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A B S T R A C T

Physical systems can exhibit transitions between states with and without topological properties. These
transitions have been observed in conductors to superconductors, fluids to superfluids, chiral magnets, and
liquid crystal phases. Likewise, topological transitions have been observed by driving homogeneous liquid
crystal cells. However, the mechanism of the formation of topological lattices has not been established. Here,
we reveal an out-of-equilibrium topological transition mechanism. A vortex triplet is trapped in a nematic
liquid crystal layer by the combined action of a magnetic ring and an oscillating electric field. By lowering
the frequency, we observed that the nullcline curves of the vortex touch each other, creating new vortices.
This nullcline entanglement process generates the emergence of a vortex lattice. Theoretically, based on a
phenomenological amplitude equation valid close to the reorientation instability with the phenomenological
inclusion of inertial effects, we observe a trapped vortex, oscillations, and entanglement of its nullcline curves,
which generate new vortices and lattices in agreement with experimental findings.
1. Introduction

States of matter such as Bose–Einstein condensates [1], superfluid-
ity [2], superconductivity [3], chiral magnets [4], and liquid crystalline
blue phases [5] are topological or exotic states of matter rather than an
aggregation of matter such as solid, liquid, gas, and plasma states. By
modifying their physical parameters, these systems present surprising
physical properties such as superconductivity due to topological tran-
sitions (Cooper pairs). These transitions of the matter were initially
proposed by Berezinskii [6] and Kosterlitz and Thouless [7], who
showed that a two-dimensional system described by a physical vector
order parameter in thermodynamic equilibrium undergoes a transition
from a homogeneous state to a state where vorticity persists when
temperature decreases. The homogeneous state is characterised by all
the vectors being aligned in the same direction to minimise the free
energy. In opposition, thermal fluctuations may be responsible for
creating different orientation domains connected through vortices or
phase singularities [8]. Indeed, the topological transition is a balance
between the interaction of vortices that minimise free energy and
thermal fluctuations. Phase singularity corresponds to a point in space
where the orientation of the vector field is not well defined. These
vortices or phase singularities are an everyday phenomenon in fluids,
corresponding to the centre of eddies. The winding number, topological
charge, is introduced to characterise the physical vector field around a
vortex [8]. This integer number represents the total number of times
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the vector field winds around the singularity while varying along a
closed, counterclockwise-oriented curve around the singular point. The
total winding number of the system is conserved due to the topological
stability of the system [8]. Hence, vortices are created or annihilated
by pairs of opposite topological charges.

Nematic liquid crystal cells are a natural playground for studying
vortices [5,9]. As a result of the orientational but not positional order
of the rod molecules that make up the nematic liquid crystal phase,
this type of soft matter is described by a direction vector 𝑛(𝑟, 𝑡) and a
scalar order parameter 𝑆(𝑟, 𝑡). In the case of liquid crystal cells with
homeotropic anchoring, i.e. the molecules are oriented orthogonally to
the wall cells, and the application of electric or magnetic fields induces
disclination lines or vortices for the director. These vortices are usually
called umbilical defects [10] or disclination lines [5,9] in the liquid
crystals context. The umbilical defects are three-dimensional defect
lines, such as a vertical string, in a thin cell in the vertical direction. In
the case of thin cells with a thickness of less than a hundred microns,
as a consequence of the confinement, the defects behave as quasi-2D
defects; namely, they do not twist or deform in the vertical direction.
These defects account for the rotation of the director vector 𝑛 averaged
in the vertical direction of the cell, presenting phase singularities at
their core. The charge is positive or negative, the winding number, when
the director around the defect rotates clockwise or counterclockwise
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2𝜋. Then, umbilical defects are created or annihilated by pairs of
opposite charges [5,9]. To minimise the Frank–Oseen free energy of the
system, umbilical defects of opposite sign (equal) charges attract (repel)
between them [11]. The umbilical defects correspond to the different
orientations of the directors with respect to their positions [5,9]. On the
other hand, the refractive index of the cell depends on the director’s
average orientation. So, let us assume that the liquid crystal sample
is considered between polarisers when they are oriented in parallel. In
this case, dark lines (brush lines) corresponding to a direction projected
onto the plane of the given director cell can be identified [5,9]. If
the polarisers are crossed, two orthogonal director orientations can be
identified, and the intersection of two of these curves identifies the
position of the umbilical defects.

Experimental Berezinskii–Kosterlitz–Thouless thermal phase transi-
tions in liquid crystal cells have not been observed because: (i) in
thermodynamic equilibrium and homogeneous media, the vortices tend
to annihilate in pairs to minimise the free energy, and (ii) liquid
crystals are only observed over a narrow temperature range. The orien-
tational order is lost at high temperatures, resulting in isotropic liquids.
Likewise, the liquid crystal molecules crystallise at low temperatures,
leaving a liquid crystal state. The above dynamics can be modified
by incorporating inhomogeneities that can attract and trap umbilical
defects, creating topological lattices [12–16]. Topological transitions
have been observed by driving homogeneous liquid crystal cells out of
equilibrium, e.g., by applying thermal gradients [17] or low-frequency
electric fields [18,19]. Depending on the voltage and frequency, it is
observed that the topological transitions are continuous or discontinu-
ous, which presents different self-organisations of vortices. The origin
and mechanism of the out-of-equilibrium topological transition and the
creation of lattices is an open problem.

This work aims to understand and characterise the origin and mech-
anism of the topological transition-induced by an oscillatory electric
field on a nematic liquid crystal cell. Based on the combined action of a
magnetic ring and an oscillating electric field in a nematic liquid crystal
layer, a vortex is trapped (see Fig. 1) [19]. The vortices are detected by
observing the liquid crystal cell between two crossed polarisers, where
the vortices correspond to the intersection of two black curves (black
brushes). These black brushes correspond to the vertically average
horizontal projection of the director being oriented parallel to one of
the polarisers, which we coin as nullcline curves. The dynamics and
interaction of vortices can be identified by observing their respective
nullclines. By decreasing the frequency, it was observed that the null-
clines of the vortex rotate around the vortex position [20]. We observe
that at a critical frequency and voltage value, the nullclines touch each
other, generating new vortices. This nullcline entanglement process
generates the emergence of a vortex lattice, which is a non-equilibrium
oscillatory state of the system (cf. Figs. 1b and 1c). Experimentally, we
have characterised the phase space where we observe this topological
transition (see Fig. 2). This transition is of a supercritical nature; that
is, the number of vortices increases continuously as we decrease the
voltage frequency. Theoretically, we observe a trapped vortex with
oscillatory nullclines based on a phenomenological amplitude equa-
tion, which is valid close to the reorientation instability and includes
phenomenologically inertial effects. In this model, as the frequency
decreases, the nullcline curves entanglement generates new vortices
and lattices of them (cf. Figs. 3 and 5). As a function of frequency,
we observe that the transition is supercritical and gives rise to square
lattices of vortices, which agrees with experimental findings.

