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A B S T R A C T

Macroscopic systems can exhibit disordered patterns, such as fingerprints, vegetation patterns, and dendrites,
which have topological defects that characterize the pattern richness, but their self-organization is unknown.
Here, we investigate the formation mechanisms, defect emergence, and topological transition between
disordered patterns driven by the heating rate. Based on a thermally driven chiral nematic liquid crystal
experiment, we identified the coexistence of two different types of patterns at the same temperature but
different heating rates. A supercritical transition is revealed by measuring the density of pattern defects. The
pairwise correlation length also suggests this transition. Theoretically, we account for this transition based on
an amplitude equation with a chiral term that is valid close to the winding/unwinding transition. Likewise,
a prototype model of pattern formation exhibits a similar transition, showing that the transition is universal
and could be observed in magnetic, optical, fluid, chemical, and ecological systems.
1. Introduction

Exotic states of matter, including Bose–Einstein condensates, su-
perfluids, chiral magnets, superconductors, and liquid crystalline blue
phases, are observed in thermodynamic equilibrium. Rather than being
the result of an aggregation of matter (such as the solid, liquid, and gas
states), their emergence and characteristic features are due to a change
in the topological state of the system [1–4]. The intriguing properties of
these exotic states are lost during a topological transition induced by a
change in temperature. Likewise, systems that are out of equilibrium
through thermal gradients or oscillatory forcing present topological
transitions out of equilibrium [5,6]. Hence, depending on the energy
injection to which the system is subjected, it may exhibit topological
transitions, i.e., the emergence of topological elements or properties in
equilibria that were not originally present. These non-equilibrium states
are characterized by the self-organization of topological defects. One
of the most observed forms of self-organization of topological defects
takes place in disordered or turbulent patterns [7–11]. These patterns
have a characteristic length but with numerous defects. Fig. 1(d) and
(e) shows disordered patterns observed in a chiral nematic liquid crystal
cell. Defects can be either local or extended and are topological in
nature [12]. The self-organization of defects is responsible for the
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diversity of patterns in nature, such as those seen in fingerprint pat-
terns [13]. Specifically, defects correspond to phase singularities of the
pattern envelope [12,14], as shown in Fig. 2. Indeed, these defects are
topologically protected, indicating they possess charges, as evidenced
by a discrete jump in the pattern envelope phase. Only defects with
opposite charges can be annihilated [10]. These topological defects
persist as long as the pattern exists. Disordered patterns have been ob-
served in several physical contexts, such as fingerprints [13], magnetic
fluids [15], chemical reactions [16], fluid convection [17], vegeta-
tion [18], mussel beds [19], fish skin [20], Langmuir monolayers [21],
and cholesteric liquid crystals [22], to name a few.

The nucleation, annihilation, dynamics, and characterization of the
topological defects can play a relevant role in the emergence of differ-
ent disordered patterns. Indeed, there are disordered patterns with a
small or large number of defects. However, understanding these types
of patterns, the role of their topological defects, and the transition
between them is still an open question. In soft matter physics, chiral
nematic liquid crystal cells provide a playground to study the emer-
gence of disordered topological patterns in a controlled setting [23].
Disordered patterns in a chiral nematic liquid crystal cell are observed
near the winding/unwinding transition. This transition occurs when the
vailable online 1 February 2024
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Fig. 1. Experimental observation of disordered patterns in a chiral nematic liquid crystal cell. (a) Schematic representation of the experimental setup. A chiral nematic liquid crystal
(CNLC) cell is inside a thermal chamber (TC) and is being illuminated by a white light source (WLS). 𝐴, 𝑂, and 𝑃 account for analyzer, objective, and polarizer, respectively. Both
polarizers 𝐴 and 𝑃 are orthogonal. A complementary metal–oxide–semiconductor (CMOS) camera monitors the CNLC. The rods account for the CNLC. (b) Schematic representation
of the CNLC helical structure, where 𝑝 is the cholesteric pitch. The red and black colors represent the positive and negative sign of the projection of the director vector (average
molecular orientation) on the 𝑥-axis, respectively. The colored curves follow the direction of the director vector along the pitch. (c) The unwind state of the CNLC cell observed
state at 48 ◦C. The blue circles account for the glass bead spacers of the liquid crystal cell. (d) Invaginated and (e) branched patterns observed at 52 ◦C from the unwind state
at 48 ◦C using a heating rate �̇� = 0.02 ◦C/min and �̇� = 1.00 ◦C/min, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
Fig. 2. Topological defects in disordered patterns. (a) Branching points in a disordered
pattern observed at 52 ◦C from the unwind state at 48 ◦C using a heating rate
�̇� = 0.50 ◦C/min. Inset accounts for an amplified region and the illuminated circles
account for the pattern dislocation defects. (b) 3D representation of the dislocation of
a pattern. The purple rods represent the vertical average director field at both ends of
the dislocation. (c) Phase 𝜃(𝑥, 𝑦) of the pattern envelope. The phase jump indicates a
topological singularity in the phase. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

