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optical chain with nonreciprocal coupling

M| Check for updates

Pedro J. Aguilera-Rojas ®, Karin Alfaro-Bittner ® 2, Marcel G. Clerc ® !, Manuel Diaz-Zahiga ® ',

Amaru Moya ®', David Pinto-Ramos ®' & René G. Rojas ®°®

The propagation of nonlinear waves, such as fires, weather fronts, and disease spread, has drawn
attention since the dawn of time. A well-known example of nonlinear wave—fronts—in our daily lives is
the domino waves, which propagate equally toward the left or right flank due to their reciprocal
coupling. However, there are other situations where front propagation is not fully understood, such as
bistable fronts with nonreciprocal coupling. These couplings are characterised by the fact that the
energy emitter and receiver are not interchangeable. Here, we study the propagation of nonlinear
waves in a bistable optical chain forced by nonreciprocal optical feedback. The spatiotemporal
evolution and the front speeds are characterised as a function of the nonreciprocal coupling. We derive
an equation to describe the interacting optical elements in a liquid crystal light valve with nonreciprocal
optical feedback and compare the experimental results with numerical simulations of the coupled

bistable systems.

Fires, the spread of diseases, supercooling of water, weather fronts, crystal
growth, shock waves, and population migrations, correspond to nonlinear
waves called fronts'~. These waves result from the coexistence of equilibria
in extended systems, corresponding to spatial connections between them. In
fact, fronts and multistability are characteristic features of dissipative non-
linear systems. The concept of front propagation, which originated in the
context of population dynamics®’, has since attracted increasing interest in
chemistry, physics, and mathematics. One of the relevant differences
between linear waves and fronts is that the shape or profile of the fronts does
not depend on the initial conditions. Indeed, these nonlinear waves are
attractors, so an initial condition connecting two domains converges to a
precise profile after some transient. The front speed depends on equilibria
they connect; for example, fronts between stable and unstable equilibria in
weakly nonlinear systems are characterised by the stable equilibrium
invading the unstable one'”. Examples of this type of front are combustion,
the spread of persistent infectious diseases, or the freezing of supercooled
water, to mention a few. However, in multistable systems with many
equilibria, fronts where an unstable state invades a stable one can be
observed®. The scenario changes radically when considering fronts between
two stable states. If the system is variational, the front speed depends on the
energy difference between states’. Namely, the most stable state invades the
least stable one.

Discrete bistable coupled systems can also exhibit fronts, where the
main feature is that the fronts propagate with hopping or oscillatory

dynamics'*". A playful example of fronts in our daily lives is domino waves,
which is an extended bistable chain system in which a domino has two
equilibria, its vertical and horizontal position". Coupled bistable physical
systems where front propagation has been observed are calcium release
waves in living cells'", reaction fronts in chains of coupled chemical
reactors'®, arrays of coupled diode resonators'’, semiconductor
superlattices', chains of paramagnetic colloidal particles”, covalent che-
mical reactions on single-walled carbon nanotubes™, and the dynamics of
neuron chains’', to mention a few. In all the above examples, the elements of
the chains are usually coupled with reciprocal media (elastic, chemical, or
electrical). Namely, if one exchanges the role of emitter and receiver, the
observed propagation is the same. Indeed, elastic media are characterised by
applying a force of equal magnitude and opposite direction to each of the
coupled elements; such dynamical behaviour is known as Maxwell-Betti
reciprocity”” ™.

Due to asymmetric, nonlinear, and/or time nonreversal properties,
nonreciprocal behaviour has been studied in several physical fields. In
optics, nonreciprocal responses have been observed in birefringent prisms™,
optomechanical resonators®®, and asymmetric cavities”’. In acoustics, an
emitter and a receiver can exhibit nonreciprocal behaviours in a resonant
ring cavity biased by a circulating fluid”. In electronics, a nonreciprocal
behaviour has been reported using an electrically driven nonreciprocity on a
silicon chip”. Nonreciprocal behaviours for the propagation of electro-
magnetic waves have been accomplished through the application of
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magnetic fields"”', angular momentum*, nonlinear coupling ”, and moving

photonic crystal™. In active matter, nonreciprocal couplings are a rule rather
than an exception™. Recently, through the use of mechanical
metamaterials””*, nonreciprocal coupling elements have been built up.
Most of these studies have examined the effect of nonreciprocity on the
propagation of linear waves. In particular, propagation is favoured in one
direction. A similar phenomenon has been proposed theoretically in non-
reciprocally coupled multistable systems, exhibiting fronts between unstable
and stable equilibrium with a controllable velocity under no external bias™.