2. Description of experimental setup

To investigate nullclines entanglement and topological transitions in
driven liquid crystal cells, we consider a magnetic trap composed of a
nematic liquid crystal cell (NLCC) under the influence of an oscillatory
electric field and a magnetic ring [19]. Fig. 1a shows a schematic
representation of the experimental setup. We consider a cell composed
2 
Fig. 1. Nullclines entanglement of a nematic liquid crystal vortex. (a) Schematic
representation of the experimental setup. Nematic liquid crystal cell (NLCC) is under
the effect of a magnet ring (M) and an oscillatory electric field generated by a triangle-
shape voltage 𝑉 = 𝑉 (𝑉0 , 𝜔; 𝑡), where 𝑉0 and 𝜔 are the intensity and frequency of the
applied voltage. P1 and P2 are crossed and linear polarisers. The sample is illuminated
by a white light source (WLS). O is an objective, and CMOS is a camera to monitor
the liquid crystal cell. The blue rods account for a schematic representation of the
average molecular orientation. (b) Snapshot of umbilical defects and its schematic
representation of the vertical average of the director horizontal projection (blue rods)
in the NLCC. Positive and negative symbols represent the position of positive and
negative vortices, respectively. The positive and negative vortices exhibit a circular
and hyperbolic organisation of rods around their phase singularity. (c) Time sequence
of snapshots of a positive umbilical defect in a nematic liquid crystal cell (V0 = 10 V𝑝𝑝
and 𝜔 = 10 mHz) generating a lattice by nullcline (black brush lines) entanglement
(𝑡1 = 0 s, 𝑡2 = 200 s, 𝑡3 = 300 s, 𝑡4 = 500 s). The intersection of four black brush
lines accounts for a vortex. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

of two thin glass layers with transparent electrodes included (indium tin
oxide with a thickness of 0.08 μm) and separated by a thickness of 𝑑 =
75 μm, which are treated so that their inner walls have homogeneous
homeotropic anchoring. By capillarity, the cell is filled with a nematic
liquid crystal LC-BYVA-01 (INSTEC) with negative dielectric anisotropy
𝜖𝑎 = −4.89 Fm−1, birefringence 𝛥𝑛 = 𝑛𝑒 − 𝑛𝑜 = 0.1, rotation viscosity
𝛾 = 204 mPa s, splay and bend elastic constants 𝐾1 = 17.65 pN and 𝐾3 =
21.39 pN, respectively, and negative magnetic anisotropy 𝜒𝑎 (not mea-
sured yet). A neodymium magnetic ring of 3200 G on the surface with a
rectangular cross-section, outer radius 𝑅out = 7 mm, inner radius 𝑅in =
2 mm, and thickness ℎ = 5 mm is placed on the top of NLCC. The sample
is placed in the microscope (Olympus BX51), sandwiched between two
crossed linear polarisers and illuminated with a white light (halogen
lamp), and a complementary metal–oxide–semiconductor (CMOS) cam-
era (Thorlabs DCC1645C) monitors the liquid crystal cell’s temporal
evolution, allowing us to observe the central zone of the magnetic ring.
The light intensity measured 𝐼𝐵𝑊 can be associated with the average
molecular orientation of the nematic liquid crystal. A triangular voltage
𝑉 (𝑡) of frequency 𝜔 and intensity 𝑉0 is applied to the NLCC, where
𝑉0 is above the critical reorientation voltage, Fréedericksz voltage [21],
𝑉𝐹𝑇 = 6.57 Vpp, ranging between 8 and 20 Vpp. All experimental studies
were conducted at room temperature (𝑇 = 18 ◦C).
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Fig. 2. Vortex phase diagram as a function of the frequency 𝜔 and intensity 𝑉0 of
the voltage. In the yellow region, a vortex triplet with and without electroconvection
backgrounds is observed. In the green region, vortex lattices emerge as a topological
transition. 𝜔𝑇𝑇 (𝑉0) curve accounts for the critical frequency at which the supercritical
topological transition occurs. Insets inside show the typical snapshots of the observed
phenomena. The left and right panels show a vortex lattice and a vortex triplet,
respectively. The dashed circles account for the vortices and the symbols + and − their
corresponding charges. The stars account for the experimental results, and the lines that
connect them have been interpolated to separate the two regions. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version
of this article.)

3. Experimental observation of nullclines entanglement and topo-
logical transitions

To generate a vortex and transition to a vortex lattice, we engender
a vortex triplet using a magnetic trap composed of a nematic liquid
crystal cell (NLCC) under the influence of an oscillatory electric field
and a magnetic ring [19]. Fig. 1a shows a schematic representation of
the experimental setup. By applying a triangular voltage, 𝑉0 > 𝑉𝐹𝑇 ,
with a frequency 𝜔 of the order of one hertz in the nematic liquid crys-
tal cell, we observe the emergence of several vortices. Subsequently,
these are cancelled by pairs of opposite charges, ultimately giving rise
to a triplet of stable vortices (cf. right bottom inset of Fig. 2). Con-
sidering the frequency 𝜔 as a control parameter, when the frequency
is decreased, the nullcline of the central vortex begins to oscillate,
dancing vortices [20]. By further decreasing the frequency from a critical
frequency 𝜔𝑇𝑇 , the nullcline curves of the central vortex begin to touch,
generating new vortices and the emergence of a vortex lattice. Figs. 3a
and 3b show, respectively, an experimental and numerical temporal se-
quence of the entanglement of the vortex nullclines and the generation
of new vortices (see video 1 on the Supplementary Materials [22]).
Therefore, as the nullclines become entanglement, the vortex lattice
emerges until the system exhibits a non-equilibrium oscillatory state in
which the number of vortices in each cycle reaches a constant value
(video 2 in Supplementary Materials shows the typical equilibrium
vortex lattice observed [22]). This means that as the nullclines begin
to entangle, they create new vortices, which in turn have their own
nullclines that also begin to entangle. This, as a kind of nullcline
weaving process (see video 1 in Supplementary Materials shows the
vortex lattice emergence [22]), forms the vortex lattice, as illustrated
in Figs. 1, 3, and 4. Note that 𝜔𝑇𝑇 is of the order of hundredths
of Hertz. The number of vortices of the lattice ⟨𝑁𝑣⟩ was measured
stroboscopically and remains constant as a given frequency 𝜔. Fig. 4
illustrates how a snapshot is taken at each maximum (minimum) of the
driven voltage and, with a suitable programme, the number of vortices
𝑁𝑣 is determined–stroboscopic measurement (see video 2 in Supplemen-
tary Materials shows the stroboscopic measurement considering the
maximum or minimum of the driven voltage [22]). Fig. 5a summarises
how the average number of vortices ⟨𝑁𝑣⟩ changes as a function of
frequency 𝜔. This chart suggests that the number of vortices increases
3 
Fig. 3. Dynamics of experimental and theoretical nullcline curves entanglement. (a)
Experimental time series of snapshots showing a positive topological defect generating
a pair of vortices by nullcline entanglement (𝑡1 < 𝑡2 < 𝑡3 < 𝑡4 < 𝑡5 < 𝑡6 < 𝑡7 < 𝑡8). Due
to the crossed polarisers configuration of the microscope, the nullcline entanglement
is difficult to observe experimentally when the molecular average is on the vertical
configuration (homeotropic state). Namely, at this point in time, the liquid crystal
molecules are oriented almost perpendicular to the plates. Figure (b) depicts the results
of a numerical simulation, the colour scale of which can be modified to facilitate the
visualisation of this particular feature. (𝜏1 < 𝜏2 < 𝜏3 < 𝜏4 < 𝜏5 < 𝜏6 < 𝜏7 < 𝜏8). Since the
topological charge must be conserved, the two new vortices always have a charge of
opposite sign, and in some cases, the negative vortex annihilates with the initial positive
vortex. In the numerical simulation, the colourmap accounts for the polarisation field
𝜓 = 𝑅𝑒(𝐴)𝐼𝑚(𝐴) obtained from Eq. (7) with 𝐼 = 1.0, 𝛾 = 2.0, 𝜇 = 1.2, 𝐾3 = 6.0, 𝛿 = 1.5,
𝜎 = 2.3, 𝑚 = 1.5, and 𝑏0 = 2.0.

