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A B S T R A C T

Kinks are domain walls connecting symmetric equilibria and emerge in several branches of
science. Here, we report topological kinks connecting Faraday-type waves in a magnetic wire
subject to dissipation and a parametric injection of energy. We name these structures Faraday
kinks. The wire magnetization is excited by a time-dependent magnetic field and evolves
according to the one-dimensional Landau–Lifshitz–Gilbert equation. In the case of high magnetic
anisotropy and low energy injection and dissipation, this model is equivalent to a perturbative
sine-Gordon equation, which exhibits 2𝜋 kinks that connect uniform states. We show that kinks
connecting Faraday-type waves also exist in the damped and parametrically driven sine-Gordon
equation, corresponding to the localized structures observed in the magnetic system. The
solutions are robust; indeed, the bifurcation diagram reveals that kinks are stable, independently
if the Faraday patterns are standing waves or have a dynamic amplitude or phase. Analysis of
the nearly integrable limit of the sine-Gordon equation, as well as its description in terms of a
fast and a slow variable, i.e., the Kapitza limit, provide a useful interpretation of the kink as a
non-parametric emitter that barely alters the fast standing waves. The existence of topological
kinks connecting Faraday-type waves in the parametrically driven and damped Landau–Lifshitz–
Gilbert and sine-Gordon equations, which model magnetic media, forced pendulum chains,
and Josephson junctions, among other systems, suggest the universality of this self-organized
structure.

. Introduction

Localized states [1–4] are among the most common yet fascinating self-organized structures. In the simplest instance, localized
tates (LS) are particle-type solutions [4] that break the spatial translation symmetry. Their particle-type character allows character-
zing them via their position, width, and velocity. Likewise, it motivates their use as information carriers in extended systems. One of
he requisites of LS is a stable background [4] that can host one or several LS. However, the stability of the background implies that
ot all initial conditions will become localized states. Furthermore, the creation and control of LS can be a challenge in systems where
he initial conditions are not well controlled, or fluctuations can destroy the LS in favor of the background equilibrium. Topological
S, however, are protected, becoming reliable information carriers. One of the most studied models exhibiting topological LS in
ne spatial dimension is the classical sine-Gordon equation (SGE) [5,6], which describes pendulum chains and Josephson junctions,
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among several other systems. The solitons of the SGE are named kink and anti-kink and are domain walls connecting two physically
equivalent states [5,7]. Therefore, various studies on topological LS focus on systems well described by the SGE in a specific limit.
While the mapping is only exact in a small region of the parameter space, the LS inherited from the SGE kinks are usually robust
in a broader set of parameters. Hence, one may expect the existence of topological kinks connecting more exotic solutions, such
as Faraday-type waves [8], in generalized SGEs. These waves are nonlinear and emerge from spontaneous symmetry breaking in
systems where a parameter that multiplies the state variable is time-modulated [9] and respond with a parametric resonance [10].
This driving mechanism induces several bifurcations when the forcing frequency is similar to twice the natural one, namely, in
parametrically driven systems. Furthermore, experiments in vibrated granular media found a kink connecting two pattern domains
with different oscillation phases [11–13]. Other systems with time-dependent forcing also display kinks [14–16].

At meso- and macroscopic scales, ferromagnetic systems are described by their magnetization. The temporal evolution of the
magnetization is ruled by the Landau–Lifshitz–Gilbert equation [17]. At equilibrium, the magnetization points towards the net, or
effective, magnetic field [17]. Since the magnetization norm is constant, uniform magnetization dynamics resemble pendulums
orienting towards gravitational acceleration. Indeed, in the presence of a strong easy-plane magnetic anisotropy, the Landau–
Lifshitz–Gilbert equation can be mapped to a generalized SGE [18], which models chains of planar pendulums. This limit has
allowed several studies on localized magnetization structures [18–23]. Furthermore, at the onset of the parametric resonance, several
LS emerge [24–32]. While the reduction to the sine-Gordon equation is exact only if the easy-plane anisotropy field is infinitely
large, it is still an excellent qualitative, and several times quantitative, model for studying various magnetic systems. Indeed, the
approximation of a phase space by an attractive manifold of smaller dimension displaying attractors with topological properties is
a usual approach in physics. For example, the 2𝜋 kinks and anti-kinks of the SGE correspond to topological solitons in magnetic
systems. Moreover, 2𝜋 kinks pump evanescent waves from its core when the magnet is subject to an oscillatory field [33]. Due to
such wave emissions, kink–antikink bound states appear [33]. In two spatial dimensions, 2𝜋 kinks develop transverse instabilities,
resulting in one-dimensional patterns along the domain wall [34]. While static and dynamic magnetic 2𝜋 kinks asymptotically
onnecting uniform states have been vastly studied, magnetic domain walls between more exotic equilibria have not been fully
xplored.