Based on an experiment of a bistable optical chain forced by non-
reciprocal optical feedback, we can study the propagation of nonlinear
waves. Figure 1a and b depict the bistable optical chain. The bistable optical
dimer system with reciprocal and nonreciprocal coupling and inter-cell
dynamics is shown in Fig. 1c and d. Experimental and theoretical bistability
cycle of each cell in the optical chain is illustrated in Fig. 1b. The non-
reciprocal optical coupling controls the difference in front speed in one
direction or the other. A spatial light modulator allows us to control the
reciprocal coupling between the elements of the chain and the initial con-
ditions. A shift in the optical feedback induces nonreciprocity in the cou-
pling, which we coin nonreciprocal optical feedback—also known as
translational optical feedback. The spatiotemporal evolution and the front
speeds are characterised. Near the reciprocal limit, the front speed is char-
acterised by increasing (decreasing) linearly with the positive (negative)
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Fig. 1 | Liquid crystal light valve (LCLV) with reciprocal and nonreciprocal
optical feedback. a Schematic representation of a liquid crystal light valve and
optical bistable system chain. Scale bar indicates the distance between cells.

b Snapshot of the optical bistable system chain and schematic representation of
dissipative bistable optical chain. Scale bar indicates bistable cell spacing. bl
Experimental snapshot of the optical bistable system chain. The red spots depict the
cells that make up the chain of bistable systems. The colour intensity in these red
spots (cells) accounts for different states of molecular orientation, which coexist for
the same experimental parameters, a dark and bright one. The index i labels the
different cells. The panels b2, b3, and b4 illustrate that each cell undergoes an
experimental bistability cycle. The cells are nonreciprocally coupled with their

displacement of the nonreciprocal optical feedback «, however, as it
increases enough, it exhibits a maximum due to the effect of nonlinear
nonreciprocal couplings. Theoretically, a bistable system chain model is
derived using a tight binding approach for the liquid crystal light valve with
nonreciprocal optical feedback. Analytically, one can derive expressions for
the front speed in the limit that the nonreciprocal terms are perturbative,
which, as one expects, is linear, with the parameter that measures non-
reciprocity (see thesis*’). Numerical simulations of the coupled bistable
systems show a good agreement with experimental observations.

Results

A system that can optically address its bistability range is the liquid crystal
light valve with optical feedback*'. The liquid crystal light valve (LCLV) with
optical feedback is a flexible experimental setup that exhibits a wide range of
dynamic behaviours, such as multistability, front propagation, pattern
formation, localised states, and complex spatiotemporal dynamics*. All the
aforementioned studies have been developed in a continuous dynamical
context. This LCLV is composed of a nematic liquid crystal layer with planar
anchoring, a dielectric mirror, and a photosensible wall. When the liquid
crystal light valve is subjected to a constant voltage V; and illuminated by a
low intensity (~1 mW/cm?) laser, the light is reflected, and its polarisation
phase contains information about the molecular orientation of the liquid
crystal. By injecting this same light onto the photosensitive wall, the