continuously as the nullclines begin to touch. Therefore, the system
undergoes a topological transition out of equilibrium at the frequency
𝜔 = 𝜔𝑇𝑇 . In fact, for 𝜔 < 𝜔𝑇𝑇 , the system permanently shows vortices.
For even more minor frequencies, electroconvection (emergence of roll-
type patterns) begins to dominate, disturbing or stopping the vortex
lattice’s growth. Electroconvection is a phenomenon that allows the
generation of domains whose boundary vortices are generated. The
characteristic width of these domains varies in a relatively proportional
manner with frequency, which causes the number of vortices to change.

To clarify the nature of the topological transition type, we have per-
formed several cycles of decreasing and increasing the frequency near
the critical frequency 𝜔𝑇𝑇 ; we have not observed any hysteresis phe-
nomenon (see Fig. 5). Hence, this analysis suggests that the transition is
supercritical in nature. As a result of the interaction among the dancing
vortices, the system exhibits a square vortex lattice surrounding the
central vortex (see Fig. 1). Similar patterns have been observed when
a similar system is subjected to thermal gradients [17]. Additional
vortices are assimilated into this square vortex lattice when the fre-
quency is decreased. Experimentally, we have characterised the phase
space diagram in which the topological transition and emergence of a
topological vortex lattice are observed by varying the frequency and
voltage (cf. Fig. 2). Note that the critical frequency 𝜔𝑇𝑇 (𝑉0) decreases
as a function of the applied voltage 𝑉0.

4. Theoretical description close to reorientation instability

The director vector field 𝑛(𝑟, 𝑡) can describe the molecular orienta-
tion at a fixed temperature [5,9]. The dynamic evolution of the director
is characterised by minimising the Frank–Oseen free energy

 = 1
2 ∫

{

𝐾1(∇ ⋅ 𝑛)2 +𝐾2(𝑛 ⋅ (∇ × 𝑛))2

−𝜖 (𝑛 ⋅ �⃗�)2 + 𝐾 (𝑛 × (∇ × 𝑛))2 − 𝜒 (𝑛 ⋅ �⃗�)2
}

𝑑𝑉 , (1)
𝑎 3 𝑎
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Fig. 4. Stroboscopic measurement of the number of vortices 𝑁𝑣 in a liquid crystal
cell with a magnetic ring and an oscillating electric field. Temporal evolution of the
transmitted light intensity 𝐼𝐵𝑊 (𝑡) (blue curve) and voltage applied 𝑉 (𝑡) (black curve)
to the liquid crystal sample. The number of vortices 𝑁𝑣 is counted when the driven
voltage 𝑉 (𝑡) reaches maximum (minimum) values. The red and green dots represent
the maximum and minimum of the driven voltage, respectively. The insets show the
snapshots acquired at the respective driven voltage extremes. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

where 𝐾1, 𝐾2, and 𝐾3 are the elastic constants related to the distortions
of splay, twist, and bend, respectively, 𝜖𝑎 and 𝜒𝑎 are the dielectric
and magnetic anisotropy constants, �⃗� = 𝐸𝑧(𝑡)�̂� = −𝑉𝜔(𝑡)∕𝑑�̂� is the
oscillatory vertical electric field, and �⃗� = 𝐵𝑟 �̂� + 𝐵𝑧�̂� is the magnetic
field generated by the magnet ring [19], which has the explicit form

�⃗�(𝑟, 𝑧) = 𝑚0

[

3𝑧𝑟�̂� +
(

3𝑧2 + 𝜎
)

�̂�

(𝑟2 + 𝑧2)5∕2
−

𝓁0�̂�
(𝑟2 + 𝑧2)3∕2

]

, (2)

where 𝜎 > 0 and 𝓁0 are phenomenological parameters (m2 and dimen-
sionless, respectively) that account for the geometric features of the
magnet ring, 𝑚0 is a constant that has a dimension of permeability
per magnetic moment, {𝑧, 𝑟, 𝜃} are the cylindrical coordinates, and 𝑧
accounts for the vertical coordinate of the NLCC. The origin of the
coordinate is fixed at the centre of the magnetic ring. Note that due to
the azimuthal symmetry of the ring, the magnetic field does not depend
on the 𝜃 coordinate.

