is given by Eq. (61). In the limit of large 
τ1 and τ , Eq. (61) can be approximated by an exponential χ (τ ) = e−α(τ−τ ′). The parameters α = τ0/τ2 and γ = 2τ1f /(3τ2)
account for the characteristic correlation time and the strength of the nonlocal delayed response, respectively. The above 
model corresponds to the universal model of bistability corresponding to the imperfect pitchfork bifurcation normal form, 
with a nonlocal coupling term that accounts for the Raman effect.

The homogeneous steady states solution u0 of Eq. (62) satisfies η = −(µ+ γ )u0 + u3
0, which depends on the strength 

of time delayed nonlocal response, i.e., γ . In the bistable regime (i.e., for µ + γ > 0) three solution branches ub, um, 
and ut coexist. The region of coexistence is limited by the folds or saddle–node bifurcations SNb and SNt occurring at 
ub
0 =

√
µ+ γ /3 and ut

0 = −
√
µ+ γ /3, respectively. In the absence of the Raman effect, Eq. (62) possesses a Lyapunov 

functional and at the Maxwell point, i.e., η = 0, Eq. (62) admits exact nonlinear front solutions 

u±(τ ) = ±
√
µ tanh[

√
µ/2(τ − τp)], (63)

where 

τp ≡

∫
∞

−∞

τ∂τu±(τ )dτ/
∫

∞

−∞

∂τu±(τ )dτ (64)

Owing to the Raman effect, well-separated fronts interact via the overlap of their tails. The Raman response profoundly 
alters this interaction, enabling the stabilization of traveling dissipative Kerr solitons such as those shown in Fig.  36, which 
are otherwise forbidden [268,269]. To analyze this interaction, we consider the regime close to the Maxwell point and 
assume that the fronts are sufficiently separated, that is, 

u(t, τ ) = u+(τ −Λ+ d/2) + u−(τ −Λ− d/2) −
√
µ+ w, (65)

where d = d(t) and Λ = Λ(t) account for the width and centroid between well separated fronts (d(t)√µ ≫ 1) as 
indicated in Fig.  36.

To derive analytically the equation describing the interaction of fronts, we use the methods of bifurcation theory 
(see [268,269] for detailed calculations). We obtained first the equation describing the speed, often called the pulse 
centroid, given by 

Λ̇ = v ≡
2γ

√
µ

∥T∥2

∫
∞

−∞

∂zu+e−α|τ |dτ , (66)

where ∥T∥
2

≡ ⟨T |T ⟩, with |T ⟩ ≡ ∂zu+ + ∂zu− is a translational mode (The Goldstein mode) associated with the linear ad 
self-adjoint operator L ≡ µ− 3(u+ + u− −

√
µ)2 + ∂zz . The integral in Eq. (66) does not depend on Λ, and therefore the 

pulse centroid moves with constant speed v. Numerical simulations show that the pulse spreads with constant speed, and 
confirm the validity of Eq. (66). Fig.  37(a) shows a comparison between the above formula and the numerical evolution of 
the pulse solution of model Eq. (62). Hence, we can conclude that the moving LS speed is well described by the expression 
(66).

Second, applying the solvability condition leads to the interaction law between fronts, given by 

ḋ = a − be−2
√
2µd

+ ce−αd, (67)
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Fig. 36. Spatiotemporal evolution of the optical field envelope arising from nonlinear interaction between counter-propagating (or coexisting) fronts, 
illustrating the resulting pulse formation and propagation dynamics. Parameters are with γ = −0.4, α = 0.1, µ = 1, and η = −0.03.
Source: Reproduced with permission Ref. [257] @Copyright(2025) by the American Physical Society (APS).

Fig. 37. Speed and the width of traveling dissipative Kerr solitons or domain-walls in the bistable system with Raman scattering, as described by 
Eq. (62). Dependence of the velocity and width of moving dissipative Kerr solitons on the nonlocal coupling strength ggg. The propagation speed 
(a) is shown by diamonds and a solid line corresponding to numerical results and analytical predictions from Eq. (66), respectively. The width (b) is 
indicated by square symbols and curves obtained from numerical simulations of Eq. (62) and from analytical formula Eq. (66). The parameters are 
α = 0.1, µ = 1, D = 1 and η = −0.03.
Source: Reproduced with permission from Ref. [268] @Copyright(2020) by the American Institute of Physics (AIP).

