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Abstract

Macroscopic systems can exhibit particle-type solutions such as solitary waves, pulses, vegetation patches, and front solutions,
among others. These localized structures may show active-like behavior when reflection symmetry is broken and fluctua-
tions are present. Here, we investigate a one-dimensional non-variational system with multiplicative noise in which initially
motionless structures drift and stochastically reverse their direction, resembling the run-and-tumble motion of bacteria. For
low noise level intensities, the mean square displacement of the localized structure position displays a predominantly ballistic
regimen with bimodal position distributions, while at high noise levels induce more frequent switching and complex transport
dynamics, including initial diffusion, intermediate ballistic, and long-term diffusion regimes. A minimal model for the posi-
tion and velocity captures run-and-tumble dynamics with rates governed by a Kramers law. The associated Fokker—Planck
equation reproduces the full dynamics across all time scales, confirming the noise-induced transition in velocity and the
diffusive behavior in position for long times. These findings show that active-like behavior can arise in nonlinear systems
through both parity-breaking symmetry and noise.
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1 Introduction

Localized structures are robust confined spatial solutions that
emerge in a wide variety of extended nonlinear systems,
such as reaction-diffusion models, fluid dynamics, and opti-
cal media [1-7]. In this context, one of the most striking
phenomena is the emergence of particle-like behaviors, in
which the localized structure (LS) not only maintains its spa-
tial confinement but also acquires dynamic properties such
as mobility, propagation direction, or polarity [1-8]. These
solutions can be described by continuous parameters, such as
position, and discrete parameters that encode characteristics
such as charge, symmetry, or width. An equally paradig-
matic and historical case is that of solitons, first observed
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in water channels [9-11], whose dynamics and understand-
ing were key to the understanding of particle-type solutions
and field theory [12], as well as the development of optical
telecommunications [13]. In recent decades, this concept has
been extended beyond conservative systems to dissipative
media, where such solutions are usually called dissipative
solitons or localized structures [3—7, 14]. These have been
observed in a wide variety of physical contexts, including
magnetic domains, chiral bubbles in liquid crystals, current
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filaments in gas discharges, smears in chemical reactions,
optical patterns, oscillons in granular media, and isolated
states in thermal convection, among others (see reviews [4—
7, 15] and references therein).

The emergence of localized structures requires the coex-
istence of multiple states and a characteristic length scale
that enables spatial confinement. The characteristic length is
related to at least one equilibrium that has an inherent length,
such as being a periodic solution (pattern) or having spatial
oscillations in the connections between equilibria [4-7]. A
representative model that incorporates these elements is the
non-variational Swift—-Hohenberg equation, widely used to
describe the dynamics of systems close to Lifshitz points
[16], where the emergence of spatial patterns and bistability
converge. This equation has proven to be relevant in contexts
as diverse as nonlinear optics [16, 17], chemical systems [17],
elastic [18] and acoustic [19] media, and even in biological
models [17]. A key aspect of this model is that the inclusion of
non-variational terms can lead to a spontaneous breaking of
spatial reflection symmetry. This symmetry breaking enables
localized structures to undergo a transition from motionless
to propagating states, where the initial condition selects the
direction of motion. Such behavior has been both theoreti-
cally predicted and experimentally confirmed across several
physical systems, including liquid crystals, chemical reac-
tions, and various optical and mechanical settings [20-25].
On the other hand, macroscopic physical systems exhibit
inherent fluctuations [26]. The presence of fluctuations gen-
erates random walks of the particle-like solutions.

Random motion has attracted the attention of the scientific
community for centuries, with Brownian motion being the
paradigmatic example [27, 28]. One of the main characteris-
tics of this random walk is that the mean square displacement
increases linearly with time. Movement of self-propelled
objects, active matter, may exhibit non-Brownian random
walks [28]. For example, bacteria such as Escherichia
coli exhibit random movement, characterized by alternat-
ing straight-line forward motion with random turns, followed
by further straight-line forward motion, continuously main-
taining this alternating pattern [30, 31]. This dynamic is
called running and tumbling. Indeed, Escherichia coli, whose
non-Brownian motion alternates between ballistic and diffu-
sive regimes [32]. Namely, its mean square displacement is
characterized by an initially quadratic regime in time (bal-
listic) and subsequently replaced by a linear one (diffusive).
These regimes represent two extremes in particle dynamics,
characterized by predominantly constant or stochastic tem-
poral rate. Kramers’ theory explains how a particle or system
crosses an energy barrier due to thermal noise. In the run-and-
tumble framework, Kramers’ theory describes the transition
from the initial ballistic to the diffusive regime in the pres-
ence of noise and potential barriers, incorporating friction
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to explain how motion slows and becomes diffusive upon
crossing these barriers.