In this work, we report 2𝜋 kinks connecting Faraday-type waves, as shown in Fig. 1, in a parametrically driven, damped magnetic
ire. Large anisotropy fields favor configurations where the unit magnetization vector lies on the plane perpendicular to the wire,
nd then the magnetization is parametrized by an angle 𝜙. Spatial connections (fronts, or domain walls) between the equivalent
tates 𝜙 = 0 and 𝜙 = 2𝜋 are stable and named 2𝜋 kinks. When the magnet is under the influence of a magnetic field with a static

part and one that oscillates at twice the system’s natural frequency, Faraday-type waves can emerge, as shown in Fig. 2. They are
standing nonlinear waves that result from the instability of the 𝜙 = 0 (or, equivalently, the 𝜙 = 2𝜋) equilibrium. We numerically
show that kinks connecting patterns centered on the 𝜙 = 0 and 𝜙 = 2𝜋 exist in a large zone of the parameter space. However,
when the injection of energy surpasses a threshold, Faraday-type waves destroy the kinks. To verify the universality and structural
robustness of our predictions, we study numerically and analytically the parametrically driven damped SGE and show the existence
of the topological 2𝜋 kinks embedded in Faraday-type waves. Therefore, we expect these structures to emerge in several systems,
ranging from mechanical resonators to superconducting junctions.

2. Parametrically driven magnetic wire

Let us consider a magnetic wire, where the unit magnetization field 𝐦(𝑡, 𝑧) depends on time, 𝑡, and the spatial coordinate along
the wire, 𝑧. A typical decomposition of 𝐦 is along the Cartesian axes, 𝐦 = 𝑚𝑥𝐞𝑥 + 𝑚𝑦𝐞𝑦 + 𝑚𝑧𝐞𝑧, where 𝐞𝑗 is the unit vector of
he 𝑗-th Cartesian axis, see Fig. 1(a). The Landau–Lifshitz–Gilbert equation [17] governs the magnetization dynamics and, in its
imensionless form, it reads

𝜕𝑡𝐦 = −𝐦 × 𝐡eff + 𝛼𝐦 × 𝜕𝑡𝐦, (1)

here effective field is 𝐡eff = ℎ𝐞𝑥 − 𝛽𝑚𝑧𝐞𝑧 + 𝜕𝑧𝑧𝐦. The first torque of Eq. (1) accounts for the counterclockwise precessions of 𝐦
around the effective field 𝐡eff , and the term proportional to the damping constant 𝛼 is the dissipation torque accounting for the
energy losses. The effective field 𝐡eff has three contributions: an external field ℎ𝐞𝑥 pointing along the 𝑥 axis, an anisotropy field
proportional to 𝛽 that favors magnetization motions in the 𝑥–𝑦 plane, and a dispersion term 𝜕𝑧𝑧𝐦. The symbols 𝜕𝑡 and 𝜕𝑧 stand
for temporal and spatial derivatives, respectively. The magnetic energy associated with the dispersion torque is proportional to
∫ |𝜕𝑧𝐦|

2𝑑𝑧 and is minimized for uniform states. The norm conservation, |𝐦| = 1, motivates using the spherical representation,

𝐦 = sin (𝜃)
[

cos (𝜙) 𝐞𝑥 + sin (𝜙) 𝐞𝑦
]

+ cos (𝜃) 𝐞𝑧, (2)

where 𝜃 and 𝜙 are the polar and azimuthal angles, respectively. The high anisotropy (𝛽 ≫ 1) limit of Eq. (1) is [18]

𝜃 =𝜋
2
+

𝜕𝑡𝜙
𝛽

, (3)

