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Abstract
Large-scale banded vegetation patterns are a well-documented phenomenon in many semi-arid ecosystems. Most theoretical
efforts have focused on understanding spatially regular patterns; however, field observations reveal that the spatial distribution
of vegetation is often irregular. The laws governing these patterns remain unknown. We show through remote sensing data
analysis that the width of the bands that constitute the vegetation patterns obeys a q-Gaussian distribution. Likewise, the
spectral density of the vegetation patterns follows an exponential-law decay at sub-wavelengths. These results do not depend
on the type of plants nor the type of soil, and can be observed across different landscapes. Furthermore, the observations are
reproduced by employing a fully deterministic model for the biomass. Our results reveal the statistical laws that govern the
irregularities in banded vegetation patterns.

Keywords Pattern formation · Population dynamics · Vegetation patterns · Spatiotemporal chaos

1 Introduction

In arid and semi-arid landscapes, plant communities often
show a non-uniform spatial distribution at centimeter, meter,
or even hectometer scales. An interesting example of botan-
ical organization, generically referred to as vegetation
patterns, is the tiger bush [1]. This phenomenon is par-
ticularly evident in semi-arid and arid landscapes where
the evapotranspiration potential is significantly higher than
the average annual rainfall, and/or in nutrient-poor environ-
ments. At the level of the individual plant, water stress affects
both survival and growth. At the community level, it favors
clustering behavior, leading to landscape fragmentation. It
is generally accepted that this adaptation to hydric stress
involves a symmetry-breaking instability [2–6]. These spa-
tial distributions are mostly studied by mathematical models
that yield regular, or ideal patterns. Even though field obser-
vations reveal irregularities, these are usually not taken into
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account, and the laws governing them are still unknown.
To clarify the irregularities of patterns, several concepts
have been proposed [7–9], including extreme irregularity and
a scale-free regime, which both refer to entirely irregular
patterns. Intermediate regularity, on the other hand, is char-
acterized by patterns that exhibit specific correlations along
with significant fluctuations in their correlograms and peri-
ograms. Regular or perfect patterns show clear correlations
without fluctuations in their correlograms and periograms.

Pattern irregularities arise from the non-reciprocity and
non-locality of the interactions, and not as a consequence
of noise or random fluctuations. The interaction of dif-
ferent components of a given system can be reciprocal or
non-reciprocal. Non-reciprocal coupling refers to a phe-
nomenon in which the interaction between two parts of a
system depends on the direction of the interaction. In other
words, the energy transferred from one region to another
may differ compared to the energy transferred back from the
latter region to the former. A wide variety of physical phe-
nomena are well described by non-reciprocal interaction in
far-from-equilibrium systems, such as biology [10], optics
[11–14], acoustics [15], metamaterials [16, 17] and liquid
crystals [18]. In all these systems, despite their origins, the
absence of reciprocity is the rule rather than the exception.
The interaction is non-reciprocal when the exchange of its
components does not produce an equivalent result. In plant
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ecology, the non-reciprocity in the interactions arises from
the environmental anisotropies, such as slope, wind, soil
depth distribution, and soil-moisture islands. These canmod-
ify the pattern wavelength and symmetry. In the last decades,
the effect of anisotropy on vegetation patterns has been of
great interest [2, 3, 19–21]. The wavelength as well as the
speed of uphill banded vegetation have been estimated [22].
In contrast, in hyper-arid ecosystems such as fog deserts, the
banded vegetation moves downhill [19]. The wavelength of
the banded vegetation pattern is directly proportional to the
degree of drought, but varies negatively with the slope gra-
dient [23].