The explicit expressions of the coefficients a, b, and c are cumbersome and are therefore reported in Ref. [269]. The 
coefficients b and c are always positive, reflecting the system’s intrinsic tendency toward equilibrium homogenization 
and the properties of the delayed nonlinear susceptibility. This kinetic Eq. (67) describing the evolution of the LS width 
d contains three contributions. The first term is a constant proportional to η, representing the energy difference between 
the two states. The second term accounts for the interaction between fronts through their tails and is always attractive 
since b > 0. The last term arises from the Raman effect and is always repulsive because c > 0.

Numerically, we characterized the pulse width and propagation speed, as summarized in Fig.  37. We find that the 
system admits two solutions, one stable and one unstable, created via a saddle–node bifurcation. To elucidate the origin 
of this instability, we numerically computed ḋ as a function of the width d for fixed values of either η as shown in Fig. 
38(a). The profiles of unstable and stable LSs, corresponding to large ds and small du widths, are shown in Fig.  38(b) and 
(c), respectively. Fig.  38(a) were obtained both from direct simulations of the nonlocal bistable model (62) and from the 
reduced Eq. (67). The excellent agreement between these results supports the validity of the reduced description. From 
this viewpoint, moving LSs emerge through a saddle–node bifurcation. Despite the complexity of the nonlocal bistable 
model Eq. (62), the dynamics of moving LSs can be effectively captured by a simple set of coupled equations, Eqs. (66) 
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Fig. 38. Front interaction and stationary domain walls. (a) Dependence of the front interaction law given by Eq. (66) on the distance d between the 
cores of the two fronts for different values of γ . Stationary domain walls consist of unstable dissipative Kerr solitons with large width and stable 
dissipative Kerr solitons with small width, as illustrated in (b) and (c), respectively. The parameters are α = 0.1, µ = D = 1., and η = −0.03.
Source: Reproduced with permission from Ref. [268] @Copyright(2020) by the American Institute of Physics (AIP).

Fig. 39. Collapsed snaking bifurcation diagram. Green curves represent the homogeneous steady-state (HSS) solutions, while blue curves correspond 
to dissipative Kerr solitons or domain wall solutions of the generic bistable model with Raman scattering described by Eq. (62). Representative profiles 
of the domain wall solutions are indicated by labels (i)-(vi). Stable and unstable branches are shown with solid and dashed lines, respectively. SNb,t
denotes the fold bifurcation of the HSS, whereas SN l,r indicates the saddle–node bifurcation of the LSs. The Maxwell point µM is marked by a dashed 
gray vertical line. Parameters are γ = 0.2, α = 0.1, mu = D = 1, and L = 100.
Source: Reproduced with permission from Ref. [268] @Copyright(2020) by the American Institute of Physics (AIP).

and (67). We note that the front interaction description applies to coarse LSs and requires the condition d(t)√µ ≫ d(t). 
The bifurcation diagram consists of a collapse snaking type of bifurcation discussed in Section 6.3.

The bifurcation diagram is constructed by introducing a reference frame moving at the velocity v of the dissipative Kerr 
solitons (DKS). Specifically, we apply the coordinate transformation τ → x = τ  and impose the stationarity condition 
∂tu = 0 in Eq. (62). In this comoving frame, the dissipative Kerr soliton becomes stationary, which allows us to track 
its solutions numerically as a function of a chosen control parameter. The numerical continuation is performed using a 
predictor–corrector algorithm  [293,294]. The results are shown in Fig.  39. We plot 1L

∫ L/2
−L/2 u(x)dx, where L denotes the 

system size, as a function of the control parameter η. The green curves denote the homogeneous steady states (HSSs) ut , 
um, and ub, with the stable and unstable branches shown as solid and dashed lines, respectively. The blue curves represent 
localized states, whose spatial profiles along the bifurcation diagram are shown in panels (i)-(vi).
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Fig. 40. Collapsed snaking bifurcation diagram. Temporal profiles associated with solution branches along the snaking curve are obtained for ∆ = 4. 
Labels (i)-(viii) denote the corresponding localized structures depicted on the right. Stable and unstable branches are represented by solid and dashed 
lines, respectively.
Source: Reproduced with permission from Ref. [270] @Copyright(2021) by the American Physical Society (APS).