Initial state

_—e

Final state

Reciprocal Coupling Nonreciprocal Coupling

nearest neighbours. The arrows represent the different magnitudes of the coupling,
and red and black dots account for dark and bright cells, respectively. The panels b5,
b6, and b7 schematise theoretically each bistable cell nonreciprocally coupled to its
nearest neighbour. ¢, d represent a reciprocally and nonreciprocally coupled bistable
system dimer. « measures the lateral shift of the optical feedback, producing non-
reciprocal coupling. The panels cl, ¢3, d1, and d3 show the snapshots of the dimer’s
initial states, and the panels ¢2, ¢4, d2, and d4 show the snapshots of the dimer’s final
states when one of the cells is excited. The system evolves, exhibiting a clear non-
reciprocal coupling. See the Supplementary Movie 1. The dashed circles account for
the illuminated areas. The scale bars accurately show the distance between inter-
acting cells.
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Fig. 2 | Experimental liquid crystal light valve (LCLV) with reciprocal and
nonreciprocal optical feedback. a Experimental scheme of the optical valve. He-Ne
Laser accounts for a Helium-Neon laser light source. O is an optical objective, SLM is
a spatial light modulator, M is a mirror, PBS corresponds to a polarizer beam splitter,
Vj is the voltage applied to the LCLV, BS is a beam splitter, L stands for lens, FBis a
high resolution optical fibre bundle, and CMOS accounts for a Complementary
Metal-Oxide-Semiconductor camera. b A bifurcation diagram is obtained for a
single light cell driven by the laser applied to the optical valve, as the voltage V,
applied to the valve is varied. The vertical axis represents the total intensity measured
in the camera in arbitrary units. The insets are the respective snapshots taken with
the camera. The dashed circles account for the illuminated areas. The red and green

triangles show the sweep with the voltage down and up, respectively. The bistability
region is highlighted with vertical dashed lines. ¢ Schematic illustration of how
nonreciprocal optical feedback is generated. a accounts for the shift of the optical
fibre bundle. The scale bar indicates the cell size. The panels d and e account for the
temporal evolution of the intensity profiles from the optical chain system. Panels d1
and el in the green region account for the initial state profile. Panels d2 and e2 in the
cyan region account for the final state profile in the intermediate line of the bistable
chain with reciprocal and non-reciprocal coupling, respectively. The optical non-
reciprocal feedback in the LCLV (a # 0) is depicted with the displacement between
the squares at the top of these panels.

photoconductor at the rear of the optical valve induces an extra voltage on
the liquid crystal, which depends on the molecular orientation through the
modulated light phase. Figure 2a shows a schematic representation of
the experimental setup. As a result of the optical feedback, the optical valve
exhibits bistability between two homogeneous states (see Fig. 2b). Each state
represents different molecular average orientations, generating the trans-
mission of more or less light due to polarisation interference (cf. to insets in
Fig. 2b). Figure 2c shows an experimental schematic illustration of how
nonreciprocal coupling is achieved by shifting the optical feedback. Then,
when the liquid crystal light valve is illuminated with different light beams
that are sufficiently separated, we can induce a chain of reciprocally coupled
bistable systems through the evanescent waves of the illuminated spots
generated by the molecular reorientation of the liquid crystal. The set of
separate light beams is achieved by including a spatial light modulator in the
illumination system of the experiment.

By changing the voltage applied to the optical valve, the chain of
bistable optical systems is initiated in the lower state of the bistable branch
(dark cell). Still, in the parameter range, the most stable state is that of the
upper branch (bright cell). By letting more light into one of the beams or by

exploiting imperfections in the liquid crystal (spacers or inhomogeneities),
one of the cells is excited to the upper state of the bistability branch, which
triggers the propagation of fronts to the sides of the excited cells (see the
Supplementary Movie 2). In fact, the neighbouring cells start to light up one
after the other, similar to dominoes falling in a domino wave. Figure 2dand e
show the initial and final state profile at the midline upon excitation of an
intermediate cell in the chain of bistable optical systems.

To determine the speed of the propagation front, we select the cells
whose light intensity is greater than a critical value. In the spatiotemporal
diagram shown in Fig. 3a, we have marked these critical values with cross
symbols and their corresponding error bars. The connection of the points by
segmented lines allows us to illustrate front propagation. Note that there is a
slight asymmetry in the propagation of the fronts because the illumination is
not perfectly homogeneous, but Gaussian as depicted in Fig. 1a.

Liquid crystal light valve with nonreciprocal optical feedback

To achieve aligned optical feedback, we use a bundle of optical fibres placed
in a position of zero diffraction thanks to a 4f configuration (see Fig. 2a). Asa
result of the aligned optical feedback, the coupling between the cells of the
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Fig. 3 | Front propagation in a bistable optical chain with nonreciprocal coupling.
a Spatiotemporal diagrams of chains of bistable optical systems with different shifted
optical feedback controlled by the displacement a. The cross with error bars show the
moment in which the cells of the bistable system light up. The linear regression and
the standard deviation of the crosses are represented by the segmented lines and the
error bars, respectively. Most precisely, the error bars represent the least squares