𝜕𝑡𝑡𝜙 = − �̄�2 sin (𝜙) + 𝜕𝜁𝜁𝜙 − 𝜇𝜕𝑡𝜙, (4)

where �̄� ≡
√

𝛽ℎ is the angular frequency, 𝜁 ≡ 𝛽−1∕2𝑧 is a renormalized space coordinate, and 𝜇 ≡ 𝛼𝛽 is a damping constant. In
qs. (3) and (4), we considered 𝛼 ∼ ℎ ∼ 1∕𝛽, and only the dominant order terms in the small expansion parameter 1∕𝛽 were
dmitted. In this limit, the polar angle 𝜃 is a slave variable that slightly deviates from the 𝜋∕2 value, i.e., most of the magnetization
2
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Fig. 1. Kink connecting Faraday-type waves. (a) Schematic representation of a magnetic wire, which is long in the 𝑧-axis and shorter in the other dimensions.
The magnetization is uniform in the 𝑥 and 𝑦 coordinates and then it depends only of 𝑡 and 𝑧, 𝐦(𝑡, 𝑧). A large magnetic field along the 𝑥-axis polarizes the
magnetization. The arrows depict the magnetization field for a Faraday kink. (b) Magnetization components 𝑚𝑥, 𝑚𝑦, and 𝑚𝑧 as a function of the spacial coordinate
𝑧 ∈ [0, 𝐿] for a given time 𝑡0. As this figure illustrates, the kink is a large structure that localizes between pattern domains. (c) Spatiotemporal diagram of 𝑚𝑦(𝑡, 𝑧)
in the time interval

[

𝑡0 , 𝑡𝐹
]

. The waves at the left and right of the kink oscillate with the same frequency, temporal phase, and wavenumber, while the kink
position remains almost constant. (d) Magnetization field 𝐦 parametrized by the position 𝑧 at a given time. The magnetization lies on a unit sphere. While the
Faraday-type waves are around the 𝑚𝑥 = 1 point, the kink is a large loop-type excursion around the sphere. In the limit of infinite anisotropy, the magnetization
lies on the (𝑚𝑥 , 𝑚𝑦) plane and the kink is a topologically protected structure. On the other hand, in this study, a finite anisotropy energy penalizes configurations
with large 𝑚𝑧 and, therefore, there is an energetic cost (finite nucleation barrier) involved in the creation and destruction of the kink.

lies in the 𝑥–𝑦 plane and therefore |𝑚𝑧| ≪ 1. Note that Eq. (4), which is a sine-Gordon equation (SGE) with dissipation, is invariant
to 2𝜋 shifts. Therefore, the 𝜙 = 0 and 𝜙 = 2𝜋𝑛 solutions are symmetric for an integer 𝑛.

Another solution of Eq. (1) is 𝐦 = −𝐞𝐱, corresponding to a magnetization vector pointing opposite to the applied field. This
unstable state is equivalent to the 𝜙 = 𝜋 solution of the sine-Gordon equation, sometimes depicted as pendula pointing upwards,
i.e., against the gravitational acceleration vector. Fronts connecting the 𝜙 = 0 (or 𝜙 = 2𝜋) and 𝜙 = 𝜋 states are characterized by the
invasion of the stable state over the unstable one. These domain walls are different from Faraday kinks because, in the case studied
here, the kink connects the solutions 𝜙 = 0 and 𝜙 = 2𝜋 that have identical properties, which results in a non-propagative wall.

Eqs. (1) and (4) display waves that decay to the 𝐦 = 𝐞𝑥 and 𝜙 = 0 equilibria, respectively. In order to induce permanent dynamics,
we consider a time-dependent field, ℎ(𝑡) = 𝐻0 + ℎ0 cos (𝜔𝑡), where 𝐻0 and ℎ0 are the constant part and oscillation amplitude of ℎ,
respectively, and 𝜔 is the forcing angular frequency. In this case, one obtains the parametrically driven damped SGE,

𝜕𝑡𝑡𝜙 = −
[

𝜔2
0 + 𝛾 cos (𝜔𝑡)

]

sin (𝜙) + 𝜕𝜁𝜁𝜙 − 𝜇𝜕𝑡𝜙, (5)

where 𝜔0 ≡
√

𝛽𝐻0 is the natural angular frequency and 𝛾 ≡ 𝛽ℎ0 is the energy-injection parameter. The parametric resonance
occurs for forcing frequencies near twice the natural one, namely, 𝜔 = 2

(

𝜔0 + 𝜈
)