Recent studies have analyzed the combined effect of parity
symmetry breaking and multiplicative noise on the transition
from a motionless to a traveling localized state. In this setting,
the breaking of spatial reflection symmetry induces propa-
gation in a preferred direction, while noise causes stochastic
reversals in the direction of motion [29]. This interplay gener-
ates run-and-tumble dynamics, analogous to those observed
in bacteria whose non-Brownian motion alternates between
ballistic and diffusive regimes. A detailed study of the run-
ning and tumbling of particle-like solutions is necessary to
understand their properties and the conditions required to
observe them in different out-of-equilibrium physical sys-
tems.

This research aims to examine in detail the emergence
of run-and-tumble dynamics in one-dimensional localized
structures subject to random fluctuations. The analysis is
performed using a stochastic, non-variational scalar model
that exhibits localized structures that run and tumble. Noise
is included in the parameter responsible for the transi-
tion between motionless and traveling states. Although
the analyzed model lacks internal drivers or localized
energy sources, the mechanism presented here—based on
the interplay between nonlinearity, symmetry breaking, and
a stochastic forcing—provides an effective description of
behaviors typically associated with active systems driven
internally. On long but finite time scales, the localized struc-
tures pre-sent three regimes: an initial diffusive regime,
followed by a ballistic regime, and finally a diffusive one.
Mean square displacement analyses reveal these regimes. To
explain the run-and-tumble phenomenon, we derive a min-
imal model for the position and velocity of the localized
structure. This reduced model accounts for the run-and-
tumble dynamics of localized structures described by the
scalar model. Note that this simple model allows for ana-
lytical analysis. The reduced model exhibits spontaneous
parity-symmetry breaking and stochastic propagation rever-
sals described by Kramers’ law. Using this law, we estimate
the mean first-passage time, consistent with simulations of
the minimal model. Furthermore, we numerically solved the
associated Fokker-Planck equation, recovering the key fea-
tures of the emergent dynamics: the behaviors for finite long
times, the noise-induced transition in the stationary velocity
distribution, and a diffusion process at the particle position.
Our results indicate that active behavior can arise generically
in simple physical systems, without requiring specific active
mechanisms, only symmetry breaking and noise.

The manuscript is organized as follows: In Section 2,
we introduce the prototype model of localized structures;
we show that this model exhibits running and tumbling of
localized structures; and we further analyze the statistical
properties of these phenomena. In Section 3, we propose a
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minimal model for the particle-like solution by reducing it
to the central manifold, using a Langevin-type equation. We
also analyze the statistical properties of this model. From the
Langevin-type equation, we derive and examine its associ-
ated Fokker-Planck equation. In the final Section, we present
the conclusions and discuss future directions of this work.

2 Stochastic localized structure model

Localized structures require the simultaneous presence of
multistability and a characteristic length [5]. These condi-
tions arise naturally in the vicinity of a Lifshitz point [1],
in which a spatial instability and the nascent of bista-
bility occur simultaneously. A prototype model with a
Lifshitz point that exhibits both localized and extended pat-
terns is the Swift-Hohenberg equation [33]. This model is
an isotropic, reflection-symmetric, and real-order-parameter
nonlinear equation originally derived to describe pattern for-
mation in Rayleigh-Benard convection [33]. A generalization
includes an additional term that breaks the field-reflection
symmetry, which is denominated as the non-variational
Swift-Hohenberg equation [16, 17]. This generalization has
been deduced in various field on nonlinear science, such
as chemistry [17, 34], plant ecology [35], nonlinear elas-
ticity [36], and nonlinear optics [16, 17]. Hence, the
non-variational Swift-Hohenberg equation applies to a wide
range of systems that undergo a spatial-symmetry-breaking
instability, close to a second-order critical point marking the
onset of a hysteresis loop.