helical structure of a chiral nematic liquid crystal develops/frustrates
under the geometrical constraints imposed by molecular anchoring,
homeotropic configuration [23,24].
2

Here, we investigate the formation mechanisms, defect emergence,
and topological transition between disordered patterns driven by the
heating rate. Based on a thermally driven chiral nematic liquid crys-
tal experiment, we distinguish two disordered patterns, invaginated
and branched. These patterns are obtained at the same temperature
from the same initial state but at different heating rates. Namely,
both disordered patterns coexist at the same temperature. Invaginated
patterns have a small number of topological defects, contrary to what
is observed in branched patterns, see Fig. 1(d) and (e). In fact, the
local self-organization of defects differs between disordered patterns.
The observed textures result from the different growth mechanisms of
the cholesteric fingers emerging from the spacers and the homeotropic
(unwound) state. Unexpectedly, by measuring the density of local de-
fects, we characterize that the transition between these two disordered
patterns is supercritical as a function of the heating rate. That is, the
equilibrium depends on how the system is brought to it. Similarly, the
correlation length obtained from the pair correlation function suggests
a transition between the different disordered patterns. Theoretically,
close to the winding/unwinding transition, the system is described
by an amplitude equation with a chiral term. This model shows in-
vaginated and branched disordered patterns as equilibria. In addition,
the amplitude equation exhibits a supercritical transition between the
different patterns in agreement with the experimental observations.
Finally, we show that a prototype model of pattern formation exhibits
a similar transition of disordered patterns, suggesting the universality
of the phenomenon found.
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2. Experiments and results

2.1. Experimental setup

A polarized optical microscope (POM, Leica DM2700P) was used
to study the chiral nematic liquid crystal on a cell placed inside
a thermal control microscopy stage (TC, Mod. LTS350E c/4 Elect
LINKAM), which allows the temperature of the liquid crystal to be
controlled. Fig. 1(a) shows a schematic of our experimental setup. The
configuration has a white light source (WLS) that passes through a
polarizer 𝑃 and illuminates the liquid crystal sample. The objective

captures the transmitted light, which then reaches an analyzer 𝐴
that is cross-polarized with respect to 𝑃 . A complementary metal–
oxide–semiconductor (CMOS) camera captures the transmitted light.
The liquid crystal cell has homeotropic anchoring, which frustrates
the helical structure of the CNLC. The degree of frustration across
the mesophase is quantified by the confinement parameter  = 𝑑∕𝑝,
where 𝑑 and 𝑝 are the cell thickness and the cholesteric pitch, respec-
tively [23]. The pitch accounts for the characteristic rotational length
of the molecules (see Fig. 1(b)) and depends on the temperature and
the concentration of chiral molecules. The chiral nematic liquid crystal
used in this experiment has E7 (Merck) as the nematic host and EOS-12
as the chiral molecule [25]. The winding/unwinding transition study
was performed on a 𝑑 = 9 μm cell containing a CNLC sample with a
chiral dopant concentration of 7 wt % (𝑝 = 13.2 μm, at 50 ◦C). The
pitch length is determined by the Grandjean-Cano technique [23].