The director dynamics is characterised by the minimisation of the
free energy  with the constraint that the conservation norm of the
director (‖𝑛‖2 = 1), then the director satisfies [9]

𝐼 𝑑
2𝑛
𝑑𝑡2

+ 𝛾 𝑑𝑛
𝑑𝑡

= − 𝛿
𝛿𝑛

+ 𝑛
(

𝑛 ⋅ 𝛿
𝛿𝑛

)

− 2𝑛
(

𝑑𝑛
𝑑𝑡

)2
, (3)

where 𝛾 and 𝐼 are the director’s rotational viscosity and inertia mo-
ment. Meanwhile, the first and second terms of the left-hand side
account for the inertial and viscous torque on the director. The last
terms on the right-hand side guarantee the preservation of the director
norm [23]. Note that the inertial term is usually neglected because the
liquid crystal is a viscous medium. Hence, the dynamics of the directors
can be approximated by (viscous torque dynamics)

𝛾 𝑑𝑛
𝑑𝑡

= − 𝛿
𝛿𝑛

+ 𝑛
(

𝑛 ⋅ 𝛿
𝛿𝑛

)

. (4)

Due to the complexity of Eq. (4), analytical studies are of greater
complexity, to provide greater analytical and intuitive insights, we use
the strategy of considering the dynamics of the director around the
4 
Fig. 5. Bifurcation diagram of the number of vortices ⟨𝑁𝑣⟩ as a function of the
frequency 𝜔 of the driven voltage for (a) experimental and (b) numerical data. 𝜔𝑡𝑡
is the critical frequency at which the topological transition is observed. The coloured
regions, yellow and green, represent the region of vortex lattices and triplets. The insets
show the typical images of the central region fixed by the magnet (a) and the numerical
simulation (b). A topological transition can be observed at 𝜔𝑡𝑡 = 18 mHz for 𝑉0 = 15
Vpp, which is numerically reproduced using Eq. (7) with 𝐼 = 1.0, 𝛾 = 2.0, 𝜇 = 1.2,
𝐾3 = 6.0, 𝛿 = 1.5, 𝜎 = 2.3, 𝑚 = 1.5, and 𝑏0 = 2.0. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

reorientation instability [24], then considering the ansatz

⃗(𝑟, 𝜃, 𝑧) ≈

⎛

⎜

⎜

⎜

⎝

Re(𝐴) sin( 𝜋𝑧𝑑 )
Im(𝐴) sin( 𝜋𝑧𝑑 )

1 − |𝐴|2

2 sin2( 𝜋𝑧𝑑 )

⎞

⎟

⎟

⎟

⎠

+ ℎ.𝑜.𝑡., (5)

where 𝐴(𝑟, 𝜃) is the complex amplitude of the critical spatial mode
describing the projection of the director field onto the horizontal plane,
𝑑 is the thickness of the cell, and ℎ.𝑜.𝑡. accounts for the higher-order
terms in 𝐴.

Using the ansatz (5) on the equation for the molecular director evo-
lution (4) and after straightforward calculations, one gets the amplitude
equation (see the details in the Methods Section)

𝛾𝜕𝑡𝐴 = 𝜇(𝑡)𝐴 − 𝑎𝐴|𝐴|2 + ∇2
⟂𝐴 + 𝛿𝜕𝜂𝜂�̄� + 𝑓 (𝑟)𝑒𝑖𝜃 , (6)

where 𝜇(𝑡) = −𝐾3(𝜋∕𝑑)2−𝜖𝑎𝐸2
𝑧 (𝑡)−𝜒𝑎𝐵

2
𝑧 (𝑟) is the bifurcation parameter,

for the sake of simplicity, we consider a harmonic electric field 𝐸𝑧(𝑡) =
−𝐸0 cos(𝜔𝑡), 𝛿 = (𝐾1 − 𝐾2)∕(𝐾1 + 𝐾2) is the constant that accounts for
the anisotropic coupling of the liquid crystal, the cubic coefficient 𝑎 is
defined by 𝑎 = (2𝐾1 − 3𝐾3)𝜋2∕2𝑑2 − 3𝜀𝑎𝐸2∕4 − 3𝜒𝑎𝐵2

𝑧∕4, 𝜕𝜂 ≡ 𝜕𝑥′ + 𝑖𝜕𝑦′
is the Wirtinger derivative where the spatial coordinates have been
rescaled 𝑟′ → 𝑟

√

2∕(𝐾1 +𝐾2) (see Appendix), which is a differential
operator in the complex plane, ∇2

⟂ = 𝜕𝜂�̄� is the Laplacian operator, and
𝑓 (𝑟) = −4𝜒𝑎𝑎1∕2𝐵𝑟(𝑟, 𝑧 = 𝑑∕2)𝐵𝑧(𝑟, 𝑧 = 𝑑∕2)∕𝜋 stands for the topological
forcing induced by the magnetic ring. The model Eq. (6) is valid in the
limit 𝜇 ≪ 1, 𝐴 ∼ 𝜇1∕2, 𝜕𝜂 ∼ 𝜇1∕2, 𝑓 (𝑟) ∼ 𝜇3∕2, and 𝜕𝑡 ∼ 𝜇∕𝛾. All the
terms of Eq. (6) are considered of the same order for this multi-scale.

Numerical simulations of the amplitude Eq. (6), with an oscillating
electric field at frequencies of order 1, show the emergency and anni-
hilation of vortices, giving rise to a vortex triplet. At low frequencies,
numerical simulations only show a dancing vortex triplet [20]; the
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Fig. 6. Overdamped and damped oscillation dynamics of the light intensity transmitted
by the liquid crystal cell with a magnetic ring and oscillating electric field for different
frequencies. The CMOS camera measures the average intensity of light transmitted by
the liquid crystal cell with crossed polarisers 𝐼𝐵𝑊 in grayscale as a function of time
for (a) 100 Hz, (b) 1 Hz, and (c) 0.01 Hz.

ullclines around the vortex rotate and follow the core dynamics of the
ortex but never entangle. This phenomenon is observed experimen-
ally at larger frequencies on the order of Hertz. Thus, the amplitude
q. (6) does not account for the entanglement of the nullclines and
he emergence of the vortex lattice as observed experimentally. The
ullclines can be entangled if the director 𝑛(𝑟, 𝑡) presents a dynamic

with greater freedom than that imposed by the overdamped system.
Furthermore, the vortex annihilation interaction that governs the model
Eq. (6) must be changed to emerge a stable vortex lattice. Therefore,
phenomenologically, we will include inertial effects in the dynamics of
the amplitude equation to modify the dynamics of nullclines and the
vortex interactions.

5. Phenomenological model for nullclines entanglement and topo-
logical transitions

Let us consider the model

𝐼𝜕𝑡𝑡𝐴 + 𝛾𝜕𝑡𝐴 = 𝜇𝐴 − 𝑎𝐴|𝐴|2 + ∇2
⟂𝐴 + 𝛿𝜕𝜂𝜂�̄� + 𝑓 (𝑟)𝑒𝑖𝜃 , (7)

where 𝐼 accounts for the inertia in the amplitude equation. This inertia
term may be originated by several phenomena associated with the
low-frequency regime, such as rotational inertia of the material [9],
electroconvection [5], charge accumulation, and liquid crystal mo-
tion [25–27]. However, the origin of this term in our experiment is
not established. Despite this, there is evidence that the system does not
behave fully dissipative (overdamping) in the frequency range of this
experiment, as illustrated in Fig. 6. Note that the intensity is a function
of the orientation of the director 𝑛(𝑟, 𝑡). From these charts, one can infer
that for frequencies of the order of 1 Hz and higher, the system reaches
a stable state in which the molecular average orientation 𝑛 relaxes in an
overdamped manner to equilibrium. However, the average molecular
reorientation for lower frequencies presents damped oscillations for-
ward to equilibrium. For frequencies on the order of 10 mHz or smaller,
the relaxation time is of the same order as the period of the driven
voltage, which is associated with inertial effects that are not present in
the high-frequency regime (cf. Fig. 6c).