The stochastic approach highlights the potentially struc-
turing role of environmental randomness, considered as a
source of symmetry-breaking transitions induced by noise,
which can trigger the formation of vegetation patterns [24,
25]. These transitions occur when the variance of envi-
ronmental noise increases, while its mean value remains
constant. Stochastic fluctuations–whether in time [26] or
space [27]–can profoundly influence the stability of non-
linear systems. These fluctuations may arise from various
sources and can be classified as either additive (internal)
or multiplicative (external) noise. Their origins are diverse,
including topographical irregularities, heterogeneous soil
properties, and random seed dispersal. The growing inter-
est in the impact of stochastic processes on the formation
of vegetation patterns is evident from the large number of
recent scientific publications on the subject [28–34]. In par-
ticular, persistent spatial noise over time represents a form
of exogenous heterogeneity, often referred to as geodiversity
[9, 35, 36]. Further, regular natural vegetation patterns differ
fundamentally from periodic patterns, not because of super-
imposed noise [37], but because of intrinsic variations in size,
spacing, and frequency, as demonstrated by Kästner et al. [7]
using statistical analyses on a large data set [8]. This chal-
lenges the common assumption that dislocation dynamics are
merely transient. Moreover, certain regimes are predicted to
exhibit a stable spatial distribution of defects [38].

This letter aims to show that the spatial irregularities pre-
sented in intermediate regular banded vegetation patterns
follow a q-Gaussian distribution [39, 40], characterized by
power-law tails L−2/(q−1) where L is the vegetation band-
width. Figure 1 shows a single vegetation band statistic of
width L . To figure out the origin of the power law in vegeta-
tion bandwidth distribution, we analyze via remote sensing
imaging the ground covered by vegetation. This technique
has been used in previous studies [19, 23, 38], and it serves
as an estimate of the biomass [41]. Specifically, we study the
spectral density of the biomass and its orientation field. The
spectral density of the biomass exhibits an exponential-law
decay, while the biomass orientation field shows a power law
decaywith an exponent close to 2, both in the sub-wavelength
regime. Theoretically, a fully deterministic model based on

Fig. 1 Statistics of single vegetation bandwidths. a Probability distri-
bution function (PDF) of vegetation bandwidths L . Blue and red curve
account for the q-Gaussian andGaussian distribution, respectively. Blue
and red points represent the data obtained in Sudan (011◦09’00.00"N
028◦16’30.00"E) and in Mexico (028◦08’30.00"N 104◦28’00.00"W).
Inset stands for the same width distributions on a logarithmic vertical
axis. Remote image of a vegetation band b in Sudan and c in Mexico

non-local facilitative and competitive non-reciprocal interac-
tions explains the field observations qualitatively.

2 Remote sensing image analysis

Most striped vegetation patterns observed in nature are dis-
ordered and exhibit topological defects such as dislocations.
In addition to slope, which promotes the propagation of these
dislocations, boundary conditions have been shown to play
a key role in their ongoing creation [38]. This permanent
dynamics with previous studies that considered dislocation
formation to be a transient phenomenon, ultimately leading
to perfectly ordered, defect-free patterns [3, 43]. Banded veg-
etation patterns are formed in arid- and semi-arid landscapes
as a result of an interplay between short-range facilitative
interactions controlling plant reproduction and long-range
inhibition interactions caused by plant competition for scarce
resources.

When the environmental conditions are heterogeneous,
banded vegetation patterns become irregular. Figures 2(a)
and 2(b) show two examples of large spatial scales banded
vegetation patterns with irregular spatial distributions and
an average wavelength λ. The probability density functions
(PDFs) for the bandwidths are shown in Figs. 2(c) and 2(d).
Note that, given each band, the width L is calculated at each
position along the band. The probability density functions
represent the frequency distribution of different bandwidths
observed in Chilean and Sudanese landscapes, respectively.
This is an invaluable tool for analyzing spatial patterns
and understanding the distribution of certain features within
ecosystems. Figure 2(c) shows that the expectation and the
average values coincide for the Sudanese vegetation. The
blue dots and curves show a q-Gaussian distribution that fits
with q ≈ 2. Table 1 summarizes the q parameters of the
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Fig. 2 Banded vegetation patterns and their statistical characteri-
zation. The left and right columns account for the Chilean and
Sudanese landscapes. The white arrow points north. a Satellite image
of Chile (020◦29’30.00"S 070◦03’30.00"W). b Satellite image of
Sudan (011◦09’00.00"N 028◦16’30.00"E). c and d Histogram of the
bandwidths (normalized by the expectation value) projected along
the average direction of the pattern. Blue dots are the probability of
the observed bandwidth. Error bars account for the standard devia-
tion. Orange curves correspond to q-Gaussian fitting to the bandwidth
distribution. Insets account for the skeleton (dark green curves) and
binarization (shadowed light green band) of the respective landscape
zoom. e and f Spectral density SD of the bands projected along the
average direction of the pattern. The shadowed green regions account
for the width variance. The vertical purple line accounts for the pattern
wavelength λ. The green vertical line indicates the expectation value
of the bandwidth. The green shaded areas account for the variance in
width. g and f are the autocorrelation functions of the biomass. The
images are obtained from Google Earth, using the save image tool, in
Max. resolution (8192 × 7016 pixels) [42]