Using scale separation techniques and normal form the-
ory, close to a Lifshitz point, the dynamics of the system is
described by [16, 17] (the non-variational Swift-Hohenberg
equation)

Oru =1+ pu — u3 — Uagu — a;‘u + 2buafu
+ [c + Vag (x, H] (B.u)?, M

where u = u(x, t) is an order parameter and denotes a scalar
order field that can describe a variety of physical quantities,
including amplitude enveloped of the light [16], chemical
concentration[17], average molecular orientation [18], and
radial displacement [19], surface radial displacement [36],
among others. The parameter n governs the bifurcation
behavior of the system, whereas n modulates the extent of the
bistable regime. The coefficient v represents diffusion when
negative and anti-diffusion when positive. Parameters b and ¢
correspond to the contributions from nonlinear diffusion and
advective transport, respectively. £ (x, t) is a Gaussian white
noise with a mean value and a correlation function given by

(E(x, 1) =0, @)
[, DER, 1)) = 81 — 18 (x —x), 3)

0.08f
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Fig. 1 Spontaneous symmetry breaking from motionless to traveling
LSs exhibited by Eq. (1) as a function of nonvariational parameter ¢
with n = —0.02, u = —0.092,v =1,b = —1.0,a = 0, Ax = 0.8,
and At = 0.03. The blue circles account for the numerical LS velocity,
where the transition between motionless to traveling solutions occurs
at ¢* = 0.855. The corresponding left and right speed fittings (red hard
curves) are given by vg 1 = Fvo+/c* — ¢ with vg = 0.222. The solid
and dashed lines account for stable and unstable LS. The insets (i), (ii),
and (iii) are the spatiotemporal evolution of the motionless, traveling
towards the left and right flank LS, respectively

here the symbol (-) represents the average over the noise
realizations in both space and time. Consequently, the noise
exhibits no temporal or spatial memory, and the parameter a
is the noise level intensity. To numerically solve the stochastic
partial differential Eq. (1) in a periodic domain with white
noise, the space was discretized using central finite differ-
ences, applying periodicity as a boundary condition. The
discretization transforms the partial equation into a system
of ordinary differential equations; this system is integrated
in time using a fourth-order Runge—Kutta scheme for the
deterministic part, while the stochastic term is incorporated
using the Euler—Maruyama method, generating independent
Wiener increments with zero mean and variance Ar [37].
This scheme, based on the It0 interpretation, combines the
accuracy of a fourth-order integrator with the simplicity
of stochastic treatment. Finally, the simulations of model
(1) were carried out using an observation timescale of the
order 10° iterations, which allowed robust characterization
of the noise-induced phenomena in the considered parameter
region.

Figure 1 shows the bifurcation diagram of the localized
structure speed v as a function of the non-variational param-
eter ¢ without noise a = 0 of the model Eq. (1). Note that
the speed of the localized structure v was calculated follow-
ing the position of the maximum of the LS over time and
determining its temporal variation. This diagram illustrates
a transition from motionless to traveling localized states as
the non-variational parameter ¢ increases [25]. The insets
(1), (ii), and (iii) show the spatiotemporal evolution of a sta-
tionary localized structure, which moves towards the right
and left flanks when the parity-symmetry is broken, respec-
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Fig. 2 Run-and-tumble behavior of LSs presented by numerical sim-
ulations of Eq. (1) for n = —0.02, p = —0.092, v =1, b = —1.0,
¢ =0.865, Ax = 0.8, and Ar = 0.03. (a) Spatiotemporal evolution of
a LS under the effect of Gaussian white noise fluctuations with a level
intensity @ = 0.25. (b) Temporal evolution of several LS realizations
for the same initial condition. (c) Bifurcation diagram of the LS velocity
as a function of non-variational parameter c. After the critical point ¢*,
black circles and red asterisks represent the right and left propagation
velocities of a LS, respectively. Before the critical point, the circle and
the asterisk collapse until the LS becomes motionless. The green arrows
schematically show the noise-induced transitions between a static and
an LS moving left or right, and vice versa

tively. By incorporating the influence of fluctuations on the
nonlinear advection parameter ¢ within regions exhibiting
localized propagative structures, we numerically observe the
emergence of running and tumbling behaviors in these local-
ized structures. Figure 2(a) displays a representative example
of the spatiotemporal dynamics associated with such stochas-
tic localized structures. To analyze their statistical behavior,
we consider a set of 600 realizations using an identical initial
condition, as depicted in Fig. 2(b). Figure 2(c) presents the
velocity of localized structures as a function of the nonvaria-
tional parameter ¢. The green arrows indicate noise-induced
transitions between stationary states, localized structures
moving either to the left or right, and reverse transitions
between stationary states, localized structures moving either
to the left or right, and reverse transitions.