The symmetry of the bifurcation diagram displayed in Fig.  39 arises from the invariance of Eq. (62) under the 
transformation (η, u) → −(η, u). A small-amplitude unstable localized state, arising from front interaction, emerges at 
the saddle–node bifurcation SNb. As η decreases, its amplitude increases, and it becomes stable after crossing SNl. Further 
increasing the control parameter η leads to the formation of a plateau corresponding to ut . Beyond this point, the solution 
branch collapses near the Maxwell point ηM , where the localized state broadens and eventually fills the domain. The same 
scenario is then repeated for the inverted state u → −u. This behavior, leading to the formation of localized states, is 
known as collapsed snaking and has been discussed in connection with vectorial localized states (see Section 6.3). This 
bifurcation scenario exhibits similarities with the collapsed snaking behavior reported in previous studies  [252,252,295] 
where localized states possess damped oscillatory tails.

Having characterized the localized states arising from the interaction of fronts connecting two stable branches of 
the bistable response, we now employ a numerical continuation algorithm to construct the bifurcation diagram of the 
generalized Lugiato–Lefever equation (LLE), Eq. (60). This allows us to recover the collapsed snaking structure described 
above and previously obtained for the reduced generic bistable model, Eq. (62). We consider a detuning parameter 
∆ >

√
3, ensuring that the system operates within the bistable regime and sufficiently far from any modulational 

instability. Continuation methods are then used to track the solution branches and determine their stability. The resulting 
bifurcation diagram is presented in Fig.  40 where we plot 1L

∫ L/2
−L/2 |E(x)2|dx where L denotes the system size and x = τ , 

as a function of the injected field amplitude. We present only magnified views of the upper and lower regions of the 
bifurcation diagram, enabling clearer visualization of the organization of the solution branches. The upper portion of the 
diagram corresponds to branches associated with the dark dissipative Kerr solitons discussed in the previous subsection. 
These states develop asymmetric profiles, as illustrated in Fig.  40(i)–(iv). The irregular structure observed in this region 
suggests a more intricate front-locking mechanism than that described in the previous section.
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9. Complex spatiotemporal behavior in passive resonators

9.1. Spatiotemporal chaos and turbulence-like behaviors

Out-of-equilibrium systems subjected to a permanent external driving are well known to undergo transitions toward 
self-organized stationary spatially periodic or localized patterns through symmetry-breaking instabilities [45,46,49]. 
As the control parameters are varied, these patterns undergo a series of transitions, evolving from simple stationary 
states to more complex dynamical regimes, including breathing localized structures, quasiperiodic states, and disordered 
structures [296–298]. Upon further increasing the driving strength, these systems may enter regimes of spatiotemporal 
complexity characterized by irregular dynamics and broadband spatial and temporal spectra [299–301]. The charac-
terization of these complex dynamical states often relies on diagnostic tools such as power spectral analysis, filtered 
spatiotemporal visualizations, phase-space reconstruction techniques, embedding-dimension estimators, and time-series 
analysis. Although these methods provide valuable information about the underlying dynamics, they are often unable to 
unambiguously discriminate among different forms of complex behavior, such as spatiotemporal chaos [299–301]. A more 
rigorous classification requires considering the spectral properties of Lyapunov exponents and the statistical features of 
the dynamics [301].

Low dimension or temporal chaos occurs in systems whose state variables depend only on time and can be described 
by a finite number of degrees of freedom. In such systems, chaos manifests itself through irregular temporal oscillations 
and unpredictable trajectories in phase space. Despite their complexity, the dynamics remain spatially uniform, and the 
analysis focuses primarily on the evolution of a small set of interacting variables. Temporal chaos has been extensively 
studied in nonlinear oscillators, electronic circuits, and population dynamics, providing fundamental insights into the 
mechanisms responsible for deterministic unpredictability [302,303].