q-Gaussian distributions for several landscapes with their
respective perceptual error of skewness (εs ) and kurtosis (εk).
These errors account for the difference of the distributions
in terms of their asymmetry and asymptotic tails, respec-
tively. We have considered other distributions, such as the
Gamma or Weibull distributions, but the one that best repre-
sents the observed distribution is the q-Gaussian distribution
(cf. Appendix B). This last distribution can be understood as
a generalization of Gaussian distributions, which typically
account for stochastic phenomena by including long-range
correlations induced by dominant deterministic effects [39,
40]. Table 1 also shows the degree of exogenous spatial het-
erogeneity relative to the mean, the coefficient of variation
CV [9]. We then compute the average spectral density of the
biomass b, SD = 〈|F[b − b̄]|2〉/N where F is the Fourier
transform, k is the wavenumber along the average orienta-

tion of the pattern, b̄ is the mean biomass of each image, 〈·〉
is the average along the orthogonal mean orientation of the
pattern, andN is a normalization factor that allowed for the
scattered spectral density to be interpreted as a probability
density function. Note that this normalization allows one to
compute the Shannon entropy H = −∑

k p(k) log[p(k)]
of the spectral density, giving information of the complex
spatial distribution of the different landscapes. Table 1 sum-
marizes the estimated entropy values for the different regions
studied. This allows us to characterize the most ordered
and disordered regions, respectively. On the other hand, the
maximum of the spectral density is also a measure of com-
plexity; for sharper peaks, one has amore regular pattern, and
for flattened distributions, one has more irregular patterns.
The biomass b was estimated by the greyscale intensity of
the superficial landscape images. The results are shown in
Figs. 2(e) and 2(f). Both ecosystems clearly show a expo-
nential law decay at large wavenumber e−mk (m ∼ 0.17
and m ∼ 0.85 for Chile and Sudan, respectively), i.e.,
sub-wavelength. The green shaded regions account for the
variance in bandwidth. Note that this type of exponential
behavior is a manifestation of chaotic dynamics [44, 45];
however, it does not involve a large number of spatial modes.

A traditional way to characterize the organization of pat-
terns and the degree of disorder is by calculating their
autocorrelation. Figures 2(g) and 2(h) show the autocorrela-
tion functions or correlograms of the biomass. These figures
indicate the orientation of the pattern and the level of disor-
ganization present. The images appear powdery, suggesting
that the more powdery the image, the greater the disorder in
the pattern.

Figure 3 summarizes the spectral density of the banded
irregular patterns around the world. We investigated seven
semi-arid and arid regions around the world, adding around
174 square kilometers of previously reported patterns on
diverse continents. The selected patterns manifest bands
with a preferred orientation. Indeed, all spectral densities
have similar exponential-law decays. In addition, table 1
also summarizes the pattern wavelength λ, expectation value
EL , exponential law exponents m and distribution entropy
H. Likewise, the histogram of the bandwidths follows q-
Gaussian distributions with exponents q varying between 1
and 2. The respective correlograms of the different regions
under study are presented in Appendix E. Hence, the
self-organization process at sub-wavelengths leading to inter-
mediate regular banded vegetation patterns is a universal
feature in arid and semi-arid landscapes.