2.2. Experimental transition between disordered patterns

Let us consider a chiral nematic liquid crystal sample, which is
heated inside a thermal chamber (TC) and monitored by a polarized
optical microscope; see a schematic representation of the setup in
Fig. 1. The sample is heated to a temperature of 48 ◦C, which is
below the cholesteric finger nucleation point. At this temperature, the
winding state is stable (cf. Fig. 1(c)). The target temperature is set
at 52 ◦C, which lies above the winding/unwinding transition point of
the sample and is transited at different temperature heating rates �̇� .
Once the system reaches the set temperature, the disordered pattern
after transients remains stationary as the sample reaches equilibrium.
To achieve different disordered patterns, we consider heating rates
ranging from 0.10 ◦C/min to 0.90 ◦C/min with a step of 0.04 ◦C/min.

he heating rate allows the system to access a higher or lower energy
nput, so it is possible to observe different equilibria, as the heating rate
nfluences the dynamics of the cholesteric finger (see Fig. 3).

Due to the slow heating rate of the liquid crystal sample, nucleation
f cholesteric fingers is observed. These cholesteric fingers originate
rom the spacers (glass beads) and imperfections in the system [22]
see Fig. 1(c)). These fingers start to elongate in a straight line with
low growth and suffer transversal modulation instabilities when they
re large enough (see Fig. 3(a) and (g)); this dynamic has been termed
iggle dynamics [23,26]. Namely, the central part of the finger suffers

patial instability and begins to undulate. When the undulations have a
ufficiently large amplitude, they suffer secondary transverse instabili-
ies, and the process continues successively. Note that the fingers do not
onnect with each other (see Video 1 in Supplementary Materials [27]).
ventually, a stable invaginated pattern covers the system. Fig. 3(a) il-
ustrates the process of formation of the invaginated pattern (see Video

in Supplementary Materials [27]). The previous scenario changes
adically when fast heating rates are considered. Again, cholesteric
ingers emerge in the system, but they elongate rapidly, and their
ips and folds swell and generate two new tips [28], branching process
see Fig. 3(b) and (h)). This process is repeated for each new finger,
nding with a stable branching pattern that covers the system. Fig. 3(b)
hows the process of branching pattern emergence (cf. Video 1 in
upplementary Materials [27]). The difference in the behavior of the
3

holesteric fingers is because the heating rate allows a slower or faster e
ordering of the molecular orientation, which in turn is responsible for
the collective self-organization of the pattern (see Fig. 3). To charac-
terize the emergence, evolution, and saturation of the invaginated and
branched patterns, we plotted the evolution of the cholesteric domain
area over the homeotropic one (see Fig. 3(c) and (d)). One of the main
differences between invaginated and branched patterns is the number
of branching points. Dislocations correspond to the position where
two new fingers emerge from one finger (see Fig. 2(b)). Therefore,
the topological features and distributions of each disordered pattern
are different. In the case of invaginated patterns, the defects result
from side-branching, spacers, or experimental imperfections, while in
branched patterns, the dominant process is tip-splitting. In this con-
text, topological defects persist as long as the pattern does, as they
are regarded as singularities of the pattern envelope. This scenario is
similar to crystalline materials, where crystal dislocations are upheld as
long as the crystal structure is not destroyed. An analogous topological
transition is observed if one plastically bends a beam formed by a single
crystal, thus inducing crystal dislocations along the crystal lattice [29].
We have experimentally measured the number of dislocations per unit
area  as a function of the heating rate �̇� . Fig. 4(a) summarizes the
results obtained.