2.1 Probability density function

In this section, we calculate the probability density function
P(x,t) and the mean square displacement In this section,
we calculate the probability density function P(x,?) and
the mean square displacement MSD(¢) = ((x(¢) — xo)z)
as a function of time ¢ and xop denotes a reference posi-
tion. Figure 3 summarizes the results for the evolution of
the LS position obtained from ensembles of realizations
corresponding to three different values of the parameter
¢ = {0.850, 0.860, 0.865}. All numerical simulations for this
study considered long but finite times. In this chart, the first,
second, third, and fourth rows account for the three sets of
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realizations as a function of time, P(x) denotes the time-
marginalized probability density function (PDF) estimated
by pooling all samples x(¢) over the entire time interval,
the conditional probability density function P(x, f|xg, fo)
(CPDF), and the mean square displacement MSD(¢) as
a function of time, respectively. From the left and mid-
dle columns, we observe that the LS position presents
a monomodal CPDF and an MSD(#) with two principal
regimes: ballistic (+2) and diffusive (¢'). The crossover time
t.—determined by the intersection of both regimes—delimits
the timescale from which the noise interrupts the ballistic and
gives way to a diffusion regime. From the right column, we
can see that the LS position presents a bimodal CPDF and an
MSD(r) with two principal regimes: superballistic > and
ballistic #2. Hence, we conclude that the localized structures
undergo a transition from a monomodal to a bimodal condi-
tional probability density function. Note that this transition
is observed at a finite final time 7y = 3.5 x 10°.

Figure 4(a) presents a more detailed analysis of the con-
ditional probability density function for a finite final time
t = ty. The bifurcation diagram shows two distinct regimes
depending on the parameters a and c. For ¢ < ¢* = 0.855,
the distribution is monomodal (green stars), whereas for
¢ > c¢*, both monomodal (red squares) and bimodal (blue
circles) distributions are observed. Figure 4(b) illustrates the
evolution of the mean square displacement as a function of
time, for ¢ = 0.865 and four different values of noise inten-
sity a = {10, 40, 160, 300} x 1073, It is observed that for
low values of a (a < 0.04) the system exhibits only ballis-
tic regimes, while for higher values (a > 0.04), a diffusive
behavior emerges at long timescales. On the other hand, the
influence of the parameter ¢ on the mean square displace-
ment is further examined for a fixed noise intensity a = 0.04
and two representative values of ¢ = {0.80, 0.865}, as shown
in Fig. 4(c). It is observed that for ¢ < 0.87, the probability
density is monomodal. At the same time, for higher values
it becomes bimodal, indicating a bifurcation related to the
effective potential structure induced by the parameter c. This
transition reflects a qualitative change in the stochastic tra-
jectories of the system, where the probability is redistributed
among multiple effective wells. Furthermore, when ¢ < ¢*,
the mean square displacement exhibits a purely diffusive
behavior on intermediate and long time scales, suggesting the
absence of a preferred direction of motion and the predomi-
nance of noise-induced randomness. Conversely, for ¢ > ¢*,
where the distribution becomes bimodal, the system may
undergo partial confinement within multiple potential wells,
resulting in an initial ballistic regime followed by slower dif-
fusion.
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Fig. 3 Statistical analysis of localized structure dynamics using
model (1) for three values of the parameter ¢ = {0.850, 0.860, 0.865},
with fixed parameters: ¢ = 0.02, n = —0.02, p = —0.092, v = 1,
b=-10,Ax =0.8, At =0.03,and 1y =3.5x 103. Columns (a)—(c)
correspond to increasing values of parameter c: (a) ¢ = 0.850 < ¢*
(below bifurcation), (b) ¢ = 0.860 ~ ¢*, and (¢) ¢ = 0.865 > c*

2.2 MSD characterization

In this section, we characterize the time-marginalized prob-
ability density function P (x) and the mean square displace-
ment MSD(¢) for each set of realizations corresponding to a
noise level intensity a, where each set has 600 realizations
(cf. Fig. 1). Figure 5(a) displays the set of realizations for
three increasing values of noise intensity a, with the non-
variational parameter fixed at ¢ = 0.865 > ¢*. For low noise
levels, the system exhibits predominantly ballistic behavior,
whereas for higher noise levels, the trajectories transition
to a diffusive regime. The corresponding time-marginalized
probability density function P (x) is shown in Fig. 5(b). Note
that the PDF also develops a different tail behavior as the