Numerical simulations of Eq. (7) for high frequencies show as an
equilibrium, a triplet of vortices [19]. When a noisy initial condition

is considered, which accounts for inherent thermal fluctuations of the

5 
physical system, a large nucleation of vortices is observed, which subse-
quently begin to annihilate by pairs with opposite topological charges.
Finally, the system reaches the triplet as equilibrium. This dynamic is
similar to that observed experimentally [19]. As the voltage frequency
decreases, the vortices dance; the nullcline curves begin to unfold
oscillatory [20]. As the frequency is further reduced, the associated
nullclines begin to entangle and generate new vortices. Fig. 3b illus-
trates the typical dynamics observed numerically (see video 1 on the
Supplementary Materials [22]). Note that the observed dynamics are
similar to the experimental ones. Likewise, the number of vortices ⟨𝑁𝑣⟩

measured stroboscopically remains constant as a given frequency 𝜔,
similar to what was observed experimentally. Fig. 5b shows the bifurca-
tion diagram obtained using Eq. (7). Hence, the amplitude Eq. (7) with
inertia and time- and space-dependent parameters shows a topological
transition out of equilibrium as the frequency decreases. The numerical
observations show a qualitative agreement with the experimental ones.

6. Conclusions

Non-equilibrium systems present topological transitions sustained
by the injection and dissipation of energy. Based on the complex
dynamics of nullcline curves associated with vortices, we have estab-
lished, experimentally and theoretically, the emergence of dissipative
vortex lattices. Combining a magnetic ring and an oscillating electric
field allowed us to observe a vortex lattice. We note that the vor-
tex lattice persists when removing the magnet below the topological
transition point 𝜔𝑇𝑇 , a phenomenon similar to that already observed
experimentally [18]. The observed vortex lattices have a square struc-
ture. These structures are a consequence of the interaction of vortices.
However, the interaction of dancing vortices is an open problem that
needs to be solved to figure out dissipative vortex lattices. The mech-
anism found is generic and can be observed in other oscillatory-driven
physical systems, such as magnetic systems, Bose–Einstein condensates,
superconductors, and fluids, to name a few.

The inertia in the amplitude equation (7) is a fundamental phe-
nomenological ingredient for the observed dynamics. Other approaches
that generate nullcline rotation and oscillation include the use of
imaginary [28] or time-dependent [20] coefficients in the Ginzburg–
Landau equation. However, nullcline entanglement on these models is
not shown, and therefore, they are not consistent with the observations
made in our system.

Unfortunately, there are no experimental studies on the director
inertia in liquid crystals as a function of frequency (fractions of hertz)
and temperature, which would allow us to be certain of the origin of
this term in the phenomenological model. If one does not neglect the
inertial torque of the director Eq. (3), one can derive the amplitude
Eq. (7) directly from Eq. (3), where 𝐼 = 𝐼 (see Methods Section).
However, this kind of term is expected to be important for significant
frequencies (of the order of THz) and not for small ones. For inertia
to be considered in the multi-scaling of the amplitude Eq. (7), 𝐼 ∼
𝛾2∕𝜇 must be satisfied. Theoretically, taking into account the friction
between the molecules and not considering the frequency of the electric
field, the estimation of 𝛾 ≈ 3 × 10−3 erg s/cm3 = 0.3 mPa s [29].
However, the liquid crystal under study has a viscosity of 4 orders
of magnitude greater, 𝛾 = 204 mPa s, which is consistent with the
experimentally reported viscosity of nematic liquid crystals [30]. Due
to 𝛾 ≪ 1 (in Pa s unit), the inertia of the director must be smaller or
of the order of 𝛾; however, in simple estimates, ignoring the collective
effect of the molecules and the presence of an oscillating field at slow
frequency, it is found to be several orders of magnitude smaller [29].
On the other hand, the appearance of inertia may result from charge
motion and backflow. Note that at low frequencies, charge motion can
be generated due to the weak anisotropic conductivity of the liquid
crystal [5], which can play an important role in the behaviour of inertia
𝐼(𝜔) and viscosity 𝛾(𝜔). Likewise, low frequencies can generate back-

flow, in which director evolution is coupled with fluid dynamics, where
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inertia must also be included (see Ericksen–Leslie theory [9]). Standing
waves with self-adaptation to driving frequencies have recently been
discovered in homeotropic sandwich cells filled with chiral nematics
with negative dielectric anisotropy [31]. Likewise, travelling waves
resulting from the reorientation of the director have been observed
in liquid crystal samples induced by the wave of the pulse train [32].
Inertial torque is fundamental in understanding waves in liquid crystals
and nullclines dynamics.
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Appendix. Derivation of amplitude equation with inertia

Using the Frank–Oseen free energy (1) in the director Eq. (3), one
gets

𝐼 𝑑
2𝑛
𝑑𝑡2

+ 𝛾 𝑑𝑛
𝑑𝑡

= 𝐾3[∇2𝑛 − 𝑛(𝑛 ⋅ (∇2𝑛))]

+(𝐾3 −𝐾1)[𝑛(𝑛 ⋅ ∇)(∇ ⋅ 𝑛) − ∇(∇ ⋅ 𝑛)]

+(𝐾2 −𝐾3)[2(𝑛 ⋅ (∇ × 𝑛))(𝑛(𝑛 ⋅ (∇ × 𝑛))

−(∇ × 𝑛)) + (𝑛 × (∇(𝑛 ⋅ (∇ × 𝑛))))]

−𝜀𝑎(�⃗� ⋅ 𝑛)(𝑛(�⃗� ⋅ 𝑛) − �⃗�)

−𝜒𝑎(�⃗� ⋅ 𝑛)(𝑛(�⃗� ⋅ 𝑛) − �⃗�).