This chart shows a systematic and continuous increase in the num-
ber of topological defects. Thus, the observed transition is supercritical
in nature. To characterize the transition, we use the curve that describes
a noisy or imperfect supercritical transition [30]

 (�̇� ) = 𝐶

√

√

√

√ (�̇� − �̇�𝑐 ) +
√

(�̇� − �̇�𝑐 )2 + 𝜂

2
+𝑁0, (1)

where �̇�𝑐 is the deterministic transition critical heating rate, 𝑁0 ac-
ounts for the defect density at low heating rates, which is determined
y the imperfections of the system. 𝜂 stands for the level of imperfection
nd noise of the system. 𝐶 is a constant with suitable dimensions
hat connects the density of defects with heating rates. Note that for
ignificant heating rates, the system grows with a square root law,

∝
√

�̇� − �̇�𝑐 . Employing the formula (1), the transition of the
system is well described, finding the critical heating rate �̇�𝑐 = 0.22 ±
0.005 ◦C/min by measuring the associated deterministic curve and
considering the instrumental error. Then for �̇� > �̇�𝑐 (�̇� < �̇�𝑐), the system
presents branched (invaginated) patterns. Likewise, based on the pair
correlation function, we have determined the correlation length 𝜉 as a
function of heating rates (see Fig. 4(b)) [31]. This correlation length
𝜉 is commonly used to determine transitions between different states
of the matter by presenting a maximum or a minimum as a function
of the bifurcation parameter [31]. That is, the qualitative change of
the order in the system manifests itself in a change of the behavior
of the correlation length in its growth or decrease. Thus, elucidating
in this case, the emergence of topological defects in the chiral nematic
cell. The correlation length 𝜉 suggests a transition between the different
disordered patterns. Note that the characteristic length of the disorder
pattern 𝜆 depends on the heating rate, as summarized in Fig. 4(e). From
this chart, it can be concluded that as the heating rate increases, the
length of the pattern decreases.

2.3. Theoretical description

To shed light on the experimental observation, let us consider the
system close to the winding/unwinding transition and in the long-
pitch limit 𝑝 ≫ 𝑙, where 𝑙 is a typical molecular length. The average
molecular orientation is described by the director 𝑛 ≈ [cos(𝑧∕𝑝 +
𝜃)𝛼 sin(𝜋𝑧∕𝑑), sin(𝑧∕𝑝 + 𝜃)𝛼 sin(𝜋𝑧∕𝑑), 1], where 𝛼 = 𝛼(𝑥, 𝑦, 𝑡) is an small
ilt angle of 𝑛 from the vertical 𝑧-axis, 𝜃 = 𝜃(𝑥, 𝑦, 𝑡) is the azimuth
ngle of the director, and 𝑑 is the thickness of the liquid crystal
ell. 𝑥 and 𝑦 are the spatial coordinates and 𝑡 is time. The dynamics
f the director is characterized by minimizing the Frank-Oseen free
nergy [23]. Considering the director equation, the previous director
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Fig. 3. Disordered patterns in chiral nematic liquid crystal cells. (a) and (b) Temporal evolution of cholesteric patterns at different heating rates. Top snapshots of the invaginated
pattern formation heating at �̇� = 0.04 ◦C/min 25% left, 50% middle, and the equilibrium pattern 64% right panel of the observed cholesteric domain area 𝐴𝑐 over the region
𝐴𝑡. Bottom snapshots of the branched pattern formation heating at �̇� = 1.00 ◦C/min 25% left, 50% middle, and the equilibrium pattern 75% right panel of the cholesteric versus
homeotropic area. (c) and (d) Cholesteric proportion domain area versus time curve at heating rate �̇� = 0.04 ◦C/min and �̇� = 1.00 ◦C/min, respectively. (e) and (f) Temporal
evolution sequence of the polarization field colormap 𝜓 = 𝑅𝑒(𝐴)𝐼𝑚(𝐴) for numerical simulations of the amplitude Eq. (2) invaginated (𝛾 = 1, 𝜇 = −0.6, 𝛽 = 1, 𝛿 = 0.07, and
𝜒 = 3.05) and branched regime (𝛾 = 1, 𝜇 = −0.3, 𝛽 = 1, 𝛿 = 0.07, and 𝜒 = 4). Panels from left to right correspond to 15%, 30%, and 47% in (e) and 15%, 30%, and 70% in (f) of
the cholesteric versus homeotropic state area. (g) and (h) Time sequence of snapshots that account for the destabilization of a cholesteric finger for an invaginated and branched
pattern, respectively.
g