100 10 10 10
(above bifurcation). Each column includes four rows: (1) ensemble of
the LS position realizations; (2) time-marginalized probability density
function P (x); (3) conditional probability density function at final time
P(x,t =1ty | 70,0); and (4) mean square displacement as a function

of time MSD(t)

parameter a increases. Figure 5(c) shows the MSD(¢) for
three different values of the parameter a, highlighting scaling
exponents {«, B, y}. To characterize the different regimes,
we can approximate the MSD by

VDt t <,
MSD(1) = { VBi?, n<t=<m, “
JVFt7, t>1,

where t; and t, are the crossover times, and t», = .. The
behavior of the exponents as a function of the noise level
intensity a is displayed in Fig. 5(d). For noise levels below
the critical threshold ¢ < a* = 0.20, all exponents converge
toward a ballistic regime characterized by « — 1.5, 8 — 3,
and y — 2. Above the critical value, a > a*, the exponents
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Fig.4 Analysis of the condition probability density function P (x, t =
t7]70, 0), obtained using the model (1) with the following parameter
values n = —0.02, u = —0.092, v =1,b = —1.0, Ax = 0.8, At =
0.03. Above the threshold ¢ > ¢*, red squares have a monomodal CPDF,
while the blue circles represent a bimodal CPDF. (b) Time evolution of
the mean square displacement for a fixed value of ¢ = 0.865 > ¢* and
three noise intensity values @ = {0.2, 0.5, 1.0}. (c) Time evolution of
the mean square displacement for a fixed value of @ = 0.04 and two
values of ¢ = 0.80 (below the threshold) and ¢ = 0.865 (above the
threshold)

exhibit a transition: the exponent « remains slightly above 1,
consistent with a Brownian process, while 8 — 2 accounts
for a ballistic regime and y — 1 a diffusive one.

In brief, the dynamics of the stochastic localized struc-
ture exhibit distinct propagation regimes, the nature of which
depends on the noise level intensity. When this intensity
exceeds a critical threshold @ > ac, the exponents reveal
a transition from a ballistic behavior on intermediate time
scales (8 — 2) to a diffusive regime on long times (y — 1).
This scenario is consistent with that observed in active
systems, such as bacteria that move along run-and-tumble
trajectories [32].

3 Particle type description: minimal model

An effective description of the stochastic dynamics of LSs,
i.e., the position and velocity, can be obtained following the
perturbative approach used in Ref. [25], which considers the
system near the transition from traveling to motionless LSs.
In this framework, the bifurcation non-variational parameter
is expanded as ¢ = ¢* + €cp, with € <« 1 small scaling
parameter (cf. Fig. 1). Let us consider the ansatz

u(x, 1) = ugs (x — q(et)) +ep(e gy (x — qlet))
+w(x, g, p), 4)

where u;s (x —q(€et)) = |ujs) represents the symmetri-
cal motionless localized structure at the critical point, and
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Fig. 5 Analysis of the {«, B, ¥} MSD exponents as a function of the
noise level intensity a, corresponding to the short-, intermediate-, and
long-time regimes within the framework of model (1). The remaining
parameters are fixed atn = —0.02, u = —0.092,v = 1,b = —1.0,¢c =
0.865, Ax = 0.8, At = 0.03, and 7y = 10500. (a) Sets of realizations
and (b) time-marginalized probability density functions P (x) for the
position of the LS, corresponding to increasing noise intensity values
a = {0.023, 0.2, 2.0}. (c) MSD as a function of time for three increasing
values of intensity noise a with their respective regimes highlighted
in the blue, red, and magenta squares. #; and #, are crossover times
that account for the different regimes, respectively. (d) Exponents of
the MSD {«, B, y} as a function of noise intensity a. The vertical line
denotes the threshold of exponents a*

Ugs (x — q(€t)) = |ugg) accounts for the eigenfunction cor-
responding to the asymmetric critical mode of linearized
operator associated to u;s (x). Namely, u;s (x) satisfies

0 =n+ pu, — u?s — vafuzs — B;‘u;s + 2bu1533u15 + c(axuls)z.