, where 𝜈 is a small detuning. In this regime,
the dynamics of 𝜙 combine two scales: the fast oscillation with an angular frequency close to 𝜔0 and one from the slowly varying
envelope. Furthermore, the oscillation amplitude evolves according to the parametrically driven damped nonlinear Schrödinger
equation [15], which is obtained via weakly nonlinear analysis from the parametrically driven SGE and several models for other
systems. This paradigmatic equation characterizes the emergence of Faraday-type waves [9]. These oscillatory patterns are observed
3
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Fig. 2. Faraday-type magnetization waves emerging from the parametric instability of the uniform 𝐦 = 𝐞𝑥 state. (a) Bifurcation diagram of a parametric resonance
in the plane formed by the detuning, 𝜈, and the energy injection with respect to the effective dissipation, 𝛾 − 2𝜇. Inside the so-called Arnold tongue region, the
𝜙 = 0 state (corresponding to 𝐦 = 𝐞𝑥) is unstable, which gives rise to a diverse zoology [15]. At the left of the Arnold tongue, there are topologically trivial
(or non-topological) solitary waves supported by the 𝐦 = 𝐞𝑥 equilibrium. At the right of Arnold tongue, a spatial – also known as Turing or modulational –
instability takes place and generates Faraday-type waves. These are the waves connected by the kink of Fig. 1. (b) Plots of 𝑚𝑥, 𝑚𝑦, and 𝑚𝑧 as a function of 𝑧
for a given time 𝑡0. (c) Spatiotemporal diagram of Faraday-type patterns, these are waves with angular frequency and wavenumber approximately proportional
𝜔0 and

√

𝜈, respectively.

for a positive detuning (𝜈 > 0) and when the energy injection overcomes a threshold, 𝛾 ≥ 2𝜇. The parametrically induced patterns
grow with amplitude proportional to 𝜇1∕4 (𝛾 − 2𝜇)1∕4 = 𝛼1∕4𝛽1∕2

(

ℎ0 − 2𝛼
)1∕4 and wavenumber 𝜈1∕2.

In the next subsection, we introduce our numerical methods, while Section 2.2 shows the characterization of the topological
kink connecting Faraday-type patterns.

2.1. Numerical methods

Analytic studies of dynamic textures in non-autonomous nonlinear partial differential equations are limited to a few examples.
Furthermore, in the present case, both the Faraday-type waves and the kink’s core are large textures that make exact mathematical
derivations an extremely difficult task. Therefore, we adopt a numeric approach to characterize our findings. The integration of the
Landau–Lifshitz–Gilbert Eq. (1) is performed with a fifth-order Runge–Kutta algorithm for the temporal integration with a step size
of 𝛥𝑡 = 3 × 10−3. Stationary states are obtained after a transient time 𝑡0 ∼ 104 − 105, equivalent to ∼ 107 iterations, which is long
enough to reach the permanent dynamics, i.e., the attractors of the system. The spatial discretization divides the wire into 𝑁 = 512
segments of length 𝛥𝑥 = 0.3. With sixth-order finite differences, the error of the Laplacian approximation is of order 𝛥𝑥6. In the
Cartesian representation, both periodic 𝐦(𝑡, 𝑧+𝐿) = 𝐦(𝑡, 𝑧) and Neumann 𝜕𝑧𝐦(𝑡, 0) = 𝜕𝑧𝐦(𝑡, 𝐿) = 0 boundary conditions yield similar
results. The norm conservation, |𝐦| = 1, is monitored along the temporal integration. Dimensionless parameter values are 𝐻0 = 2,
𝛽 = 10, 𝛼 = 0.02, 𝜔 = 12, and 0.385 ≤ ℎ0 ≤ 0.48. The physical magnetic field (𝐵ph,0), magnetization (𝐌), and space (𝑧ph) and time (𝑡ph)
coordinates are obtained from their dimensionless counterparts via the following relations: 𝐵ph,0 = 𝜇0𝑀𝑠ℎ0, 𝐌 = 𝑀𝑠𝐦, 𝑧ph = 𝑙ex𝑧,
and 𝑡ph = 𝜏𝑡, where 𝜇0 is the magnetic permeability of free space, 𝑀𝑠 is the saturation magnetization, 𝑙ex is the exchange length,
𝜏 =

(

𝛾𝑀𝑠
)−1, and 𝛾 is the gyromagnetic ratio. For CsNiF3, 𝑀𝑠 ≈ 2.2 × 105 A/m, 𝑙ex = 5 nm, and 𝜏 = 20 ps [28].

2.2. Kinks: spatial connections between faraday-type waves

The magnetization depends on the angles 𝜙 and 𝜃 via trigonometric functions. Therefore, the magnetization and its dynamics
remain unaltered when replacing 𝜙 with 𝜙 + 2𝑛𝜋, 𝑛 being an integer. Hence, if 𝜙0(𝑡, 𝑧) is a solution, then 𝜙0(𝑡, 𝑧) + 2𝑛𝜋 is also a
solution with the same properties. However, continuous connections between these symmetric equilibria are not necessarily stable.
On the other hand, Fig. 1, obtained for ℎ0 = 0.4 and using periodic boundary conditions, demonstrates the existence of stable 2𝜋
kinks (𝑛 = 1) in this system, which are domain walls separating Faraday patterns centered around 0 and 2𝜋.