ansatz, and introducing the complex order parameter 𝐴 ≡ 𝛼𝑒𝑖𝜃 , after
straightforward calculations, we get (dimensionless chiral-anisotropic
Ginzburg–Landau amplitude equation [32])

𝛾𝜕𝑡𝐴 = 𝜇𝐴 + 𝛽𝐴|𝐴|2 − 𝐴|𝐴|4 + 𝜕𝜂�̄�𝐴 + 𝛿𝜕𝜂𝜂�̄� + 𝜒
(

𝐴𝜕�̄�𝐴 − �̄�𝜕𝜂𝐴
)

, (2)

where 𝛾 is the rotational viscosity, 𝜇 accounts for the winding/unwindin
control parameter, which is proportional to the confinement parameter
 = 𝑑∕𝑝 minus the quotient of the bend elastic constant over twice the
twist elastic constant (see Ref. [23] on page 467). 𝛽, 𝛿, and 𝜒 are func-
tions of the elastic constants and confinement parameter. 𝜕𝜂 = 𝜕𝑥 + 𝑖𝜕𝑦
is a differential operator on the complex plane, the Wirtinger derivative.
A derivation of the model (2) from first principles is given in [24]. The
amplitude Eq. (2) has been used to understand chiral bubbles, fingers,
and disordered patterns in cholesteric liquid crystals [23,24,32]. In
particular, it is possible to use spherulites as nucleation sites capable
of creating cholesteric fingers in the amplitude equation, which grow
and form a disordered pattern as a function of the considered parameter
region, which in similarity with the experimental observations, exhibits
the emergence of dislocations (see Fig. 5). Fig. 3(e) and (f) show the
4

emergent and stationary invaginated and branched patterns obtained
in numerical integrations of model Eq. (2), respectively.