(6)

The w(x, g, p) = |w) is a small nonlinear correction func-
tion that follows the scaling w <« e€p < 1. The variables
g(et) and p(e?t) account for the position of the LS and
amplitude of the asymmetrical part. Note that the tempo-
ral scales of the position ¢ and the amplitude p are different
(cf. Ref. [25]). By replacing the above ansatz (5) in the cor-
responding model of Eq. (1), using Eq. (6), and linearizing in
the perturbation w, we obtain the following expression after
straightforward computations

Llw) =|B(q, p, €)), N
where L is a linear operator given by

L= (pu—3ul —vd>— 08t +2bu0%
+ 2¢(Byutss) e + 2b(D2usy), ®)
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and |B(q, p, €)) represents the term arising from nonlin-
ear interactions and perturbative contributions dependent on
variables g, p, and the small parameter €. Its explicit form is
given by

|B) = —63zu1s6} - ezpazuasq +€3uasp
— [muas — 3“(1.914125 - Vazzuas - ajuas + 2buys 01 s
+ 2a€duadouls + 2007wy e p — a§ (dzuqs)’

— [2bttas02u1s = Busgid + (¢ + a§) (Gettas)? | €2p?

+ ['43‘? P3 - 2PC03zuas3zuzs] e, 9)

Notice that the linear operator £ has a kernel of dimension
two that satiesfies £]d.u;) = 0 and L£*|ugs) = 0 [25].
We have employed the standard notation ¢ = 9d;q, p =
drp, and z = x — g(et) that corresponds to the coordinate
in the co-moving reference frame with speed €g, and ¢ =
c* + €cyp.

To solve the linear Eq. (7), the right-hand side of this
equation must be in the image of the linear operator L. To
apply this condition, we use Fredholm’s alternative or the
solvability condition [3], which gives us a set of equations
for the position ¢ (¢) and critical mode p(¢). The solvability
condition involves projecting Eq. (7) over the kernel of the
adjoint operator £'. Using the canonical inner product

(flg)) = f FOg(dx, (10)

and the solvability condition, this leads to the following
equation for the particle type solution governing the slow
dynamics (the minimal model)

p=op—p+Jan),

. Y
q =—p+an(),
where the bifurcation parameter is given by
0 0
o = 2eco {1 | Oxuas Oxuy)) ’ (12)

(1 | uas))

and n(¢) is a Gaussian white noise with the following statis-
tical properties

m®) =0,  WOn@)) =80 —1). (13)

The corresponding noise intensities are

a2

T W | uas)?
B a (Yot | Byuis)™*))
e(Wo | xurs)  (? | (Dus)*)

aj

(14)

a) =

’

where ¥ and | are the adjoint eigenfunctions associ-
ated with the translational and asymmetric modes, respec-
tively. That is, L7 (9] = 0 and L'(yy] = 0. Note
that {(Yol, (V¥1l, lugs)} are determined numerically [25].
Observed that these equations are obtained at the same order
ine€.

Hence, the dynamics of LSs are governed by a Langevin
equation for the velocity p, subject to a symmetric bistable
potential U(p) = —o p*/2 + p*/4, which exhibits min-
ima at +./o. Importantly, the position and velocity of the
LS are connected through a stochastic differential equation;
however,their relationship cannot be reduced to a simple
kinematic definition, in contrast to the Langevin classical
description. The reduced dynamical model Eq. (11), starting
from the resting configuration p(0) = 0, initially describes
how the LS acquires a velocity toward one of the flanks (cor-
responding to a minimum of the potential) and begins to
fluctuate around that velocity [r < 1, in Fig. 5(c)]. Subse-
quently, for times comparable to the mean first passage time,
the LS may stop and reverse its propagation direction [t > t»
in Fig. 5(c)] and again perform this dynamic cycle (run-and-
tumble), as illustrated in Fig. 2(a). From this model and the
noise-induced transition phenomenon [38], one expects that
trajectories present a running and tumbling behavior.

Figure 6 shows the numerical results of a study on the
reduced Eq. (11), equivalent to the analysis carried out for
the spatiotemporal model Eq. (1), and illustrates the time
evolution of the LS position based on ensembles of 600 real-
izations. All simulations of this model were carried out using
the Euler-Maruyama me-thod. For two values of the noise
parameter, a; = {0.0015, 0.003}, panels (al)-(b4) display,
respectively: the LS trajectories over time, the time-averaged
probability density (P (x)), the conditional probability den-
sity function P(x,t|x; = 70,79 = 0), and the mean
square displacement MSD(#). The left and right columns
correspond to the dynamics of the LS below and above
the threshold a; = ai“ = 0.002. In the left column, the
LS exhibits a bimodal CPDF and an MSD(#) characterized
by two regimes: superballistic (t%9) and ballistic (#2). In
contrast, the right column shows a monomodal CPDF and
an MSD(r) with ballistic (+2) and diffusive (') behavior.
Finally, Fig. 6(b4) shows a vertical dashed line indicating
the numerical crossover time between the ballistic and dif-
fusive regimes, w, ~ 102, which depends on the noise
level intensity a;. From the reduced Eq. (11), we estimate
this crossover time analytically using Kramers’ theory in the
high-friction limit. The mean first passage time is given by