Many natural and engineered systems, however, are spatially extended and cannot be adequately described solely 
through temporal dynamics. Their state depends on both space and time, leading to the emergence of complex patterns 
that evolve continuously throughout the system. Such systems are often modeled by partial differential equations, coupled 
map lattices [302,303], or networks of interacting units [304]. Examples include fluid turbulence, reaction–diffusion 
systems, plasmas, nonlinear optical resonators, ecosystems, and neural tissues. The interaction of nonlinear processes 
with spatial and temporal coupling mechanisms, such as diffraction, diffusion, and convection, generates a rich diversity 
of spatiotemporal dynamics, encompassing coherent structures, traveling waves, pattern formation, and complex states.

In particular, spatiotemporal chaos is typically characterized by an extensive set of positive Lyapunov exponents, 
yielding a continuous Lyapunov spectrum that reflects the high-dimensional nature of the underlying instability. In 
contrast, low-dimensional chaos is associated with only a finite number of positive Lyapunov exponents. Turbulence and 
weak turbulence, however, are fundamentally different phenomena, being governed by cascade mechanisms that often 
manifest through power-law scaling of conserved quantities, such as energy or optical intensity.

Such complex dynamical behaviors, including turbulence-like states, are encountered in a wide range of driven 
dissipative systems across physics, chemistry, biology, and active matter. Such spatiotemporal dynamics have been 
observed in a wide variety of physical, biological, and environmental systems, including fluid convection [305], atmo-
spheric, oceanic, and biological processes [306–309]. Similar phenomena have subsequently been reported in numerous 
other contexts, such as fiber lasers [310–312], nonlinear optical systems [313,314], active matter [315,316], chemical 
reaction systems [317], and Bose–Einstein condensates [318]. These studies highlight the ubiquitous nature of complex 
spatiotemporal behavior across diverse disciplines.

Turbulence-like behavior refers to complex, irregular, and multiscale dynamics that occur in a wide range of nonlinear 
spatially extended systems, not only in fluids. Although these systems can display features reminiscent of fluid turbulence, 
such as chaotic fluctuations and broad spectral distributions, their underlying mechanisms are fundamentally different. 
While classical fluid turbulence arises from the nonlinear advection term of the Navier–Stokes equations and involves an 
energy cascade across scales, turbulence-like spatiotemporal chaos generally emerges from nonlinear local interactions 
combined with diffusion, dispersion, or coupling between neighboring elements. As a result, a direct analog of the fluid 
energy cascade may not exist in these systems.

An intriguing manifestation of complex spatiotemporal dynamics in nonlinear photonic systems is the emergence 
of chimera states. The emergence of chimera states, characterized by the coexistence of spatially synchronized and 
desynchronized regions. In arrays of coupled waveguide resonators driven by coherent optical injection, the interplay 
between Kerr nonlinearity, diffraction, dissipation, and discrete coupling can lead to the formation of localized chaotic 
structures embedded in a coherent background [319]. These optical chimeras constitute a striking example of partial 
synchronization, where order and disorder coexist in a self-organized manner. Remarkably, the discrete nature of coupled 
resonator arrays stabilizes chimera-like states that are absent or unstable in their continuous counterparts. The concept 
has been extended to two-dimensional lattices of coupled waveguide resonators, where a rich variety of spatiotemporally 
chaotic, localized states and their interactions have been predicted [320].