The elastic constants, rotational viscosity, and pitch are functions
of temperature [23]. In the case of non-Newtonian fluids, the viscosity
is a function of the heating rate [33,34]. However, the dependence
of the parameters of model (2) as a function of heating rate is un-
known. Nonetheless, the characteristic length of the pattern is shorter
as the heating rate increases (see Fig. 4(e)). In addition, the chirality
parameter 𝜒 controls the characteristic length of the patterns 𝜆 in
Eq. (2) [24,32]. Hence, we use the chirality 𝜒 as the control parameter
for the transition, as it controls the two-dimensional chiral effects on
the model [24]. Fig. 4(c) and (d) show how the topological defect
density  and the correlation length 𝜉 vary as a function of chirality
𝜒 . Consequently, the amplitude Eq. (2) shows a supercritical transition
between invaginated and branched patterns as a function of chirality 𝜒 .
Following the same strategy used for the experimental analysis of the
defect density  , we use the equivalent formula (1) for the numerical
results and find an excellent fit (see Fig. 4(c)). The fitted curve allows
us to determine the critical chirality 𝜒 = 1.948 and to establish the law
𝑐
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Fig. 4. Topological transition between disordered patterns. (a) Experimental supercrit-
ical bifurcation of the defects density  as a function of the heating rate �̇� . The points
and error bar account for the mean value and standard deviation of  , respectively.
The supercritical transition (solid magenta line) is obtained using formula (1) with
𝐶 = 7589, �̇�𝑐 = 0.22, 𝜂 = 6 × 10−4, and 𝑁0 = 2.807. The deterministic curve (green
segmented line) is plotted  = 𝐶(�̇� − �̇�𝑐 )0.5. The critical heating rate �̇�𝑐 divides the
invaginated (red color) and branched region (blue color). Insets showcase disordered
patterns in different regions. (b) and (d) Experimental and numerical correlation lengths
𝜉 as a function of the heating rate and chirality, respectively. The points and error bar
account for the mean value and standard deviation of 𝜉. (c) Numerical supercritical
bifurcation of  as a function of the chirality parameter 𝜒 obtained by integrating
Eq. (2) with 𝜇 = −0.3, 𝛽 = 1, and 𝛿 = 0.07. The magenta solid line is obtained using the
appropriated formula (1) with 𝐶 = 4.8×104, 𝜒𝑐 = 1.948, 𝜂 = 2×105, and 𝑁0 = 2.7×10−8.
The green segmented line represents the deterministic curve. The colored region stands
for the different disordered patterns. Insets display a 3D representation of the typical
amplitude |𝐴| for different regions. (e) 𝜆 as a function of the heating rate. From the 2D
Fourier transform radial profile, the characteristic length was determined by considering
a Gaussian fit at the dominant peak and measuring the distance to its mean. The insets
show an amplified region of the pattern and have the same scale. The error bars account
for the standard error of the measurement. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Dislocation emergence in the numerical model. (a) Sequence of the polarization
field 𝜓 = 𝑅𝑒 (𝐴) 𝐼𝑚 (𝐴) evolution over for numerical simulations of the amplitude Eq. (2)
in the branched regime (𝛾 = 1, 𝜇 = −0.3, 𝛽 = 1, 𝛿 = 0.1, and 𝜒 = 3). Temporal
evolution of a spherulite as the initial condition for the finger nucleation with time,
𝑡1 < 𝑡2 < 𝑡3 < 𝑡4. (b) 3D representation of the typical amplitude |𝐴|. The dislocations
of the disordered pattern are highlighted in purple color. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
5
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𝜒 − 𝜒𝑐 . The correlation length also confirms this transition (see
Fig. 4(d)).

2.4. Universal behavior

As we have mentioned, disordered patterns have been observed in
various physical systems that exhibit pattern formation. Hence, the
topological transition observed in chiral nematic liquid crystals could
also be observed in other physical contexts. To shed light on this di-
rection, let us consider the prototype scalar model of pattern formation
(dimensionless non-variational Swift–Hohenberg model [35,36])

𝜕𝑡𝑢 = 𝜂 + 𝜖𝑢 − 𝑢3 − 𝜈∇2𝑢 − ∇4𝑢 + 𝑐(∇𝑢)2 + 𝑏𝑢∇2𝑢, (3)

where 𝑢(𝑥, 𝑦, 𝑡) is a scalar order parameter. Depending on the physical
context in which this model was derived, the physical meaning of 𝑢
could be the electric field, molecular orientation deviation, phytomass
density, chemical concentration, or elastic displacement, to name a few.
𝜂 and 𝜖 are the bifurcation parameters that characterize the bistability
region. 𝜈 < 0 (𝜈 > 0) accounts for diffusion (anti-diffusion), and the
terms proportional to 𝑏 and 𝑐 represent nonlinear diffusion and drift,
respectively. Eq. (3) is a well-known paradigmatic model for studying
spatially periodic and localized patterns. It has been derived for this
purpose in liquid crystal light valves with optical feedback [35,36],
in vertical cavity surface emitting lasers [37], in acoustic resonators
containing viscous media [38], and in other fields of nonlinear science
ranging from biological and chemical systems to physics [39]. The
model Eq. (3) shows invaginated patterns when the localized spots
are unstable [40]. Fig. 6(a) shows the time evolution of an unstable
spot that causes an invaginated pattern to emerge. By modifying the
parameters, a branching process is observed from a localized perturba-
tion. Fig. 6(b) shows the temporal evolution of a perturbed spot that
gives rise to a branched pattern. The observed topological transition
between patterns is supercritical and is well described by formula (1)
(see Fig. 6(c)). Recovering the result of the chiral nematic cell in Eq. (3)
suggests that the observed transition is universal.