error of the linear fit t = (x — x.)/v + t,, where x, is the position of the central cell and
to is the time at which the central cell is light up. The segmented lines show a linear fit
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for the propagation of fronts in the spatiotemporal diagram. The scale bars indicate
the cell size. b Front speed versus the shift of the optical feedback a. The blue and red
curves show the speed of the front towards the right (V) and left (V) flank,
respectively. @ = a,,, accounts for the critical value for which it is measured the
maximum speed. The symbols squares, hexagons, and stars account for the spa-
tiotemporal diagrams shown in panel a. ¢ Snapshot of a single bistable cell and
corresponding mid-line profile in the dark (ground) and bright (excited) state. The
scale bar shows the cell size.

bistable optical chain is reciprocal. To create a nonreciprocal coupling, we
proceed by horizontally shifting the fibre bundle to a distance « (cf. Fig. 2¢).
This shifting is achieved by a servo motor, which has a precision of the order
of microns. This shifted optical feedback causes the evanescent tails of each
cell to couple asymmetrically to its neighbours, i.e., it is a nonreciprocal
coupling. We can verify the above feature experimentally. Let’s consider
only two cells, a coupled bistable system dimer. When the coupling is
reciprocal, the excitation of one of them causes the excitation of the
neighbouring cell, as shown in Fig. 1c. If we include a shifted optical feed-
back when one cell is excited (see Fig. 1d), let us say cell i + 1, it excites its
neighbour i, but in the opposite, i.e., excited cell i cannot excite cell i + 1.
As aresult of the shifted optical feedback, the midline intensity profiles
become asymmetrical, as illustrated in Fig. 2e. The propagation of the fronts
is now asymmetric; depending on the « value, we can modify the propa-
gation speed. Figure 3a illustrates the spatiotemporal evolution and the
corresponding propagation of the fronts for different a shifts. From this type
of plot, we can determine the speed of the fronts. Figure 3b summarises the
velocity of the fronts as a function of the & shift. As mentioned before, due to
the spatially inhomogeneous illumination at « = 0, the velocities towards the
left and right flank do not coincide. We notice that for small nonreciprocal
optical feedback, the velocity of the fronts is linearly modified. This can be
understood as the nonreciprocal coupling producing a drift-like effect on
the fronts. However, for large nonreciprocal couplings, the speed of the
fronts exhibits a maximum at & = «,, . We associate this phenomenon with
nonlinear nonreciprocal couplings. It is important to contrast the

modification of the front speed employing nonreciprocal coupling with the
one achieved by an external bias, i.e., by changing the relative stability of
equilibria®”. With nonreciprocal coupling, the left- and right-flank fronts
propagate with a different speed, with the difference controlled by the
nonreciprocity intensity; however, with an external bias, the left- and right-
flank fronts propagate with the same speed, which is controllable by the
energy difference between equilibria.

Theoretical description
The dynamics of the average molecular orientation tilt 8(x, £) is described by
a nonlocal relaxation equation of the form*"*

2 i I‘LFT
S o 1
79,0 =1"0,,0 9+2<1 “F ; XIW(97“)>7 (1)

where x and t are the nonreciprocity direction of the liquid crystal layer and
time, respectively. 68(x, £) =0 and 6(x, f) = 7/2 account for the planar and
homeotropic configuration. Vpr=4.5V,,; is the threshold for the Frée-
dericksz transition at 25°C, = 100 ms is the liquid-crystal relaxation time,
and /=30 pm the electric coherence length. The light intensity I,, reaching
the photoconductor, namely, the nonreciprocal optical feedback, is given by
L[0(x + a)] = I,,,(x + a)(1 — cos[B cos?O(x + a)])/2", where I;,,(x) is the
light intensity controlled by the spatial light modulator and = 2kdAn, with
d = 15um as the thickness of the nematic layer, An = 0.2 as the liquid crystal
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Fig. 4 | Numerical front propagation in a bistable optical chain with non-
reciprocal coupling model Eq. (3) with = 0.5, 4 =2.2,D = 0.6, x, = 0.1+ 3/,
k_ = 0.1 — 3¢/, and ' is the bifurcation parameter. a Front profile for different
nonreciprocal couplings. Panels al, a2, and a3 show front propagation towards the
left, symmetrical, and right flank, respectively. b Spatiotemporal diagram of the
respective fronts. Panels b1-b6 account for direct simulations and the nonreciprocal