In the field of nonlinear optics, such complex behaviors have recently attracted significant attention, particularly 
in optical frequency comb microresonators and coherently driven fiber cavities with Kerr nonlinearities. Experimental 
studies, supported by numerical simulations, have revealed the emergence of rich dynamical regimes in systems such as 
whispering-gallery-mode microresonators and all-fiber cavities [146,321–324]. These regimes encompass a wide variety 
of phenomena, ranging from stable dissipative structures to strongly irregular spatiotemporal dynamics.
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9.2. Spatiotemporal chaos

Chaos theory studies deterministic dynamical systems whose long-term behavior is highly sensitive to initial con-
ditions. Although the governing equations are deterministic, meaning that the future evolution of the system is fully 
determined by its current state, even infinitesimally small differences in initial conditions can lead to drastically different 
outcomes over time. This phenomenon describes how small, seemingly insignificant changes in initial conditions can 
lead to drastic, unpredictable consequences in a complex system. Classic examples of chaotic systems include the Lorenz 
model and Rössler oscillator, whose dynamics evolve on strange attractors in finite-dimensional phase spaces. The 
characterization of chaos relies on concepts such as Lyapunov exponents, fractal dimensions, and attractor theory, which 
quantify the degree of unpredictability and complexity of the underlying dynamics.

The study of spatio-temporal chaos combines methods from nonlinear dynamics, statistical physics, and pattern forma-
tion theory to understand the mechanisms governing the emergence and evolution of complex patterns. Important tools 
include Lyapunov spectra, entropy measures, correlation functions, spectral analysis, and fractal dimension estimators 
such as the Kaplan–Yorke dimension. These approaches provide quantitative measures of complexity, predictability, and 
the number of active degrees of freedom involved in the dynamics. Understanding spatio-temporal chaos is essential for 
describing and controlling a wide range of phenomena in nature and technology, where disorder and coherence coexist 
across multiple spatial and temporal scales.

Lyapunov exponents are fundamental tools for characterizing the stability and predictability of dynamical systems. 
They quantify how rapidly two trajectories that start from infinitesimally close initial conditions diverge or converge as 
time evolves. Consider a small perturbation δψ applied to an initial state. Its evolution can be approximated as ≈ δψeλt , 
where λ is the Lyapunov exponent. The sign of λ determines the nature of the dynamics. If λ > 0, perturbations grow 
exponentially, revealing exponential sensitivity to initial conditions and the presence of chaos. For systems with many 
degrees of freedom, there exists a Lyapunov spectrum λ1 ≥ λ2 ≥ · · · ≥ λN , which contains all Lyapunov exponents of the 
system. The largest exponent, λ1, is particularly important because a positive largest Lyapunov exponent is a signature 
of chaotic behavior. In spatially extended systems exhibiting spatiotemporal chaos, the complete Lyapunov spectrum 
provides more information than the largest exponent alone. It allows us to estimate the dimension of the strange attractor 
through the Kaplan–Yorke dimension (DKY ). One of the key properties of the Lyapunov spectrum is its extensivity, meaning 
that it scales linearly with the physical size of the system. As a result, the Kaplan–Yorke dimension, which represents an 
upper bound for the dimension of the strange attractor in spatiotemporal chaotic systems, is itself an extensive quantity 
that increases with system size [325]. Since the DKY  quantifies the complexity of the strange attractor, it is commonly 
used as a measure of the system’s dynamical complexity. The Kaplan–Yorke dimension is defined as [326] 

DKY = p +

∑p
i=1 λi⏐⏐λp+1

⏐⏐ , (68)

The integer p denotes the largest number of Lyapunov exponents whose cumulative sum remains positive, i.e., 
∑p

i=1 λi >
0. Physically, p represents the number of phase-space directions that contribute to a net expansion of nearby trajectories. 
The Kaplan–Yorke dimension is obtained by interpolating between the pth and (p+1)th dimensions, where the cumulative 
Lyapunov sum changes sign, thereby providing an estimate of the fractal dimension of the strange attractor.