T = 2my/ (,/U"(pa) |U”(pb)|> eAU/D where D is the

noise intensity, AU = U(pp) — U(p,) is the potential bar-
rier height, and p,, pp are the minimum of the potential U
and transition points, respectively [39]. This expression pro-
vides the characteristic time required for a particle to escape
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from a metastable minimum under the condition AU > D.
Applying Kramers theory to our case (11), we obtain the
following expression

Tk = 15)

V2 |: o2 ]
exp ,
o

4ay

which is in agreement with the numerical results of crossover
time t; ~ Tr,. The overall scenario is summarized in the
bifurcation diagram shown in Fig. 6(c) for finite long times.
For o < 0, the system exhibits monomodal probability den-
sities with Brownian-like dynamics (green stars), whereas
for 0 > 0, both bimodal (blue circles) and monomodal
(red squares) densities are found. In this latter regime, the
solutions undergo a noise-induced transition from a bimodal
density with ballistic exponents to a monomodal one with
diffusive exponents at finite long times.

These observations indicate that the localized structures
undergo a transition from a monomodal to a bimodal con-
ditional probability density function for a finite final time
t = ty, consistent with the behavior exhibited by the spa-
tiotemporal model Eq. (1). Consequently, the reduced model
Eq. (11) proves effective in capturing the main dynamical
features of the localized structures governed by the stochas-
tic non-variational Swift-Hohenberg equation (1).

3.1 Fokker planck approach

In addition to the numerical simulations of the reduced
Langevin-like Eq. (11), we consider the associated Fokker-
Planck equation to study the time evolution of the con-
ditional probability density function P(q, p, t|qo0, po, to),
where {¢g, p} and {qo, po} denote the position and velocity in
the time ¢ and #, respectively. The corresponding Fokker—
Planck equation is given by [26]

P 3 3 AP a; 3*P
¥=—£[(UP—P )P]+p£+?8_;;2
3P ald’pP
dgip T 2 ag

+ Jaia (16)

This equation accounts for the conditional probability den-
sity function given by an initial distribution condition
f(qo. po) = P(qo. po, t0lqo, po. to). Note that when ¢ —
oo, the joint probability density function converges to the
stationary probability. The Fokker-Planck Eq. 16 is numeri-
cally studied using the finite symmetrical differences code to
conserve the total probability with the Runge-Kutta order-4
algorithm and using periodic boundary conditions.

Figure 7 shows a time series of a colormap of the joint
probability density function obtained from numerical solu-
tion of Eq. (16) for & = 0.35. Panel (a) corresponds to the
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Fig.6 Statistical characterization of the ensemble of localized structure
positions obtained from the minimal model (11) for the particle type
solution with fixed parameters ap = 1.3 and Ar = 0.03. For two values
of the noise level intensity a; = {0.0015, 0.003} and with o = 0.15,
columns (a)—(b) correspond to increasing values of parameter a;: (a)
a; = 0.0015 < aj (below bifurcation) and (b) a; = 0.003 > af
(above bifurcation). Each column includes four rows: (1) ensemble of
the LS position realizations; (2) time-marginalized probability density
function P (x); (3) CPDF at final time P (x, t = t7 | x;, 0); and (4) mean
square displacement as a function of time MSD(¢). (c) The bifurcation
diagram illustrates the dependence of the noise level intensity a; on the
control parameter o. Below the threshold o < 0, green stars represent
a monomodal CPDF. Above the threshold o > 0, red squares have a
monomodal CPDF, while the blue circles represent a bimodal CPDF