3. Conclusion

In this study, we characterize the equilibrium topological tran-
sition of disordered patterns in a chiral nematic liquid crystal cell
subjected to thermal driving and varying temperature rates. Our results,
which quantify the topological defect density in patterns, indicate a
supercritical transition between the different equilibria. Theoretically,
based on an amplitude equation with a chiral term valid near the
winding/unwinding transition, similar phenomena are observed as a
function of chirality, in good agreement with experimental observa-
tions. These results show that the chiral-anisotropic Ginzburg–Landau
equation provides a solid framework for studying and understanding
phenomena in the case of chiral nematic liquid crystals. Furthermore,
the inherent process-dependent nature of the topological transition is
considered. We have shown that the number of topological features
in the system can depend on the process by which it is brought into
equilibrium rather than fixing different energy levels. This result allows
us to study novel phenomena in the self-organization of topological
defects in equilibrium without the need for an increased energy input.
In addition, an examination of a prototype pattern formation model
reveals a similar transition, suggesting that topological transitions of
this nature may exist in various disciplines, including physics, optics,
biology, chemistry, and materials science. It is then plausible that pat-
tern formation experiments may show similar behavior. In summary,
we have studied the topological transition between disordered patterns
by measuring the defect density of the final equilibria. Furthermore, we
have shown that the transition observed in the chiral nematic liquid
crystal cell is universal, using a prototype model of pattern formation.
Comprehending the transition between different disordered patterns
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Fig. 6. Universal topological transition in pattern formation. Colormap of the invaginated and branched patterns obtained from the scalar Eq. (3) numerical simulation for (a)
𝜂 = −0.065, 𝜖 = 2.45, 𝜈 = 2, 𝑐 = 0.01, and 𝑏 = 0 and (b) 𝜂 = −0.01, 𝜖 = 1.29, 𝜈 = 2, 𝑐 = 0, and 𝑏 = −0.26. Temporal evolution of a perturbed spot with time, 𝑡1 < 𝑡2 < 𝑡3. (c) Numerical
supercritical bifurcation of the defects density  for Eq. (3) with 𝜂 = −0.1, 𝜖 = 1, 𝜈 = 2, 𝑐 = 0.01, and 𝑏 was used as the bifurcation parameter. The error bar considers three
realizations for different perturbed spots. The insets show an amplified region of the disordered patterns for different parameters. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
can also be useful for designing new materials, such as curvature-
controlled wrinkling in the case of elastic spherical surfaces, which
can be beneficial for further understanding tissue mechanics [41]. The
study of phases with rich topological features, as well as the possibility
to tune them, is crucial for the development of innovative materials.
Our results pave the way for the creation of novel self-organized
metasurfaces and metamaterials by taking advantage of how the system
is brought to its equilibrium.
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Appendix A. Correlation length

The correlation length 𝜉 of the invaginated and branched patterns
is computed from the pair correlation function of an orientational field



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 180 (2024) 114508V. Fernandez-Gonzalez et al.

l
a

=
p
a
e
l
m
h

A

a
h
s
e
i
t
1
b
b
s
a
I
c
l
o
o
b
w
0
t
s
p
i
s
r

d
(
s
b
s
w
p
a
a
e
P
s
T
2
P
t
m

A

a

R
𝜑(𝑟), where 𝑟 are 2D spatial coordinates. This function accounts for the
ocal orientation of the cholesteric fingers and is obtained by locally
pproximating the cholesteric textures as stripe-like patterns [42].