We consider the LLE in the form of ∂ψt = S − (α + iδ)ψ + i/2∂2τψ + i|ψ |
2ψ where ψ represents the normalized 

slowly varying envelope of the field circulating within the cavity, while S is the real-valued constant driving amplitude. 
The parameters δ and α correspond to the cavity detuning and losses, respectively. The only difference with respect to 
the LLE (Eq. (8)) is that the cavity losses are not normalized to unity. This distinction does not affect the results when 
α ≤ 1. The temporal evolution of the intracavity intensity, plotted as a function of the fast time t , is shown in Fig. 
41(a). The dynamics consist of randomly distributed localized peaks with large amplitudes, revealing a complex and 
seemingly chaotic behavior. This complexity is quantified through the calculation of the Lyapunov exponents, whose 
spectrum is presented in Fig.  41(b). Fig.  41(c) shows the dependence of the Kaplan–Yorke dimension, DKY , on the number 
of discretization points. The results reveal a clear linear increase of DKY  with system size, demonstrating the extensive 
nature of the chaotic dynamics. This scaling indicates that the dimension of the strange attractor grows proportionally to 
the system size, implying that the complexity of the underlying spatiotemporal chaos increases extensively as the spatial 
extent of the system is enlarged.

Fig.  41(c) was obtained for a fixed value of the injected field intensity. To further characterize the spatiotemporal 
chaotic regime, we present the Kaplan–Yorke dimension as a function of the injected field intensity as shown in Fig.  42. 
The insets display the Lyapunov spectra corresponding to four representative values of the pumping intensity, denoted by 
Γj with j = (1, 2, 3, 4). The system is discretized using 512 grid points, and each spectrum consists of N = 496 Lyapunov 
exponents. As the pump intensity is increased, the homogeneous steady state (HSS) remains stable, with a Yorke–Kaplan 
dimension DKY = 0, up to the critical value S+

2 . Beyond this threshold (S2 > S+

2 ), the system undergoes a transition to 
a spatiotemporal chaotic regime, characterized by a positive Kaplan–Yorke dimension (DKY > 0). This behavior persists 
over a broad range of pump intensities. Conversely, when S is decreased, the spatiotemporal chaotic state remains stable 
down to a lower threshold, S−

2 , as illustrated in Fig.  42. The resulting hysteresis loop reveals the coexistence of three 
distinct dynamical states, namely spatiotemporal chaos, pulsating localized structures, and the homogeneous steady state, 
within the interval S− < S < S+. The inset in Fig.  42 presents the Lyapunov spectra for several values of the pump 
2 2 2
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Fig. 41. Characterization of Spatiotemporal Chaos (a) t − τ map showing complex spatiotemporal dynamics obtained from numerical simulations of 
the LLE (b) Lyapunov spectrum. (c) Dependence of the Kaplan–Yorke dimension DKY  on the system size L. The parameter are δ = 1, α = 0.16, and 
S = 0.4.
Source: Reproduced with permission Ref. [221] @Copyright(2017) by Optica Publishing Group (Optica).

Fig. 42. Diagram showing the Kaplan–Yorke dimension as a function of the injected field intensity. The parameter are δ = 1 and α = 0.16.
Source: Reproduced with permission Ref. [221] @Copyright(2017) by Optica Publishing Group (Optica).

intensity. Notably, the middle panel displays two distinct spectra, corresponding to Γ2 and Γ3, obtained for identical 
parameter values. This clearly demonstrates the coexistence of two qualitatively different dynamical regimes under the 
same operating conditions.

Although the terms turbulence-like behavior and classical turbulence are often used interchangeably, they describe 
phenomena that share many qualitative features yet differ in their physical origins, governing equations, and interpre-
tations. Classical turbulence is a specific physical phenomenon that occurs in fluid flows at sufficiently high Reynolds 
numbers. It is governed by the Navier–Stokes equations and is characterized by irregular velocity fluctuations, vortex 
stretching, energy cascades, and a broad spectrum of interacting spatial and temporal scales. In fluid turbulence, kinetic 
energy is typically injected at large scales, transferred through an inertial range to progressively smaller scales, and 
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ultimately dissipated by viscosity at the smallest scales. In contrast, turbulence-like behavior is a more general concept 
used to describe irregular, disordered, and multiscale dynamics observed in nonlinear spatially extended systems that are 
not necessarily fluids. Examples include reaction–diffusion systems, chemical oscillators, nonlinear optical media, plasmas, 
and neural networks. These systems may exhibit complex dynamics that resemble fluid turbulence, such as chaotic 
fluctuations, defect proliferation, and broad-band spectra even though they are governed by fundamentally different 
equations and physical mechanisms.