initial condition, where the joint probability density func-
tions are given by a narrow Gaussian localized in both ¢
and p. As time evolves, the joint probability density function
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spreads. Panels (b) and (c) show the intermediate ballistic
regime, where P(q, p, t|0, 0, 0) exhibits clear bistability in
both variables, with two dominant peaks emerging along both
g and p axes. These results are consistent with the numerical
simulations of the non-variational Swift—-Hohenberg Eq. (1)
and its reduced model (11) for long but finite times (see the
region of blue circles in Figs. (4) and (6), respectively). At
longer times, as shown in panel (d), the system reaches a
stationary regime due to the boundary conditions, character-
ized by a stationary distribution that approximately factorizes
as Ps(q, p) = Ps(q) Ps(p). The marginal density Ps(p)
reflects the bistable character of the system, with two peaks
located near the minima of the effective potential U(p),
consistent with the double-well structure for o > 0. On
the other hand, the marginal distribution P(g) becomes
uniform, indicating that the position of the LS undergoes
long-time diffusion (see the region of square red in Figs. (4)
and (6)). It is important to note that once the stationary distri-
bution is reached, the stochastic transition from biomodal to
monomodal behavior observed in the position x is no longer
present. The noise-induced transition is instead captured in
the stationary probability density associated with the velocity
variable p.

4 Conclusions and perspectives

This work demonstrates that LSs can develop run-and-tumble
dynamics without requiring living components or inter-
nal propulsion mechanisms. This type of dynamics arises
naturally when three fundamental ingredients combine: non-
linearity, parity-breaking symmetry, and noise. Through
statistical analysis of mean square displacement for long but
finite times, we observe a sequence of dynamical regimes:
initial diffusion, intermediate ballistic, and long-time diffu-
sion. These regimes are characterized by monomodal and
bimodal probability density functions for the LS position.
To understand the origin of these dynamics, we derive an
effective minimal model, Langevin approach, that describes
the evolution of the LS’s position and velocity as a particle
in a velocity-symmetric bistable potential landscape per-
turbed by noise. This reduced model follows a double-well
Langevin-type equation in which the velocity can reverse
upon overcoming energy barriers. The transition between
left- and right-moving states follows Kramers’ law. This pre-
diction quantitatively agrees with direct simulations of both
the reduced model and the original system. Furthermore,
by solving the Fokker-Planck equation associated with the
reduced model, we thoroughly verify the dynamic behavior.
The bimodal shape of the velocity stationary distribution con-
firms the existence of metastable states of persistent motion,
and the transition between diffusive and ballistic regimes is
faithfully reproduced in this theoretical framework.

P(Q,P, t) '-'-'-'-5
1

0 2.5

0.02 0.04

-500 0 500 -500 0 500

Fig. 7 Time evolution of the conditional probability density function
P(q, p,t) obtained from the numerical integration of the Fokker—
Planck equation (16) with parameters o = 0.35, a; = 0.05, a» = 1.1,
time step At = 0.01, and spatial discretization Ag = Ap = 1.0. (a)
Initial condition: narrow Gaussian localized in both ¢ and p. (b) Short-
time evolution showing spreading of the distribution. (c) Intermediate
ballistic regimen where bimodality emerges in the velocity marginal
P(p, t). (d) Stationary regime that account for a diffusive dynamics:
the marginal density Ps(p) becomes bimodal, reflecting the double-well
structure of the effective potential, while Ps(q) approaches a uniform
distribution, consistent with long-time diffusion in position

Our results show that active particle-like behavior is not
exclusive to complex living systems. This work proposes a
general and robust mechanism for generating run-and-tumble
dynamics in non-equilibrium systems, opening new avenues
for controlling and understanding structural transport in opti-
cal, chemical, and active-matter media. In particular, in
delayed optical cavity solitons, the transition from motion-
less to traveling solitons has been theoretically predicted [40],
which may be relevant for optical memory applications [41];
the inclusion of fluctuations inherent in these optical systems
may be responsible for the run-tumble dynamics of cavity
solitons. Likewise, thermal effects in semiconductor micro-
cavities can induce transitions from motionless to traveling
localized states in one- and two-dimensional optical configu-
rations [42—44]. Experimentally, a transition from motionless
to traveling solutions has been observed; self-organized, soli-
tary current filaments have been observed in a planar DC gas
discharge system with a high ohmic resistance barrier (see
Review [6] and references therein). Due to noise, the current
filaments exhibit complex, random trajectories; more careful
studies are required to determine the nature of the dynamics
observed in these systems.
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In extended systems, a fundamental question remains:
how to determine the transition times between noise-induced
equilibrium states (Kramer’s law for extended states). In our
work, because the dynamics of particle-like solutions are
projected onto the central position-velocity manifold (min-
imal model), the field is described by ordinary differential
equations, and the noise-induced transition has analytical
expressions. This reduction is fundamental to conducting this
analysis. Our results may provide new insights into the theory
of noise-induced transitions in stochastic fields.
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