To shedmore light on the spatial irregularity of the banded
vegetation patterns, we investigate the pattern orientation
field�(�r) of the biomass [46]. This orientation field provides
information about the complex irregularity of the pattern,
and it corresponds to the local orientation of the pattern with
respect to a given direction (see Fig. 4). For more details
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Fig. 3 Landscape images and spectral density of interme-
diate regular vegetation patterns in four continents: a Sudan
(011◦09’00.00"N 028◦16’30.00"E), b Saudi Arabia (024◦19’48.00"N
042◦55’12.00"E), c Australia (023◦23’41.67"S 133◦22’53.99"E), d
Somalia (008◦06’54.00"N 047◦26’30.00"E), e Chile (020◦29’30.00"S

070◦03’30.00"W), f Mexico (028◦08’30.00"N 104◦28’00.00"W), and
g USA (031◦02’30.00"N 103◦05’30.00"W). The white arrow points
north. The purple and green vertical line indicates the pattern charac-
teristic wavenumber and the expectation value of the bandwidth. The
green shaded areas account for the variance in width.

Table 1 Intermediate regular vegetation banded patterns and their
statistical characterization values. The first column is the studied land-
scape. The second column is the total area analyzed per region. The third
column is the coefficient of variation of the bandwidths (CV). q is the
fitted q-parameter for the q-Gaussian distribution, with the uncertainty
being the 95% interval. εs , εk are the percentual skewness and kurtosis

errors of the fit. The seventh column is the average pattern wavelength
λ. EL is the expectation value for the bandwidths. The ninth column is
the exponential law decay exponent m for the biomass spectral density,
and mo is the power law decay exponent of the biomass orientation
field. H is the entropy of the spectral density distribution

Region Area (km2) CV q εs (%) εk (%) λ (meters) EL /λ m mo H

Australia 21.2 0.57 1.4 ± 0.2 2.7 0.5 73 0.32 0.73 2.28 0.71

Chile 0.6 0.68 2.0 ± 0.5 2.5 2.6 6 0.14 0.17 2.21 0.59

Mexico 23.5 0.42 1.2 ± 0.2 5.3 1.9 101 0.25 0.55 2.79 0.65

Saudi Arabia 5.1 0.68 1.6 ± 0.4 6.8 11.9 37 0.22 0.14 2.29 0.61

Somalia 86.8 0.45 1.4 ± 0.1 2.6 2.9 248 0.21 0.85 1.95 0.69

Sudan 25.5 0.44 1.8 ± 0.3 2.1 3.0 93 0.31 0.85 1.93 0.64

USA 11.0 0.46 1.6 ± 0.3 7.2 5.1 55 0.37 0.40 1.89 0.70
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Fig. 4 Orientation field of the banded vegetation patterns. a Satel-
lite image of a banded vegetation pattern in Somalia (008◦06’54.00"N
047◦26’30.00"E). The white arrow points north. b Orientation field �

of the pattern. The black line indicates the location of the cut obtained
for the inset in c. c Spectral density SD of the orientation field. The
purple vertical line shows the pattern characteristic wavenumber. Inset:
profile of the orientational field along the black line

on the orientation field, see Appendix C. An example of a
vegetation pattern and its orientation field for a Somali land-
scape is shown in Figs. 4(a) and 4(b). The spectral density of
the orientation field �(�r) along the average direction of the
pattern is shown in Fig. 4(c). From this chart, one can infer
that the vegetation pattern orientation field is influenced by
a power law decay k−mo with an exponent of approximately
mo = 2. Analogously, we perform this analysis for the pre-
viously reported landscapes. This analysis suggests that the
power law decay of the vegetation orientation field is univer-
sal, as shown in figure 5 and table 1.

In brief, we show that the complex irregularity of banded
vegetation patterns follows a q-Gaussian distribution. The
banded vegetation patterns are also characterized by a spec-
tral density of the biomass with an exponential-law decay
and pattern orientation field with a power law decay, both in
the sub-wavelengths.