bistable system chain reconstruction. Fronts speed towards the left and right flank as

a function of the nonreciprocal parameter «'. Panels ¢, d account for small and large
nonreciprocal coupling, respectively. The blue and red curves show the front speed
towards the right (V) and left (V) flank, respectively. The system exhibits a
pinning-depinning transition of front nonlinear waves for o’ = cxpid. a accounts for
the critical value for the nonreciprocal coupling parameter with the greatest mag-
nitude observed for the front speed.

birefringence, and k = 271/ is the wavenumber of the light; we employ a red
laser of wavelength A = 632.8nm. The effective voltage, Vg, applied to the
liquid crystal layer can be expressed as Veg=TVy + yI,,, I = 0.15 is a transfer
factor that depends on the electrical impedances of the photoconductor,
dielectric mirror, and liquid crystal while y is a phenomenological
dimensional parameter that describes the linear response of the
photoconductor®’.

When the intensity of the illumination light I;,, is varied, model (1)
shows different branches of bistability resulting from critical values of the
average molecular orientation angle 8,. The spatial light modulator can be
used to induce potential wells, or inhomogeneous illumination, that alter-
nates between the bistable and monostable region (planar state), as shown in
Fig. 3¢ represented with the I;,(x) function, where the maxima and minima
of these potential wells correspond to illuminated and unilluminated
regions, respectively. The separation and amplitude of the well potentials
can be controlled with the spatial light modulator. Looking at a single well, it
has two states, representing whether the cell is bright or dark, as shown in
Figs. 1b, 2b, and 3c. Figure 3c shows the potential well and the light profiles
representing the two different states proportional to ©(x — x,), where x,
accounts for the middle position of the well. In the case of considering
modulation wells in the bifurcation parameter that are separated enough,
one can use the following ansatz to describe the dynamics of each cell (tight
binding-like approach),

O(x,t) =0, + Z u(HO(x — x;) + Wi(x;, u;, x), )

where u,(t) is the intensity of the average molecular orientation tilt profile in
the i-cell, x; is the middle position of the i-cell, and W{(x;, u;, x) is the small
correction function that accounts for the effects of the other cells in the i-cell.
Introducing the previous ansatz into Eq. (1), linearizing in W, and imposing
a solvability condition after straightforward calculations, we obtain at

dominant order the following chain of nonlinear, nonreciprocally coupled
bistable systems

Ouu; =1 + pu; — u + (D + o Wy — ) + (D — o )uy_y — u;)

2
— (K +K_u;_)u;.

3)

The Methods section explicitly gives complete and detailed expressions
of these coefficients as a function of the liquid crystal light valve parameters.
u; positive (negative) accounts for the bright (dark) state of the i-cell (cf.
Fig. 1b). 7 is the bifurcation parameter that characterises and runs through
the hysteresis loop, and both states are equivalent when 7 =0, Maxwell’s
point. y controls the width of the hysteresis. D and ' account for reciprocal
and nonreciprocal coupling, respectively. The liquid crystal elastic coupling
and the nonreciprocal optical feedback effect determine D and «', respec-
tively. Indeed, o' is proportional to . ., and x_ account for the nonlinear
nonreciprocal coupling to the right and left flank, respectively, and are
proportional to «'.

Numerical simulations of the chain of bistable systems in the bistability
regime show front propagation, where the most stable state invades the least
stable one (see Fig. 4). Figure 4a shows different fronts observed with
negative, zero, and positive nonreciprocal coupling «’. The spatiotemporal
diagrams associated with the propagation of these fronts is shown in Fig. 4b.
Likewise, we have characterised the front speed towards both the left and
right flanks as a function of nonreciprocal coupling (cf. Fig. 4c). From this
chart, we conclude that when the nonreciprocal coupling is zero, the pro-
pagation towards both flanks is symmetric. By including a small non-
reciprocal coupling, we observe that the speed of the fronts is linearly
modified, favouring one of the flanks. As the nonreciprocal coupling
increases, the front speed in the less favoured direction decreases.
Numerically, we observe a critical value o' = «; in which the front cannot
propagate towards that flank; that is, the system exhibits a phenomenon of

pining-depinning transition*****>.  Hence, for larger nonreciprocal
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Fig. 5 | Experimental front propagation in two-dimensional bistable lattice
systems. a Square lattice of bistable optical cells with reciprocal coupling. b Square
lattice of bistable optical cells with non-reciprocal coupling. al and b1 show the
initial conditions t; = #; = 0s. a2 and b2 show the final states t, = 2.52 s and

t, = 5.08 s. The arrows account for the propagation speed in the respective direc-
tion. The distance between cells is indicated by the scale bar.