The pair correlation function of the orientational field is 𝐶2(|𝑟 − 𝑟′|)
⟨𝜑(𝑟)𝜑(𝑟′)⟩, where the symbol ⟨⟩ corresponds to a spatial average

rocess. Numerically, 𝐶2 is obtained using the Correlation Theorem
nd Fast Fourier Transform algorithms [43]. The cholesteric patterns
xhibit a decaying pair correlation function from which a correlation
ength 𝜉 can be extracted. The limiting size of the simulation boxes
otivates the extraction of the correlation length as the half width at
alf height of 𝐶2 instead of fitting an exponential function [44].

ppendix B. Liquid crystal synthesis

EOS-12 is a phenyl ester group containing a chiral carboxylic part
nd a phenolic portion with a thiododecyl chain-substituted oxadiazole
eterocycle. EOS-12 was synthesized, starting with a nucleophilic acyl
ubstitution reaction of methyl 4-hidroxybenzoate with hydrazine and
thanol as a solvent. In this reaction, 4-hydroxybenzoic hydrazide
s obtained. Treatment of this compound with carbon disulfide in
he presence of potassium hydroxide yielded the 5-(4-hydroxyphenyl)-
,3,4-oxadiazoline-2-thione. The selective S-alkylation with dodecyl
romide of thione leads to the phenolic oxadiazole. Otherwise, the car-
oxylic group contains the chiral unit derived from (R)-2-octanol. The
ynthesis of the chiral benzoic acid was achieved by the Mitsunobu re-
ction starting from methyl 4-hydroxybenzoate and the chiral alcohol.
t is known that this SN2 reaction proceeded with an inversion of the
onfiguration at the chiral center. The resulting ester was saponified,
eading to the formation of chiral acid, followed by a reaction with
xalyl chloride. Finally, the optically active 4-(5-n-dodecylthio-1,3,4-
xadiazole- 2-yl)phenyl 4-(1′′-methylheptyloxy)benzoate was obtained
y esterification of the precursors aforementioned. The crude product
as purified by column in Aluminum oxide 90 active basic (0.063–
.200 mm) in dichloromethane and circular chromatography (Chroma-
otron: dichloromethane/ethyl acetate 10/2) yielding 78% of a white
olid [𝛼]D (ca. 0.0104 g/ml) = +38.5◦. The mixtures E7/EOS-12 were
repared by weighing each component and dissolving them separately
nto dichloromethane. The solutions were combined and homogenized,
onicating for 5 min. The solvent was removed by slow evaporation at
oom temperature.

The organic solvents were of analytical grade quality and all were
ried by traditional methods. Analytical thin layer chromatography
TLC) was conducted on Merck aluminum plates with 0.2 mm of
ilica gel 60 F-254. The structures of the compounds were confirmed
y 1H NMR and 13C NMR (Bruker Ascend 400 MHz spectrometer)
pectra and FTIR (Nicolet 550) spectra; the purity of the final products
as evaluated by thin layer chromatography. Mesophases analysis was
erformed using an Olympus BX41 optical microscope equipped with
n Olympus U-TV0.5XC-3 polarizer and a Linkam THMS600 heat stage
nd a RTVQIMAGING digital camera. The transition temperatures and
nthalpies were investigated by DSC using a NETZSCH DSC 204 F1
hoenix calorimeter. Samples were encapsulated in aluminum pans and
tudied at a scanning rate of 5 ◦C/min during heating and cooling.
he instrument was calibrated using an indium standard (156.6 ◦C,
8.44 J/g). Optical rotational measurements were obtained using a
olax-2L automatic polarimeter. The samples were prepared in spec-
roscopy grade chloroform, and results are quoted at 25 ◦C with a
onochromatic sodium light source.

ppendix C. Supplementary data

Supplementary material related to this article can be found online
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