3 Theoretical modeling

Weincorporate non-reciprocal effects in the interaction redis-
tribution model, where the spatial distribution of all plants
is described by a single global variable b = b(r, t). This
biomass density at time t and point r = (x, y) is defined as

the plant biomass per unit area, with (x, y) being the two-
dimensional space of Cartesian coordinates defined at the
ground surface. We keep the mathematical structure of the
interaction redistribution model [4]

∂t b = b(1 − b)M f [b] − μbMc[b] + D∇2b. (1)

The first and second terms of the right-hand side of the
model Eq. (1) describe two opposing feedbacks: enhance-
ment and decay of vegetation growth. The last term models
the seed dispersion or vegetation encroachment, which is
assumed to be described by a simple random walk diffusive
process. The parameters μ and D account for the level of
aridity and diffusion coefficient. Due to the time scale differ-
ence between the biomass dynamics and the environmental
seasonality, an adiabatic elimination can be performed, and
these parameters remain constant in time. M f and Mc are
functionals of biomass describing the non-local and non-
linear facilitation and competition feedback, respectively.
Their mathematical expressions are

Mi [b](r) = exp

[

χi

∫

Ki (r − r′)b(r′)dr′
]

,

with the subscript i = { f , c} represents facilitative ( f ) and
competitive (c) feedback. χi are the strengths of the interac-
tions.

The time scale associated with Eq. (1) is inversely pro-
portional to the vegetation growth rate and approximately
corresponds to the time required for dominant trees to reach
maturity, estimated at around ten years. The formation of
two-dimensional localized structures typically occurs over
100 to 1,000 dimensionless time units, which translates to a
real-world timespan of 100 to 1,000 years. Over such long
periods, environmental conditions–such as rainfall, temper-
ature, light, and wind–can be considered relatively stable on
average. The spatial scale of local vegetation-water mod-
els is based on explicit water dynamics and local feedback
between vegetation and water availability. In contrast, the
interaction-redistribution model distills hydrological pro-
cesses, emphasizing non-local interactions between plants,
such as competition and facilitation. Thismodel uses biomass
redistribution to explain pattern formation, without needing
to include hydrological variables in the modeling.

Such botanical self-organization is not limited to a specific
type of plant [47]; it can involve grasses, shrubs, or trees.
Furthermore, its occurrence is not restricted to a specific soil
type, as it has been documented across a broad spectrum of
soil types, encompassing sandy [48], silty [49], and clayey
soil [2]. It is important to note that, while the results are
consistent with observations, they do not serve as formal evi-
dence of causality. Additionally, the model parameters were
not specifically calibrated to account for local atmospheric
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Fig. 5 Orientation field � and its spectral density SD of banded
vegetation patterns in four continents: a USA (031◦02’30.00"N
103◦05’30.00"W), b Sudan (011◦09’00.00"N 028◦16’30.00"E),
c Saudi Arabia (024◦19’48.00"N 042◦55’12.00"E), d Mexico

(028◦08’30.00"N 104◦28’00.00"W), e Chile (020◦29’30.00"S
070◦03’30.00"W), and f Australia (023◦23’41.67"S 133◦22’53.99"E).
The white arrow points north. The purple vertical line shows the pattern
characteristic wavenumber

or topographic conditions. Other factors, such as topography,
soil variability, or climatic effects, may also play a role in the
formation of patterns. Therefore, the results obtained from
model Eq. (1) are qualitative and general in nature.

When the environmental conditions are uniform, the sys-
tem is isotropic and both facilitation and competition kernels
Ki preserve the reflection symmetry r → −r and symme-
try rotations. Hence, the kernels are even functions. For the
sake of simplicity, we consider Gaussian kernels, Ki =
exp[−(x2+y2)]/2πl2i . The range of the facilitative (compet-
itive) non-local interaction is denoted by l f (lc). Figure 6(a)
depicts the isotropic environmental conditions. In this case,
the system selects the spatial symmetry of the pattern and
orientation. In general, the patterns are motionless. The pos-
itive feedback operates over a distance l f of the order of
the plant aerial structures, i.e., the radius of the crown or
the canopy, as shown in Fig. 6(a). It involves, in partic-
ular, a reciprocal sheltering of neighboring plants against

adverse conditions. The negative feedback is described by
non-local competitive interaction between individual plants
for the scarce resources, such as water and nutrients. For
patterns to form, competition interactions must be of longer
range than facilitation interactions [2] [cf. Fig. 6(a)]

The situation that interests us requires that the environ-
mental conditions are not isotropic. Anisotropy is caused
by atmospheric factors such as dominant wind and sunlight,
or geomorphic effects such as topography, soil depth distri-
bution, and soil-moisture islands. In these landscapes, the
Gaussian kernel becomes