couplings, only one-way propagation is observed. A similar phenomenon is
reported for the propagation of linear waves*. On the other hand, the front
speed in the favoured direction increases up to a critical value o' = «,),, after
which the front speed decreases. This phenomenon is observed as a con-
sequence of the nonlinear, nonreciprocal coupling terms. Note that the same
phenomenon is observed experimentally (see Fig. 3b).

Two-dimensional nonlinear wave propagation in a bistable
optical chain

We can also create a two-dimensional bistable systems lattice thanks to the
spatial light modulator. Figure 5 shows the square lattice and the nonlinear
wave propagation for reciprocal and nonreciprocal coupling. The arrows
account for the propagation speed in the respective direction. In the case of
reciprocal coupling, we experimentally observe that the fronts propagate
isotropically in all directions (see Fig. 5a). In contrast, in the nonreciprocal
case, the nonlinear waves propagate in the direction that the nonreciprocal
coupling privileges, which can be easily controlled by a two-dimensional
shift of the optical feedback (see Fig. 5b). The Supplementary Movie 3
depicts front propagation in a two-dimensional bistable lattice with and
without nonreciprocal coupling.

Discussion

The waves that connect different equilibria have entirely different char-
acteristics compared to linear waves, because after a transient, these waves
converge to a precise spatial shape, and their speed depends on the states
they connect and the coupling or transport mechanism. Fronts are rele-
vant in various fields of knowledge, such as chemistry, biology, physics,
and optics. Most studies have investigated fronts in continuous media, but
fronts are also observed in extended coupled systems. One of the diffi-
culties of coupling discrete systems by means of elastic, magnetic, or
optical elements is that the couplings are usually reciprocal. Therefore, the
fronts propagate isotropically. Different strategies have been proposed to
generate nonreciprocal couplings. We propose that optical feedback in a
chain using a photosensitive system achieves manipulable nonreciprocal
couplings that can even be coupled to more distant neighbours. Therefore,
this type of coupling opens the possibility of studying nonreciprocal

effects in one- and two-dimensional systems. Most studies of non-
reciprocal effects have been carried out on linear waves; here, we have
studied the impact of nonreciprocal coupling on fronts, a type of nonlinear
wave. As a result of nonreciprocal coupling, the fronts propagate in pri-
vileged directions; the propagation of waves in certain directions can even
be prevented. This opens up the possibility of isolating regions and
directing energy propagation, which, in this case, is carried by light
intensity. A systematic study of the pining-depinning transition of fronts
due to nonreciprocal coupling and its potential implications for energy
manipulation are in progress.

At the same time, nonlinear nonreciprocal effects have hardly been
studied. We observe that these terms are responsible for increasing,
decreasing, and even cancelling the propagation of fronts. Theoretically,
nonreciprocal terms are expected to induce instabilities in fronts, which may
even induce the formation of travelling patterns and complex spatio-
temporal behaviours.

One of the difficulties of optical couplings is that the light is trans-
versally inhomogeneous due to the Gaussian profile of laser beams; addi-
tionally, the free propagation of light generates transversal gradients, which
can induce inhomogeneities in the couplings. Hence, front speed in these
optical systems could be better described by trajectories other than straight
lines, such as parabolic ones, that are being studied.

For simplicity, we have considered the nonlinear wave propagation in a
square lattice, but the spatial light modulator is a flexible optical element that
allows us to create different regular, disordered, or even quasi-crystalline
spatial lattices. Likewise, translating and rotating the optical fibre bundle can
achieve more complicated couplings between the lattice elements. Studies of
the nonreciprocal effects of this type of lattice may be of interest in
understanding complex systems such as complex networks employing a
controllable experimental setup.