The parameter space is explored using the continuation method, which integrates the system for a parameter value ℎ0 and uses
the final magnetization as the initial condition for another parameter value, ℎ0 + 𝛥ℎ0, with the small increment 𝛥ℎ0 = 10−3. Our
results are summarized in Fig. 3. While kinks are observed for both periodic and Neumann boundary conditions, we employ the
4
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Fig. 3. Bifurcation diagram of Faraday kinks. (a) The dynamical indicator 𝑀 ≈ 1 when the kink is present and zero otherwise, i.e., the topological charge of
the texture is 1. 𝑀 is defined as 𝑀 = min{𝑚1 , 𝑚2}, where 𝑚1 ≡ |min{𝑚𝑥}| and 𝑚2 ≡ 0.5(max{𝑚𝑥}-min{𝑚𝑥}). The plot below considers the 𝑚𝑦 deviations from the
𝑚𝑦 = 0 value far from the kink core (𝑧core ≈ 𝐿∕2), 𝛥 =max{𝑚𝑦(𝑡, 𝑧 ≤ 𝑧1)}. The 𝑀 and 𝛥 values allow identifying four regions. In Zone I, the kink exists (𝑀 ≈ 1),
and it asymptotically connects uniform states (𝛥 ≈ 0), as shown in spatiotemporal diagram (b). In Zone II, Faraday-type waves develop (𝛥 ≉ 0) at the left and
right of the kink (𝑀 ≈ 1), c.f. (c). Note that 𝛥 grows monotonically in this region. In zone III, patterns develop instabilities due to the larger energy injection,
which promotes their amplitude and phase to dynamical fields. In contrast with (b) and (c), spatiotemporal diagram (d) exemplifies that the core position moves
for some ℎ0 values as a consequence of the patterns’ phase dynamics. Finally, patterns are no longer stable for ℎ0 ≥ ℎ𝑐

0 = 0.449, and only Faraday-type waves
are observed. Other region borders are ℎ𝐼−𝐼𝐼 = 0.378 and ℎ𝐼𝐼−𝐼𝐼𝐼 = 0.384, and we use 𝑧1 = 25𝛥𝑥 = 7.5.

latter for Fig. 3. When kinks are absent, 𝑚𝑥 is similar to 1 due to the 𝐻0 saturating field. However, since kinks are loops near the
𝑚𝑧 = 0 plane in the 𝐦-space, the minimum of 𝑚𝑥 approximates to −1. Therefore, a useful dynamical indicator is the absolute value
of the minimum of 𝑚𝑥, 𝑚1 ≡ |min{𝑚𝑥}|. However, 𝑚1 does not distinguish between 𝑚𝑥 = 1 and 𝑚𝑥 = −1. To overcome this issue, we
employ 𝑀 = min{𝑚1, 𝑚2}, where 𝑚2 ≡ 0.5(max{𝑚𝑥}-min{𝑚𝑥}). Fig. 3(a) shows that 𝑀 ≈ 1 in the vast region of the parameter space
where the kink is stable. This indicator is qualitatively equivalent to assigning 𝑀 → 1, or topological charge 1, when the kink is
present and 0 otherwise.

The region where the kink is stable is divided into three zones. First, in Zone I, where ℎ0 ≤ ℎ𝐼−𝐼𝐼 = 0.378, the energy injection is
insufficient for the spatial instability to develop, and the kink separates uniform states [33]. While the threshold for the emergence
of Faraday-type patterns around the 𝜙 = 0 uniform state is ℎ(0)0 = 2𝛼, the spatial instability of a kink requires a larger energy-injection
threshold, cf., Figs. 2 and 3. In the first region, 𝑚𝑥 ≈ 1 far from the core, as shown in the spatiotemporal diagram of Fig. 3(b), and
therefore 𝑚𝑦 ≈ 0. This motivates the use of the maximum of 𝑚𝑦 within a region 0 ≤ 𝑧 ≤ 𝑧1 = 7.5, 𝛥 =max{𝑚𝑦(𝑡, 𝑧 ≤ 𝑧1)}, as a second
dynamical indicator. When 𝛥 ≈ 0, there is no background texture far from the kink center.