Ki (r) = 1

2πli x liy
exp

[

− (x − ai )2

2l2i x
− (y − bi )2

2l2iy

]

. (2)

Anisotropy introduced in the model Eq. (1) at the level of the
kernel breaks the reflection (r � −r) and rotational sym-
metry. The simplest way of achieving this is by translating
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Fig. 6 Schematic representation of a tree in an arid landscape and the
associated facilitation-competition, non-local and non-reciprocal inter-
actions in (a) isotropic and (b) anisotropic environmental conditions.
l f , and lc, are the range of the facilitative and competitive reciprocal
non-local interaction, respectively. The vertical dashed lines stand for
the position of the tree. l f x , and l f y , (lcx , and lcy) are the range of the
non-reciprocal and non-local facilitative (competitive) along the x and
y direction, respectively. The vectors d f and dc shift the origin of the
kernels, associated with the facilitation and competition interactions

the origin of the kernel functions. The origin now is posi-
tioned at di = (ai , bi ) as shown in Fig. 6(b). Thus, the kernel
functions associatedwith both non-local facilitative and com-
petitive interactions are anisotropic due to the environmental
conditions, i.e., Ki (r − r′) �= Ki (|r − r′|). Therefore, the
kernels are not reciprocal Ki (r, r′) �= Ki (r′, r). Figure 6(b)
schematizes the spatial ranges of non-reciprocal non-local
spatial interactions.

Numerical simulations of the integro-differential Eq. (1)
with anisotropic kernels [see Formula 2] show a vegetation
pattern with irregular bands [see Fig. 7(a)]. The simulations
are conducted in a parameter range where the banded vegeta-
tion patterns are unstable, demonstrating permanent complex
behavior, specifically spatiotemporal chaos [38]. All numer-
ical simulations are carried out employing a pseudo-spectral
integration scheme with a 1024 × 1024 grid and periodical
boundary conditions. The corresponding probability density
distribution of bandwidth, which represents the frequency
distribution of the different bandwidths, corresponds to a q-
Gaussian distribution with q ≈ 1.5 [see Fig. 7(b)]. Then, we
compute the spectral density SD of the biomass b, along the
average direction of the irregular pattern. Figure 7(c) shows
the computed spectral density. The multiple peaks in this
chart indicate that the model is more regular than the field
observations, but the intensity of the first three main modes
also decreases as an exponential law of exponent m = 0.92.
This spectral density shows evidence of a exponential-law
decay at large wavenumber, i.e., sub-wavelength. Hence, the
origin of this type of power law arises from the differences
in the shapes of the bands. All the results obtained by the

Fig. 7 Numerical intermediate regular banded vegetation patterns and
their statistical characterization obtained from model Eq. (1) with μ =
0.9,D = 0.01,χ f = χc = 3, l f x = 1, l f y = 1, lcx = 30, lcy = 4,d f =
(0.8, 0), and dc = (−2, 0). (a) Colormap of the binarized simulated
biomass b(r, t). (b) Histogram of the bandwidths projected along the
average direction of the pattern. Blue dots represent the frequency of the
simulated bandwidth. Orange curves correspond to q-Gaussian fitting to
the bandwidth distribution, with q = 1.3 and determination coefficient
R2 = 0.97. (c) Spectral density SD of the bands projected along the
average direction of the pattern. The vertical green line indicates the
expectation value of the bandwidth L . The shadowed green regions
account for the width variance. The vertical purple line accounts for the
pattern average wavelength λ

numerical simulations of Eq. (1) are in qualitative agreement
with remote sensing image analysis.

4 Conclusions

We have analyzed several intermediate regular banded veg-
etation patterns in semi-arid and arid landscapes around
the world. By recovering the distribution of the pattern
bandwidth, we showed that the spatial irregularities can be
statistically described by the q-Gaussian distribution. The
computed spectral density of the vegetation patterns presents
an exponential-law decay, while the biomass orientation field
is shown to exhibit a power-law decay. Both decays can be
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observed in the sub-wavelength regime. We have observed
that deviations from the Gaussian distribution may explain
why the irregularities that we observe in the spatial structure
of the pattern is deterministic rather than random fluctua-
tions. The q-statistics can serve as an early warning sight of
ecological stress, such as desertification or human cause of
disturbance.