Methods

Experimental setup

The liquid crystal light valve consists of a nematic liquid crystal LC-654
(NIOPIK) with dielectric anisotropy constant ¢, =10.7 €, (€, dielectric
constant of the vacuum) placed between two glass layers separated by a
distance d = 15 um. Transparent indium tin oxide (ITO) electrodes and a
photoconductive layer are deposed on the glasses to subject the liquid crystal
to a driven voltage. A dielectric Bragg mirror with optimised reflectivity for
632.8 nm light is placed in the back layer of the liquid crystal cell. The liquid
crystal has planar anchoring in the diagonal direction of the cell; that is, the
molecules on the cell wall are attached parallel to the wall. The LCLV can be
electrically driven by applying an oscillatory voltage V;, rms and frequency
fo=1.0 kHz across the liquid crystal layer. Figure 2a shows a schematic
representation of the LCLV with an optical feedback setup. The valve is
optically forced with a He-Ne laser, Ag = 632.8 nm. The LCLV is placed in a
4f optical configuration (f=25cm), as indicated in Fig. 2. The optical
feedback circuit is closed with an optical fibre bundle (FB) placed at a
distance of 4f from the LCLV front face. The optical fibre bundle injects the
light into the photoconductive layer, applying an additional voltage to the
liquid crystal material depending on the local light intensity. The optical
feedback loop is designed so that light simultaneously presents polarisation
interference induced by the polarising beam splitter (PBS) and shift of light
over a distance «. This distance is controlled by a servo motor (Thorlabs
Z825B - 25 mm Motorized Actuator with @3/8” Barrel). A spatial light
modulator (SLM, LC 2012 Spatial Light Modulator Holoeye, transmission)
is considered to carry out different configurations of bistable optical chains.
This SLM is based on a twisted nematic liquid crystal display, which gen-
erates a simple phase modulation and a coupled polarisation effect, resulting
likewise in amplitude modulation. The experiment is monitored by a
complementary metal-oxide-semiconductor (CMOS) camera. The path
and optical elements used for the light beam monitored by the camera are
such that we observe the surface of the liquid crystal light valve so that the
intensity I, can be related to the average angle O(x,1)
by I,,[0] = I,,(x)(1 — cos[B cos*6])/2.
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To generate the bistable system chain with different configurations, the
liquid crystal light valve with optical feedback must be illuminated in dif-
ferent space regions. This is achieved through spatial light modulation in
transmission, which is illuminated with an expanded beam, allowing only a
discrete number of thin beams separated at equal distances to pass. The
different beam distributions are achieved by using different masks generated
on the SLM through adequate software that controls it.

To generate the initial conditions that produce the propagation of the
nonlinear waves, we have used the following procedure: (i) Randomly dis-
tributed glass bead spacers are used to maintain the constant thickness
inside the liquid crystal cell. (ii) Using the SLM, we have considered a region
of space where one of the bistable cells inside contains a glass bead. (i)
Increasing the voltage from the cell with a glass bead induces a bright state,
which begins to invade the system. This procedure guarantees that the front
emerges regularly from the same cell, which allows us a systematic study of
the propagation of nonlinear waves to be carried out.

Derivation of bistable chain model

The model Eq. (1) is characterised by exhibiting several branches of
bistability"'. To have a simple description of the dynamics of a liquid crystal
light valve with nonreciprocal feedback, we consider the dynamics of the
model Eq.(1) around the emergence of bistability, i.e., when the average
molecular angle equilibrium 6.V, I;,) becomes multi-valued while illu-
minated homogeneously (see ref. 43). This angle, as a function of para-
meters, satisfies the relation

V,= _Ver  xl [1 — cos(Bcos’6y)], 4)

20\% 2T
(1-%)

from this relation, we determine the values of the parameters for the
emergence of bistability. In fact, in the parameter space, the above expres-
sion generates a folded surface from which one can geometrically deduce the
points of emergence of bistability. Namely, 8, becomes multi-valued when
the function V(6y, I;;) has a saddle point. Moreover, around the saddle
point V(6,) creates two new extreme points that determine the width of the
bistability region.