Close to the transition point, it is possible to suppose that 𝑛 ≈
(

𝑛1, 𝑛2, 1 −
𝑛21+𝑛

2
2

2

)

. With this approximation, the above equation reads

�̈�1 + 𝛾�̇�1 = 𝐾3

[

∇2𝑛1 + 𝑛1
(

(

𝜕𝑧𝑛1
)2 +

(

𝜕𝑧𝑛2
)2
)]

−
(

𝐾3 −𝐾1
)

[ 1
2
𝑛1𝜕𝑧𝑧

(

𝑛21 + 𝑛
2
2
)

+ 𝜕𝑥𝑥𝑛1 + 𝜕𝑥𝑦𝑛2
]

+(𝐾2 −𝐾3)
[

𝜕𝑦𝑦𝑛1 − 𝜕𝑥𝑦𝑛2
]

− 𝜀𝑎𝑛1𝐸2
𝑧
(

1 − 𝑛21

−𝑛22
)

− 𝜀𝑎
(

2𝑛21𝐸𝑧𝐸𝑥 + 2𝑛1𝑛2𝐸𝑧𝐸𝑦 − 𝐸𝑥𝐸𝑧
(

1 − 1
2
(

𝑛21
+𝑛22

)))

− 𝜒𝑎𝑛1𝐵2
𝑧
(

1 − 𝑛21 − 𝑛
2
2
)

− 𝜒𝑎
(

2𝑛21𝐵𝑧𝐵𝑥

+2𝑛1𝑛2𝐵𝑧𝐵𝑦 − 𝐵𝑥𝐵𝑧
(

1 − 1
2
(

𝑛21 + 𝑛
2
2
)

))

, (8)

𝐼�̈�2 + 𝛾�̇�2 = 𝐾3

[

∇2𝑛2 + 𝑛2
(

(

𝜕𝑧𝑛1
)2 +

(

𝜕𝑧𝑛2
)2
)]

−
(

𝐾3 −𝐾1
)

[ 1
2
𝑛2𝜕𝑧𝑧

(

𝑛21 + 𝑛
2
2
)

+ 𝜕𝑥𝑦𝑛1 + 𝜕𝑦𝑦𝑛2
]

+(𝐾2 −𝐾3)
[

−𝜕𝑥𝑦𝑛1 + 𝜕𝑥𝑥𝑛2
]

− 𝜀𝑎𝑛2𝐸2
𝑧
(

1 − 𝑛21

−𝑛2
)

− 𝜀
(

2𝑛2𝐸 𝐸 + 2𝑛 𝑛 𝐸 𝐸 − 𝐸 𝐸
(

1 − 1 (

𝑛2
2 𝑎 2 𝑧 𝑦 1 2 𝑧 𝑥 𝑦 𝑧 2 1

6 
+𝑛22
)))

− 𝜒𝑎𝑛2𝐵2
𝑧
(

1 − 𝑛21 − 𝑛
2
2
)

− 𝜒𝑎
(

2𝑛22𝐵𝑧𝐵𝑦

+2𝑛1𝑛2𝐵𝑧𝐵𝑥 − 𝐵𝑦𝐵𝑧
(

1 − 1
2
(

𝑛21 + 𝑛
2
2
)

))

, (9)

First, we consider the linear terms in 𝑛1 and 𝑛2 to analyse the linear
instability and using �⃗� = 𝐸�̂� = 𝑉

𝑑 �̂� and �⃗� = 𝐵𝑥�̂�+𝐵𝑦�̂�+𝐵𝑧�̂�, we obtain

�̈�1 + 𝛾�̇�1 = 𝐾3𝜕𝑧𝑧𝑛1 − 𝜀𝑎𝑛1𝐸2 − 𝜒𝑎𝑛1𝐵2
𝑧 ,

�̈�2 + 𝛾�̇�2 = 𝐾3𝜕𝑧𝑧𝑛2 − 𝜀𝑎𝑛2𝐸2 − 𝜒𝑎𝑛2𝐵2
𝑧 . (10)

onsidering the homeotropic boundary conditions, 𝑛1(𝑧 = 0) = 𝑛1(𝑧 =
) = 𝑛2(𝑧 = 0) = 𝑛2(𝑧 = 𝑑) = 0, and the ansatz

𝑛1(𝑥, 𝑡)
𝑛2(𝑥, 𝑡)

)

= 𝑒𝜎𝑙 𝑡
(

𝑛01
𝑛02

)

sin
(𝜋𝑙
𝑑
𝑧
)

,

𝑙 is an integer number. Using the previous ansatz in the linear Eq. (10),
one gets the linear growth rate

𝜎𝓁 = −
𝛾
2𝐼

±

√

( 𝛾
2𝐼

)2
−
𝛼𝓁
𝐼
, (11)

where 𝛼𝓁 = 𝐾3
𝜋2𝑙2

𝑑2
+𝜀𝑎𝐸2+𝜒𝑎𝐵2

𝑧 . The destabilisation condition is 𝜎𝓁 = 0
which corresponds to the reorientation instability; then, we obtain the
critical voltage

𝑉𝑐 = −𝐸𝑐𝑑 =

√

−
𝐾3𝜋2

𝜀𝑎
−
𝜒𝑎𝐵2

𝑧𝑑2

𝜀𝑎
, (12)

or the unstable mode 𝑙 = 1.
To understand the evolution around orientational instability, let us

onsider the following weakly nonlinear analysis based on the ansatz

⃗ =
⎛

⎜

⎜

⎝

𝑋(𝑥, 𝑦, 𝑡) sin
(𝜋𝑧
𝑑

)

𝑌 (𝑥, 𝑦, 𝑡) sin
(𝜋𝑧
𝑑

)

⎞

⎟

⎟

⎠

+
(

𝑊1
𝑊2

)

,

here 𝑋(𝑥, 𝑦, 𝑡) and 𝑌 (𝑥, 𝑦, 𝑡) account for the amplitude of the critical
ode, 𝑊1 and 𝑊2 stands for higher order corrections of the linear
ode. Introducing the notation �⃗� = 𝐸�̂� and �⃗� = 𝐵𝑥�̂� + 𝐵𝑦�̂� + 𝐵𝑧�̂�,

nd employing the previous ansatz in Eqs. (8) and (9), we get

�̈� sin
(𝜋𝑧
𝑑

)

+ 𝛾�̇� sin
(𝜋𝑧
𝑑

)

=
(

𝐾3𝜕𝑧𝑧 − 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2
𝑧
)

𝑊1

𝐾3

[(

∇2
⊥𝑋 − 𝜋2

𝑑2
𝑋
)

sin
(𝜋𝑧
𝑑

)

+𝜋
2

𝑑2
𝑋(𝑋2 + 𝑌 2) sin

(𝜋𝑧
𝑑

)

cos2
(𝜋𝑧
𝑑

)

]

−(𝐾3 −𝐾1)
[

𝜕𝑥𝑥𝑋 sin
(𝜋𝑧
𝑑

)

+ 𝜕𝑥𝑦𝑌 sin
(𝜋𝑧
𝑑

)

+𝜋
2

𝑑2
𝑋(𝑋2 + 𝑌 2) sin

(𝜋𝑧
𝑑

)(

cos2
(𝜋𝑧
𝑑

)

− sin2
(𝜋𝑧
𝑑

))

]