The findings presented above were obtained by remote
sensing image analysis. In order to investigate the spatial
irregularity theoretically, a fully deterministic model, the
interaction-redistribution model, was employed, in which
non-local competition and facilitation, non-reciprocal inter-
actions between plants, were taken into account. Numerical
simulations in the spatiotemporal chaos regime were con-
ducted to reproduce the observed phenomena, with similar
exponents. It is noteworthy that local models are unable to
reproduce these observations due to the presence of a sin-
gle wavenumber. Because of the limitation of the dynamics
around this characteristic wavelength, patterns have a well-
defined bandwidth, and complex behaviors can only be found
in the large wavelength regime.

Our theoretical approach is entirely deterministic, with-
out relying on stochastic fluctuations or external spatial
heterogeneity. However, it generates pronounced spatial
irregularities, indicating that deterministic chaos, induced by
non-reciprocal and non-local plant interactions, may be suf-
ficient to explain spatial complexity in the banded vegetation
patterns observed in many arid and semi-arid landscapes.
Our findings clearly indicate that the irregularities present in
the banded vegetation patterns are governed by well-defined
statistical laws that are independent of the type of plant or
soil. We can expect that, due to its general nature, the spatial
irregularity shown in the pattern of vegetation bands and the
statistical law governing their formation will be observed in
many non-equilibrium physical systems.

Supplementary information

Supplementary movie: Time series of the numerical irregu-
lar banded vegetation patterns obtained from the interaction
redistributionmodel withμ = 0.9, D = 0.01, χ f = χc = 3,
l f x = 1, l f y = 1, lcx = 30, lcy = 4, d f = (0.8, 0), and
dc = (−2, 0).

Appendix A Image treatment

The images were obtained from Google Earth [42] in
greyscale using the "save image" tool. The highest available
resolution was selected (8192 x 7016 pixels). The spatial
extent of each image was chosen by visual inspection, ensur-
ing that a complete pattern with a well-defined orientation

along the x direction was captured entirely in the image (Fig.
8).

Subsequently, the images were processed with Fiji [50].
A Gaussian blur filter is applied to reduce local inhomo-
geneities. To analyze the bandwidths and orientation field, a
subtract background algorithmwas used, and then the images
were binarized using the default IsoData algorithm, allowing
the band shapes to be extracted. Small, noisy patches with
an approximate radius below three pixels were removed. All
these steps were carried out using prebuilt Fiji functions.

Note that, to obtain a representative bandwidth distribu-
tion, it is important to have a good image resolution. If not,
the distributions are expected to be a simple peak at the
expected bandwidth value. Different binarization thresholds
were tested, only lightly affecting the expected value for the
bandwidths and the number and size of the noisy patches.

Appendix B Bandwidth distribution

The Tsallis q-Gaussian distribution could potentially be a
valuable addition to the existing statistical toolkit [39]. It
offers a generalization of the classical Gaussian (or normal)
distribution. The probability density function of aq-Gaussian
is given by fq(x) = Ceq(−βx2) with eq(x) is the q-

exponential defined as eq(x) = [1 + (1 − q)x] 1
1−q and C

is a normalization factor. For q = 1, the q-Gaussian distri-
bution is equivalent to a classical Gaussian distribution. For
1 < q < 3, the distribution has heavier tails, making it the
ideal choice for modeling phenomena with extreme fluctua-
tions. Observe that the tails of the distribution follow a power
law decay x−2/(q−1).

To fit the probability density function, only positive values
of bandwidths were taken into account; therefore, the fitting
function reads as

fq(L) =
⎧
⎨

⎩
A

[
1 − (1 − q)β(x − μ)2

] 1
1−q , x ≥ 0,

0, x < 0.
(B1)

where L is the bandwidth, β, q,μ are fitting parameters, and
A is the propper normalization. The fitting procedure was
performed using the Nonlinear Least Squares method. At
the same time, the bandwidths were extracted using a Run-
Length algorithm along the x axis of the binarized images,
considering only runs larger than 1 pixel. Combined with
the preceding image-processing steps, this approach ensures
robustness against noise and finite-size effects.