In the second region, ℎ𝐼−𝐼𝐼 ≤ ℎ0 ≤ ℎ𝐼𝐼−𝐼𝐼𝐼 = 0.384, Faraday-type waves emerge. They are stationary patterns whose envelope
is uniform and grows in a non-potential fashion. This is different from the expected 1∕4 growth law of usual Faraday-type
patterns [9]. Furthermore, the oscillation amplitude grows fast a function of the control parameter, exiting the weakly nonlinear
regime. Consequently, the 𝛥 ≪ 1 condition is fulfilled only within a tiny portion of the bifurcation diagram. Fig. 3(c) shows the
spatiotemporal diagram of 𝑚𝑥 in this zone. Note that the kink position is stationary. However, in the region of ℎ𝐼𝐼−𝐼𝐼𝐼 ≤ ℎ0 ≤ ℎ𝑐0 =
0.449, or zone III, Faraday-type waves develop several instabilities, which promotes the patterns’ amplitude and phase to dynamic
fields. Hence, the system exhibits kinks that connect states with irregular dynamics. A characteristic spatiotemporal diagram of this
zone is illustrated in Fig. 3(d). The motions of the pattern drive the kink core and modify its shape, resulting in a moving LS. In zone
III, the magnetization deviates considerably from 1, as revealed by 𝛥 ≲ 1. After the threshold ℎ𝑐0, the kink disappears, as expected
from the interaction with large amplitude patterns with dynamic phase and envelope. This is not surprising since the numerical
integration of the system imposes a discretization that renders the topological protection to a significant, but finite, nucleation
barrier. Additionally, the in-plane magnetic anisotropy is large, but also finite, and therefore the magnetization can exit the 𝑚𝑧 = 0
plane if the energy injection is sufficient.
5
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Fig. 4. Faraday kink in the parametrically driven damped SGE (5). (a) Profile of the field 𝜙(𝑥, 𝑡) at given time. The field 𝜙 shows patterns around 𝜙 = 0
and 𝜙 = 2𝜋 at the left and right of the kink core, respectively. (b) Spatiotemporal diagram of 𝜙. (c) Cartesian and (d) parametric plots of the magnetization
reconstructed by mapping the fields 𝜙 and 𝜕𝑡𝜙 that solve the SGE to 𝐦 using Eqs. (2) and (3).

Note that we have studied the connections from 0 to 2𝜋, but given the 𝑧 → −𝑧 invariance of the magnetic wire, the solution
jointing 2𝜋 and 0 exists and has the same properties reported here. An additional remark is that the ℎ𝐼−𝐼𝐼 , ℎ𝐼𝐼−𝐼𝐼𝐼 , and ℎ𝑐0 reported
here could change if a different initial condition (not the continuation method) is employed.

To verify the existence of the kink in other systems, the next section studies the parametrically driven damped SGE, which will
also provide a more natural visual representation of the kink.

3. Parametrically driven damped sine-Gordon equation

The sine-Gordon equation models several systems [5,6], including classical scalar fields, superconducting junctions, and chains
of weakly coupled pendulums. Therefore, the existence of a 2𝜋 kink connecting Faraday-type waves in this equation will allow us
to hypothesize on the universality of this solution. Eq. (5) is integrated with the same parameter values and methods employed
with the Landau–Lifshitz–Gilbert Eq. (1). The system can support topological charge 1 – corresponding to a single 2𝜋 kink – only
if the generalized SGE is solved using Neumann boundary conditions, i.e., 𝜕𝑧𝜙(𝑡, 0) = 𝜕𝑧𝜙(𝑡, 𝐿) = 0. Figs. 4(a) and 4(b), obtained
for ℎ0 = 0.31, show a characteristic kink snapshot and its spatiotemporal diagram. The patterns at the left and right of the kink
are centered around the unstable states 𝜙lef t = 0 and 𝜙right = 2𝜋, respectively. Using the fields 𝜙(𝑡, 𝑧) and 𝜕𝑡𝜙(𝑡, 𝑧) that solve the
generalized SGE (5), together with Eq. (2), we can reconstruct the magnetization field, which is shown as a function of the space,
Fig. 4(c), and in the magnetization phase space, Fig. 4(d). As expected from the 𝜙 → 𝜙 + 2𝜋 invariance, the left and right waves
map to the same magnetization pattern. However, the continuous connection between those waves crosses the 𝜙 = 𝜋 point, where
the magnetization approaches the 𝑚𝑥 = −1 value. Then, the core of the SGE kink is mapped to a sizable localized magnetization
structure.