+(𝐾2 −𝐾3)
[

𝜕𝑦𝑦𝑋 sin
(𝜋𝑧
𝑑

)

− 𝜕𝑥𝑦𝑌 sin
(𝜋𝑧
𝑑

)]

−𝜀𝑎𝐸2𝑋 sin
(𝜋𝑧
𝑑

) [

1 − (𝑋2 + 𝑌 2) sin2
(𝜋𝑧
𝑑

)]

−𝜒𝑎𝐵2
𝑧𝑋 sin

(𝜋𝑧
𝑑

) [

1 − (𝑋2 + 𝑌 2) sin2
(𝜋𝑧
𝑑

)]

−𝜒𝑎
[

2𝐵𝑥𝐵𝑧𝑋2 sin2
(𝜋𝑧
𝑑

)

+ 2𝐵𝑦𝐵𝑧𝑋𝑌 sin2
(𝜋𝑧
𝑑

)

−𝐵𝑥𝐵𝑧

(

1 − 𝑋2 + 𝑌 2

2
sin2

(𝜋𝑧
𝑑

)

)]

, (13)

𝐼𝑌 sin
(𝜋𝑧
𝑑

)

+ 𝛾�̇� sin
(𝜋𝑧
𝑑

)

=
(

𝐾3𝜕𝑧𝑧 − 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2
𝑧
)

𝑊2

𝐾3

[(

∇2
⊥𝑌 − 𝜋2

𝑑2
𝑌
)

sin
(𝜋𝑧
𝑑

)

+𝜋
2

𝑑2
𝑌 (𝑋2 + 𝑌 2) sin

(𝜋𝑧
𝑑

)

cos2
(𝜋𝑧
𝑑

)

]

−(𝐾3 −𝐾1)
[

𝜕𝑥𝑦𝑋 sin
(𝜋𝑧
𝑑

)

+ 𝜕𝑦𝑦𝑌 sin
(𝜋𝑧
𝑑

)

+𝜋
2
𝑌 (𝑋2 + 𝑌 2) sin

(𝜋𝑧)(

cos2
(𝜋𝑧) − sin2

(𝜋𝑧))
]

𝑑2 𝑑 𝑑 𝑑
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+(𝐾2 −𝐾3)
[

𝜕𝑥𝑥𝑌 sin
(𝜋𝑧
𝑑

)

− 𝜕𝑥𝑦𝑋 sin
(𝜋𝑧
𝑑

)]

−𝜀𝑎𝐸2𝑌 sin
(𝜋𝑧
𝑑

) [

1 − (𝑋2 + 𝑌 2) sin2
(𝜋𝑧
𝑑

)]

−𝜒𝑎𝐵2
𝑧𝑌 sin

(𝜋𝑧
𝑑

) [

1 − (𝑋2 + 𝑌 2) sin2
(𝜋𝑧
𝑑

)]

−𝜒𝑎
[

2𝐵𝑦𝐵𝑧𝑌 2 sin2
(𝜋𝑧
𝑑

)

+ 2𝐵𝑥𝐵𝑧𝑋𝑌 sin2
(𝜋𝑧
𝑑

)

−𝐵𝑦𝐵𝑧

(

1 − 𝑋2 + 𝑌 2

2
sin2

(𝜋𝑧
𝑑

)

)]

. (14)

This equation can be rewritten in the form

�⃗� =
⎛

⎜

⎜

⎝

𝐼�̈� sin
(

𝜋𝑧
𝑑

)

+ 𝛾�̇� sin
(

𝜋𝑧
𝑑

)

−𝛷1

𝐼𝑌 sin
(

𝜋𝑧
𝑑

)

+ 𝛾�̇� sin
(

𝜋𝑧
𝑑

)

−𝛷2

⎞

⎟

⎟

⎠

,

Where the linear operator acting on �⃗� is

 =
(

𝐾3𝜕𝑧𝑧 − 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2
𝑧 0

0 𝐾3𝜕𝑧𝑧 − 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2
𝑧

)

. (15)

Introducing the inner product ⟨𝑓 |𝑔⟩ = ∫ 𝑑0 𝑓 (𝑧)𝑔(𝑧)𝑑𝑧, the operator
 is self-adjoint ( = †). The kernel of this operator is of dimen-
sion two, characterised by the vectorial functions Ker

(

†) = {𝑣1 =
(sin(𝜋𝑧∕𝑑), 0); 𝑣2 = (0, sin(𝜋𝑧∕𝑑))}. To solve the linear equation (15), we
apply the Fredholm alternative for each element of the kernel of †,
we obtain the two following equations
⟨

𝐼�̈� sin
(𝜋𝑧
𝑑

)

+ 𝛾�̇� sin
(𝜋𝑧
𝑑

)

−𝛷1

|

|

|

|

|

sin
(𝜋𝑧
𝑑

)

⟩

= 0,

⟨

𝐼𝑌 sin
(𝜋𝑧
𝑑

)

+ 𝛾�̇� sin
(𝜋𝑧
𝑑

)

−𝛷2

|

|

|

|

|

sin
(𝜋𝑧
𝑑

)

⟩

= 0

Making explicit the coefficients 𝛷1 and 𝛷2, these equations read

(

𝐼�̈� + 𝛾�̇�
) 𝑑
2
= 𝐾3

[(

∇2
⊥𝑋 − 𝜋2

𝑑2
𝑋
)

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧

+𝜋
2

𝑑2
𝑋(𝑋2 + 𝑌 2)∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

cos2
(𝜋𝑧
𝑑

)

𝑑𝑧
]

−(𝐾3 −𝐾1)
[

(

𝜕𝑥𝑥𝑋 + 𝜕𝑥𝑦𝑌
)

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧

+𝜋
2

𝑑2
𝑋(𝑋2 + 𝑌 2)∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)(

cos2
(𝜋𝑧
𝑑

)

− sin2
(𝜋𝑧
𝑑

))

𝑑𝑧
]

+(𝐾2 −𝐾3)
(

𝜕𝑦𝑦𝑋 − 𝜕𝑥𝑦𝑌
)

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧

𝜀𝑎𝐸
2𝑋

[

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧 − (𝑋2 + 𝑌 2)∫

𝑑

0
sin4

(𝜋𝑧
𝑑

)

𝑑𝑧
]

𝜒𝑎𝑋
[

∫

𝑑

0
𝐵2
𝑧 (𝑧) sin

2
(𝜋𝑧
𝑑

)

𝑑𝑧 − (𝑋2 + 𝑌 2)∫

𝑑

0
𝐵2
𝑧 (𝑧) sin

4
(𝜋𝑧
𝑑

)

𝑑𝑧
]

−𝜒𝑎

[

2𝑋2
∫

𝑑

0
𝐵𝑥(𝑧)𝐵𝑧(𝑧) sin

3
(𝜋𝑧
𝑑

)