10. Conclusions and perspectives

Light confinement and nonlinear photonics together form the physical basis of modern frequency comb technologies. 
Over the past two decades, advances in artificial photonic structures (high-Q microresonators, dispersion-matched 
waveguides, and compatible integrated platforms) have transformed nonlinear processes previously confined to the 
laboratory into compact, energy-efficient, and scalable devices. This study has highlighted how these developments enable 
efficient four-wave mixing, parametric oscillation, and, most importantly, the formation of dissipative Kerr solitons. The 
latter have emerged as a unifying mechanism linking light confinement, nonlinear cavity dynamics, and the generation 
of coherent optical frequency combs.

The Lugiato–Lefever equation and its extensions provide a powerful theoretical framework for understanding the 
rich nonlinear dynamics of passive optical resonators and the formation of optical frequency combs. This mean-field 
description captures a broad hierarchy of dynamical regimes, ranging from modulation instability and Turing patterns to 
dissipative solitons, multi-soliton states, front propagation, and complex spatiotemporal behaviors. Beyond the standard 
Kerr cavity model, we have reviewed the influence of several important physical effects, including polarization degrees 
of freedom leading to vector dissipative solitons, Raman scattering and Raman–Kerr comb generation, spectral filtering, 
spatially inhomogeneous pumping, and delayed-feedback control. These mechanisms enrich the landscape of localized and 
extended structures, providing new routes for controlling soliton formation, stability, motion, and interactions. We have 
also highlighted the emergence of complex dynamics, including breathing states, drifting solitons, and spatiotemporal 
chaos, revealing deep connections between nonlinear dynamics, symmetry breaking, self-organization, and front propa-
gation in driven-dissipative optical systems. The resulting frequency combs combine high coherence, low timing jitter, and 
broad spectral coverage, paving the way for applications in precision metrology, spectroscopy, coherent communications, 
microwave photonics, and emerging quantum technologies. As advances in material platforms, dispersion engineering, 
and integrated photonics continue to accelerate, dissipative solitons and Kerr frequency combs are expected to remain at 
the forefront of both fundamental research and next-generation photonic technologies.

Using rigorous tools from dynamical systems theory, particularly Lyapunov spectra, we demonstrate that the complex 
dynamics observed in driven optical systems are manifestations of spatiotemporal chaos. The Kaplan–Yorke dimension 
is shown to be an effective order parameter for characterizing the bifurcation structure associated with this chaotic 
regime. Our analysis also reveals the coexistence of spatiotemporal chaos, self-pulsating dissipative Kerr solitons, and 
homogeneous steady states. These complex states exhibit strong sensitivity to initial conditions, high-dimensional chaotic 
dynamics, and exponential power spectra, distinguishing them from turbulence-like regimes. These findings provide a 
useful framework for the identification and classification of complex spatiotemporal behaviors in dissipative systems.

While Kerr microcombs have matured rapidly, mode-locked lasers continue to provide a complementary and indis-
pensable platform, offering high pulse energies, broad tunability, and a wide variety of soliton states. The interaction 
between propagation-based and cavity-based soliton physics enriches our understanding of nonlinear wave dynamics 
and broadens the design space for next-generation comb sources. Looking ahead, several challenges and opportunities 
remain. Improving the robustness of soliton initiation, long-term stabilization under realistic operating conditions, and 
extending spectral coverage through hybrid and dispersion-controlled material platforms are active areas of research. 
Equally promising are enhanced quantum microcombs, chip-scale self-referenced systems, and architectures that couple 
resonators, waveguides, and heterogeneous materials to push frequency combs further into integrated photonics. In 
summary, the convergence between powerful light confinement and nonlinear optical physics has redefined the landscape 
of frequency comb generation. The synergy between theory, materials, and device engineering continues to drive rapid 
progress, bringing us closer to fully integrated, low-power, and widely deployable frequency comb sources. As these 
technologies evolve, they are poised to play a central role not only in precision measurements, but also in emerging 
fields such as quantum information, neuromorphic photonics, biomedical sensing, and next-generation communication 
systems.
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