The conservation of the magnetization norm restricts it to the unit sphere, |𝐦| = 1. In addition, the strong in-plane magnetic
anisotropy favors magnetization configurations in the 𝑚𝑧 = 0 plane. The combination of both constraints implies that the
magnetization approximately lies on the 𝑚2

𝑥 + 𝑚2
𝑦 = 1 circumference and then is well-described by a single angle 𝜙 ruled by a

generalized SGE. The Faraday-type waves are localized around the 𝑚𝑥 = 1 point of the circumference, and kinks are complete 2𝜋
loops in this reduced phase space. The non-trivial topology of Faraday kinks originates on the geometry of this manifold with smaller
dimensionality.

3.1. Perturbative analysis in the nearly integrable limit

Eq. (5) is integrable for 𝛾 = 𝜇 = 0, which allows us to explore analytically the effect of small structural perturbations, such as
finite dissipation and parametric injection of energy, on the 2𝜋−kink solution. In this the nearly integrable limit, following [35–37],
we write the parametrically driven damped SGE [see Eq. (5)] as:

𝜕𝑡𝑡𝜙 + 𝜔2
0 sin (𝜙) − 𝜕𝜁𝜁𝜙 = 𝜖𝑃 [𝜙], (6)

where 𝑃 [𝜙] = −𝛾 cos (𝜔𝑡) sin (𝜙) − 𝜇𝜕𝑡𝜙 denotes the perturbing terms and 𝜖 ≪ 1 is a small parameter. For the 𝜖 = 0 case, this
equation admits 2𝜋−kink solutions of the form 𝜙 (𝑧) = 4 arctan

[

exp 𝜎 𝑧
]

, where 𝑧 = 𝜔 𝛾(𝑣)(𝜁 − 𝜁 − 𝑣𝑡), in which 𝜁 and 𝑣 are the
6

SG ( ) 0 0 0



Communications in Nonlinear Science and Numerical Simulation 131 (2024) 107841A.O. Leon et al.

r

a
s

o
f
b
s

i
n

3

w

i
F

central position and the speed of the kink’s core, respectively, and 𝛾(𝑣) = 1∕
√

1 − 𝑣2. The parameter 𝜎 takes the values +1 and −1,
epresenting the kink and antikink solutions, respectively.

Based on inverse scattering transform approaches, one can derive analytical equations to describe the dynamics of the position 𝜁0
nd the speed 𝑣 under small perturbations [35]. By promoting these parameters as time-dependent functions, one finds the following
ystem of equations:

d𝜁0
d𝑡

= − 𝜖𝜎
4𝜔2

0

𝑣(1 − 𝑣2)∫

+∞

−∞
𝑧𝑃 [𝜙SG(𝑧)] sech (𝑧) d𝑧, (7)

d𝑣
d𝑡

= − 𝜖𝜎
4𝜔0

(1 − 𝑣2)3∕2 ∫

+∞

−∞
𝑃 [𝜙SG(𝑧)] sech (𝑧) d𝑧, (8)

which admits the following solutions
d𝜁0
d𝑡

=
𝛾 cos (𝜔𝑡)
2𝜇𝜔2

0

d𝑣
d𝑡

, (9)

𝑣(𝑡) = 𝜎𝑣0
1

√

𝑣20 + 𝑒2𝜖𝜇𝑡(1 − 𝑣20)
, (10)

where 𝑣0 is the initial speed of the kink’s core. These solutions demonstrate that the speed 𝑣 of the kink’s core gradually diminishes
ver time as a consequence of the dissipation, whereas the position 𝜁0 experiences oscillations due to the action of the parametric
orcing and tends to a steady value as time progresses. It is a matter of fact, the mobile wall becomes a stationary wall. These
ehaviors are consistent with the numerical simulation of the LLG and generalized sine-Gordon equations described in the previous
ections.

While this perturbation analysis provides a good description of the dynamics of the kink’s core in the nearly integrable limit, it
s insufficient to provide a description of the observed Faraday-type waves. Consequently, the Faraday-type waves are far from the
early integrable limit.

.2. High-frequency limit

Following the strategy proposed by Kapitza [38], let us decompose the variable 𝜙 into its slow and a fast components, that is,

𝜙(𝑡, 𝜁) = 𝜙slow(𝑡, 𝜁) + 𝜙fast(𝑡, 𝜁). (11)

We assume that 𝜙slow(𝑡, 𝜁) = 𝜙SG(𝑡, 𝜁), that is, that the slow variable is the 2𝜋−kink solution of the unperturbed sine-Gordon equation
(see above). From now on, unless stated otherwise, we assume that 𝜎 = 1 and 𝑣 = 0. In addition, we consider also that |𝜙fast(𝑡)| ≪ 1
and that 𝜙fast evolves much faster than 𝜙slow, i.e., |𝜕𝑡𝜙fast| ≫ |𝜕𝑡𝜙slow| and |𝜕𝑡𝑡𝜙fast| ≫ |𝜕𝑡𝑡𝜙slow|.