We also checked for other distributions that extend only
over the positive real axis, such as the gamma and Weibull
distributions. Figure 9 shows the q-Gaussian, gamma, and
Weibull fits for the bandwidth distribution of the remote
images.
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Fig. 8 Bandwidth distributions: (a) USA (031◦02’30.00"N
103◦05’30.00"W), (b) Sudan (011◦09’00.00"N 028◦16’30.00"E),
(c) Saudi Arabia (024◦19’48.00"N 042◦55’12.00"E), (d)
Mexico (028◦08’30.00"N 104◦28’00.00"W), (e) Chile
(020◦29’30.00"S 070◦03’30.00"W), and (f) Australia (023◦23’41.67"S

133◦22’53.99"E). Red, green, and blue lines indicate q-Gaussian,
gamma and Weibull distribution fits. Blue dots account for the mean
probability of the bandwidth. Error bars account for the standard
deviation

Overall, the q-Gaussian distribution seems to be the most
adequate for the bandwidths. Figure 9 shows a comparison of
the skewness and kurtosis errors for the q-Gaussian, gamma,
and Weibull distributions of bandwidths in every analyzed
region. As it is clearly shown, the q-Gaussian distribution
usually has a smaller error for the skewness and for the kurto-
sis, indicating that this distribution better fits the asymmetry
and the tails of the bandwidths.

Appendix C Pattern orientation field

From the spectral density analysis, one can conclude that
a single mode with a wavenumber k0 dominates the spatial
distribution of the pattern. Hence, we can define a local wave
vector k(r) and its corresponding pattern orientation phase
ϕ(r) with respect to the horizontal direction [46]. We use a
local approximation of the biomass field of the form u(r) ≈
A cos[ϕ(r)]where A and ϕ are the amplitude and phase. The
associated local wave vector is defined as k(r) ≡ ∇ϕ(r). It
is then possible to build the pattern orientation field �(r) =
arctan[ky(r)/kx(r)], being the angle of the wave vector with
respect to a given direction (here, the horizontal one). To
soften the orientational field, a Gaussian filter of parameter
σ0 = 2π/k0 is applied.

Fig. 9 Skewness and kurtosis percentual errors for the different fits.
Blue, orange, and yellow points account for the q-Gaussian, gamma,
and Weibull distributions, respectively
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Fig. 10 Correlogram R in logarithmic scale of banded vegetation pat-
terns in four continents: (a) USA (031◦02’30.00"N 103◦05’30.00"W),
(b) Sudan (011◦09’00.00"N 028◦16’30.00"E), (c) Saudi Arabia
(024◦19’48.00"N 042◦55’12.00"E), (d) Mexico (028◦08’30.00"N
104◦28’00.00"W), (e) Chile (020◦29’30.00"S 070◦03’30.00"W), and
(f) Australia (023◦23’41.67"S 133◦22’53.99"E)

Appendix D Numerical integration of the
interaction redistributionmodel

To solve model Eq. (1), we discretize the space by using a
finite difference method with a spatial step of �x = 1 in a
square grid of 1024 × 1024 with periodic boundary condi-
tions. The equation is numerically integrated in time with the
Dormand–Prince time integrator. Random initial conditions
were used (random pixels picked in a uniform distribution
between 0 and 1), and the system was evolved 2500 time
units, until a qualitative equilibrium was reached (Fig. 10).

Appendix E Pattern correlation

To get insight about the regularity in the different direc-
tions, one can compute the correlogram R = F−1[|F[b −
b̄]|2] [7]. Figure 10 shows the correlogramof the places under
study on a logarithmic scale. This is an estimation of the
autocorrelation function that deviates due to the finite spatial
extent. By itself, these quantities give information about the
degree of similarity of a pattern with a copy of itself with a
spatial translation [7]. In a periodic system, the correlation it
is expected to oscillate in the characteristic direction of the
periodic pattern.

Due to the complexity and irregularities in the pattern,
the correlation observed in Fig. 10 presents only a couple of
oscillations and then decays without further oscillations. The
direction of the oscillations also presents some curvature, due
to the fact that the pattern orientation is irregular and complex
in space, as shown by the orientation field.
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