𝑑𝑧

2𝑋𝑌 ∫

𝑑

0
𝐵𝑦(𝑧)𝐵𝑧(𝑧) sin

3
(𝜋𝑧
𝑑

)

𝑑𝑧

∫

𝑑

0
𝐵𝑥(𝑧)𝐵𝑧(𝑧) sin

(𝜋𝑧
𝑑

)

𝑑𝑧

+𝑋
2 + 𝑌 2

2 ∫

𝑑

0
𝐵𝑥(𝑧)𝐵𝑧(𝑧) sin

3
(𝜋𝑧
𝑑

)

𝑑𝑧
]

, (16)

(

𝐼𝑌 + 𝛾�̇�
) 𝑑
2
= 𝐾3

[(

∇2
⊥𝑌 − 𝜋2

𝑑2
𝑌
)

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧

+𝜋
2

𝑑2
𝑌 (𝑋2 + 𝑌 2)∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

cos2
(𝜋𝑧
𝑑

)

𝑑𝑧
]

(𝐾3 −𝐾1)
[

(

𝜕𝑥𝑦𝑋 + 𝜕𝑦𝑦𝑌
)

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧

+𝜋
2
𝑌 (𝑋2 + 𝑌 2)

𝑑
sin2

(𝜋𝑧)(

cos2
(𝜋𝑧) − sin2

(𝜋𝑧)) 𝑑𝑧
]

𝑑2 ∫0 𝑑 𝑑 𝑑

7 
+(𝐾2 −𝐾3)
(

𝜕𝑥𝑥𝑌 − 𝜕𝑥𝑦𝑋
)

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧

−𝜀𝑎𝐸2𝑌
[

∫

𝑑

0
sin2

(𝜋𝑧
𝑑

)

𝑑𝑧 − (𝑋2 + 𝑌 2)∫

𝑑

0
sin4

(𝜋𝑧
𝑑

)

𝑑𝑧
]

−𝜒𝑎𝑌
[

∫

𝑑

0
𝐵2
𝑧 (𝑧) sin

2
(𝜋𝑧
𝑑

)

𝑑𝑧 − (𝑋2 + 𝑌 2)∫

𝑑

0
𝐵2
𝑧 (𝑧) sin

4
(𝜋𝑧
𝑑

)

𝑑𝑧
]

−𝜒𝑎

[

2𝑌 2
∫

𝑑

0
𝐵𝑦(𝑧)𝐵𝑧(𝑧) sin

3
(𝜋𝑧
𝑑

)

𝑑𝑧

+2𝑋𝑌 ∫

𝑑

0
𝐵𝑥(𝑧)𝐵𝑧(𝑧) sin

3
(𝜋𝑧
𝑑

)

𝑑𝑧

−∫

𝑑

0
𝐵𝑦(𝑧)𝐵𝑧(𝑧) sin

(𝜋𝑧
𝑑

)

𝑑𝑧

+𝑋
2 + 𝑌 2

2 ∫

𝑑

0
𝐵𝑦(𝑧)𝐵𝑧(𝑧) sin

3
(𝜋𝑧
𝑑

)

𝑑𝑧
]

. (17)

Considering that 𝐵𝑥, 𝐵𝑦, and 𝐵𝑧 are slowly varying functions of 𝑧,
integrating the previous expressions after straightforward calculations,
we obtain

𝐼�̈� + 𝛾�̇� =
(

−
𝐾3𝜋2

𝑑2
− 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2

𝑧

)

𝑋

−

(

(2𝐾1 − 3𝐾3)𝜋2

2𝑑2
−

3𝜀𝑎𝐸2

4
−

3𝜒𝑎𝐵2
𝑧

4

)

𝑋(𝑋2 + 𝑌 2)

+𝐾1
(

∇2
⊥𝑋 − 𝜕𝑦𝑦𝑋 + 𝜕𝑥𝑦𝑌

)

+𝐾2
(

∇2
⊥𝑋 − 𝜕𝑥𝑥𝑋 − 𝜕𝑥𝑦𝑌

)

−
4𝜒𝑎
𝜋
𝐵𝑥𝐵𝑧,

𝐼𝑌 + 𝛾�̇� =
(

−
𝐾3𝜋2

𝑑2
− 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2

𝑧

)

𝑌

−

(

(2𝐾1 − 3𝐾3)𝜋2

2𝑑2
−

3𝜀𝑎𝐸2

4
−

3𝜒𝑎𝐵2
𝑧

4

)

𝑌 (𝑋2 + 𝑌 2)

+𝐾1
(

∇2
⊥𝑌 − 𝜕𝑥𝑥𝑌 + 𝜕𝑥𝑦𝑋

)

+𝐾2
(

∇2
⊥𝑌 − 𝜕𝑦𝑦𝑌 − 𝜕𝑥𝑦𝑋

)

−
4𝜒𝑎
𝜋
𝐵𝑦𝐵𝑧. (18)

Introducing the variable 𝐴 = 𝑋 + 𝑖𝑌 , the definitions 𝐵𝑥 + 𝑖𝐵𝑦 = 𝐵𝜌𝑒𝑖𝜃 ,
𝜕𝜂 = 𝜕𝑥 + 𝑖𝜕𝑦, 𝜇 = −𝐾3𝜋2∕𝑑2 − 𝜀𝑎𝐸2 − 𝜒𝑎𝐵2

𝑧 , 𝑎 = (2𝐾1 − 3𝐾3)𝜋2∕2𝑑2 −
3𝜀𝑎𝐸2∕4 − 3𝜒𝑎𝐵2

𝑧∕4, 𝛿 = (𝐾1 − 𝐾2)∕(𝐾1 + 𝐾2) and 𝑓 (𝑟) = − 4𝜒𝑎
𝜋 𝐵𝜌(𝑟)𝐵𝑧,

and rescaling the space 𝑟′ =
√

2∕(𝐾1 +𝐾2)𝑟, in the previous equation,
e get [the phenomenological amplitude Eq. (7)]

𝜕𝑡𝑡𝐴 + 𝛾𝜕𝑡𝐴 = 𝜇𝐴 − 𝑎𝐴|𝐴|2 + ∇2
⊥𝐴 + 𝛿𝜕𝜂𝜂�̄� + 𝑓 (𝑟)𝑒𝑖𝜃 . (19)

onsidering the overdamped limit, the inertia is negligible thus the
mplitude equation takes the form [amplitude Eq. (6)]

𝜕𝑡𝐴 = 𝜇𝐴 − 𝑎𝐴|𝐴|2 + ∇2
⊥𝐴 + 𝛿𝜕𝜂𝜂�̄� + 𝑓 (𝑟)𝑒𝑖𝜃 .
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