Inserting the Ansatz from Eq. (11) into Eq. (5), and expanding in powers of the small 𝜙fast variable for a fast forcing frequency,
e find

𝜕𝑡𝑡𝜙fast = −𝛾 cos (𝜔𝑡)
[

sin
(

𝜙slow
)

+ 𝜙fast cos
(

𝜙slow
)

−
𝜙2

fast
2

sin
(

𝜙slow
)

−
𝜙3

fast
6

cos
(

𝜙slow
)

]

+ 𝜕𝜁𝜁𝜙fast − 𝜇𝜕𝑡𝜙fast. (12)

As this equation illustrates, the core of the kink plays the role of an oscillatory non-parametric injection of energy by the term
−𝛾 cos (𝜔𝑡) sin𝜙slow. Far from the core, we have sin𝜙slow = 0 and 𝜙fast self-organizes into nonlinear standing waves to balance the
njection and dissipation of energy. Numerical simulations of Eq. (12) show stationary pattern waves [see panels (a) and (b) in
ig. 5]. By combining this solution with 𝜙slow, we can reconstruct the Faraday kinks. Note that the expansion around 𝜙fast is of third

power in order to ensure the standing-wave saturation far from the core. Eq. (12) can also serve as useful to describe the dynamics
of evanescent waves observed in the flaming kinks reported in previous work [33].

4. Conclusions

Kinks are domain walls connecting symmetric states. While most studies concentrate on the interfaces between uniform states,
kinks embedded in dynamic textures have received less attention. Here, we studied a kink connecting parametric or Faraday-type
waves, or Faraday kinks, in a driven magnetic wire and in the sine-Gordon equation. Those standing waves are nonlinear patterns
that can emerge when a system is forced at twice its natural frequency. Then, the kink divides the space between two regions
of spatially and temporally periodic structures. The magnetization has a constant norm and then it lies on a spherical surface. If,
in addition, the magnetic system has a large in-plane anisotropy, the magnetization will be restricted to a circumference. Then, a
Faraday kink is a (2𝜋 radians) loop in this reduced phase space. Consequently, Faraday kinks are topologically protected while the
in-plane anisotropy is dominant.

The Landau–Lifshitz–Gilbert equation rules the magnetization dynamics, and it can be mapped to a generalized sine-Gordon
equation (SGE) for the azimuthal angle of the magnetization vector. The SGE reveals that the kink connects Faraday-type waves
with their 2𝜋 shifted states (see Fig. 4). Using the nearly integrable limit of the SGE, we show that the kinks have a stationary
core position due to the dissipation and the symmetry of the states that it connects. Additionally, in the fast oscillation limit, the
7
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Fig. 5. Simulation outputs in the high-frequency limit. Panels (a) and (b) show the dynamics of the variable 𝜙fast described by Eq. (12), as a function of the
spatial variable 𝑧 (recall that 𝜁 ≡ 𝛽−1∕2𝑧). The dashed line in panel (a) corresponds to the spatial profile shown in panel (b). Panels (c) and (d) show the same
dynamics as in panels (a) and (b), but now adding the variable 𝜙slow. The slow variable 𝜙slow represents the 2𝜋−kink solution of the unperturbed sine-Gordon
equation (i.e., 𝜙slow(𝑧) = 4 arctan

[

exp (𝑧)
]

). Parameters used: 𝐻0 = 2, 𝛽 = 10, 𝛼 = 0.02, 𝜔 = 12, ℎ0 = 0.40, which translates into 𝜔2
0 = 20, 𝛾 = 4.0, and 𝜇 = 0.2.

application of a Kapitza-type method reveals that the kink core injects energy into the standing wave in a non-parametric fashion,
becoming almost irrelevant for the fast-oscillating standing wave. The existence of kinks in the SGE allows one to conjecture their
presence in the large variety of systems modeled by this equation, including Josephson junctions and coupled mechanical oscillators.

The bifurcation diagram of the magnetic kinks shows their persistence even if patterns become dynamic. When the injection of
energy surpasses a value, kinks vanish.
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