To find the saddle points of the V((6,) function, we impose the con-
ditions dVy/d6, =0, d*V,/d6* = 0 and, after straightforward calculations,
we obtain the relations

¢ —mT Vir
I = s
" xB(n/2—6,)’ sin(26,) sin (B cos?6,) )

and

%0) —2cot 26, = —Bsin(26,) cot(f cos®8,). 6)
27 Y

The first expression, Eq. (5), gives the critical value of I, for which 6,
becomes multi-valued. The second expression, Eq. (6), is an algebraic
equation that depends only on the parameter 3 and determines all the points
of nascent bistability. The interception points of the two curves correspond
to all the points of nascent bistability that can be found for this value of f3.
However, only half of them have physical significance because the other half
correspond to negative intensity values. The dynamics near a nascent
bistability point is described by a scalar field governed by a cubic non-
linearity. Hence, close to a given point of nascent bistability, I;, = I, and
Vo = V§, we can approximate the average director tilt field by the
expression

0(x,£)~6, + 96,1), (7)
b

where ¢(x, £) is an order parameter that accounts for the dynamics around
the point of nascent bistability and ¢ =12/(n/2—6,)" +4+

6 cos 20, cot(f cos?8,) — 2sin?26, is a normalisation constant introduced
to simplify the equation for the field ¢. Introducing the above expression
into Eq. (1), considering the 1D case and developing in the Taylor series by
keeping the cubic terms, after straightforward algebraic calculations, we can
reduce the full liquid crystal light valve with an optical feedback model to a
forced dissipative ¢*-model, which reads as

70, = 1f + ep — ¢ + P3¢, 8)
where
M_ 2 (m g e
¢y IV, (2 96) [TV = V)

+x(1 — cos(B cos’O))I,, — I5,)]

6(V, — V¢
E_(n/z_ec){(ﬂg—vﬂo)

+3(1 — cos (/3 Coszec))] X(;—é};lf")}
FT

+ [B(m/2 — 6,) (sin(26,) sin(B cos*6,))

Thanks to the spatial light modulator through periodically separated
beam lighting, we can induce that the parameters are modulated periodically
€(x) and 7(x), generating well-type potentials. Considering a single-well
potential (the system is illuminated with a single beam) in the parameters
and the bistability region, the system exhibits a fundamental mode-type
solution ®(x — x) where X, is the central part of the single-well potential,
see Fig. 3c.

Introducing the ansatz (2) and ¢(x, f) — ¢(x — a, t) into Eq. (8), line-
arizing in W, and imposing a solvability condition after straightforward
calculations, we obtain at dominant order the bistable systems chain

oy =n+pu; + T (v —u) +T_(u_ —uy)

9
— (ki + Ky )uj — au;, ©
where
= (7' (x)]O(x — x;))
(©(x — x)|O(x — x,)) ’
;o (e(0)0(x = x;y — @) + lzaxxG)(x — Xy — @)|O(x — x;))
Pro=l.= (00 —x)|00x — x,) ’
Do =T = (e(x)®(x — x;_, —a)+ lzaxx@(x —x;_; — @)|O(x — x;)) ‘
(O(x — x)|O(x — x,)) i (10)
_ (@0 —x; — @) + 3,0 —x, — @O =x)) [ ¢
- (O(x — x,)|O(x — x;)) A
. —3 (@ (x — x; — O — x;,, — A)|Ox — x;))
T (O(x — x,)|O(x — x;)) ’
4 (06— x — 0)’|O(x — x))
T (O —x)0(x —x))
the symbol (f|g)=[f(x)g(x)dx. Note that D=(T,+T_)/2,

o = (T, —T_)/2, and for small &, «, is proportional to «. Normalising
u;, = u;/s/a,n — n/a, and k., — x, //a, we obtain Eq. (3).

Numerical simulations
All the numerical simulations of Eq. (3) were conducted using a fourth-
order Runge-Kutta method for the time evolution with Neumann boundary
conditions.

To reconstruct the dynamics observed in the chain of nonreciprocal
bistable systems, we have partitioned the linear space between active (illu-
minated) and non-active (non-illuminated) cells. In each active cell, we have
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graphed the evolution of the i-cell as follows,

(. 1) = (1) sech” (x}") , (11)

€
where ¢ is the typical width of the cell.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability
The code used for the analysis is available from the corresponding author
upon reasonable request.
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