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The control of magnetization dynamics has allowed numerous technological applications. Magnetization
dynamics can be excited by, e.g, alternating magnetic fields, charge and spin currents, and a voltage-
induced control of interfacial properties. An example of the last mechanism is the voltage-controlled magnetic
anisotropy effect, which can induce magnetization precessions and switchings with low-power consumption.
Time-dependent voltage-controlled magnetic anisotropy can induce complex dynamic behaviors for magne-
tization. This work studies the magnetization dynamics of a single magnetic nano-oscillator forced with

a time-dependent voltage-controlled magnetic anisotropy. Unexpectedly, the oscillator displays multistable
regimes, i.e., distinct initial conditions evolve towards different oscillatory states. When voltage is changed the
oscillatory state exhibits period-doubling route to chaos. The chaotic behavior is numerically demonstrated by
the determination of the largest Lyapunov exponent.

1. Introduction

Driven oscillators exhibit a plethora of behaviors, including chaos
[1-3], synchronization [4], and chimeras [5-7]. In the case of mag-
netic media, the magnetization exhibits damped precessions around
a net magnetic field. The injection of energy via oscillatory fields
and current-induced torques can compensate for the dissipation and
generate permanent states and dynamics, including self-sustained oscil-
lations [8-10], textures [11-14], dissipative solitons [15,16], domain
walls [17-20], and chaos [21-24], to mention a few. However, un-
fortunately, magnetic fields are generally not localized, and the Joule
heating that comes along with electric currents increases the device’s
energy demand. An alternative driving effect is the voltage-controlled
magnetic anisotropy (VCMA) [25-34]. In the simplest instance of a
VCMA, a voltage at a metallic|insulating interface modulates the per-
pendicular magnetic anisotropy of the system. Because of the insu-
lating barrier, the VCMA effect is a localized excitation that avoids
Joule heating. Using a time-dependent voltage, the VCMA effect can
switch the magnetization from one equilibrium to another [25,28,34],
making it a low-power consumption candidate to magnetic memory
writing. Furthermore, it can also induce ferromagnetic [27,29] and
parametric resonances [35-41]. From the point of view of dynamical
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systems theory, the VCMA affects the coefficient of linear and nonlin-
ear effective forces at the onset of resonances and instabilities [42],
generating unexpected states. Therefore, a set of voltage-controlled
magnetic nano-oscillators could be an ideal system for studying col-
lective behaviors [43]. On the other hand, characterizing the dynamics
of a single voltage-driven magnet may provide the vital information
required to understand several interacting units. Hence, the purpose
of this article is to address the dynamics of a single voltage-driven
magnetic oscillator.

Via the numerical integration of the Landau-Lifshitz (LL) equa-
tion [10], we study a uniform magnetic nano-oscillator driven by a
harmonic voltage in the presence of an constant magnetic field. Because
of the voltage, the effective field associated to the perpendicular-
magnetic-anisotropy becomes a time-dependent function which, at lin-
ear order in the small magnetization components, is equivalent to a
localized oscillatory magnetic field. As a result of the energy injection,
the magnetization exhibits a family of oscillatory states. The simplest
oscillatory state has the same period of the forcing voltage. Increasing
the voltage amplitude, this state becomes unstable and gives rise to an
oscillation with twice the driving period, ie., the system responds at
a half of the forcing frequency. This instability regularly repeats for

Received 3 June 2022; Received in revised form 3 August 2022; Accepted 4 August 2022

Available online 8 August 2022
0304-8853/© 2022 Elsevier B.V. All rights reserved.


http://www.elsevier.com/locate/jmmm
http://www.elsevier.com/locate/jmmm
mailto:susana.contreras@pucv.cl
https://doi.org/10.1016/j.jmmm.2022.169793
https://doi.org/10.1016/j.jmmm.2022.169793
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmmm.2022.169793&domain=pdf

S. Contreras-Celada et al.

(@) (b)°°
40] 0

Zl A mlt) Magnet ~ B RRIA AT
Yy X % 03y ¢ ¢

Fig. 1. Schematic setup and dynamics of a VCMA-driven nano-oscillator. (a) An
insulator|metal interface is subject to a voltage, producing an excess or deficit of
electrons in this region, which in turn modulates the perpendicular-magnetic-anisotropy
(PMA) coefficient . The presence of a tilted constant magnetic field h makes the
PMA-field (i.e., the field proportional to §) equivalent to a voltage-dependent magnetic
field that can excite the magnetization in a localized and energy-efficient way. On
the other hand, when h points along the z-axis, ie, ¢ = 0, the torque by the
PMA-field is proportional to the small m, and m, magnetization components and
a parametric-type phenomenology is observed [41]. Thus, we focus on the ¢ > 0
case. (b) The chart shows the temporal evolution of the PMA coefficient f(¢) and the
magnetization component m,(t), respectively, for a small voltage amplitude. As this
figures illustrates, the magnetization component m, oscillates with the same periodicity
of p. The oscillation of m, (not shown) is similar to that of my, while m, is almost-

saturated around 1 due to the norm conservation property, m, = /1 —m? —m}zl, for
small g, values. We used f; = 0.126, ; = 92000, and ¢, = 92800.

larger voltages, leading to a chaotic state; this scenario is referred to as
the period-doubling route to chaos [1,2]. In this bifurcation cascade, we
unveil an unexpected region of multistability, i.e., a zone where two or
more different stable precessional states coexist. Hence, depending on
the initial condition, the magnetization can reach different steady states
or attractors [2]. Namely, the system exhibits different states that could
produce new functionalities of the driven nano-oscillator or induce rich
collective dynamics in oscillator arrays. We numerically characterize
the oscillatory states and their corresponding bifurcation diagrams. In
addition, we monitor the largest Lyapunov exponent (LLE) [44], which
characterizes the exponential sensibility to the initial conditions. A
positive exponent demonstrates the presence of chaos in the system.
Since this type of VCMA-driven oscillator is proposed as a unit of
magnetic networks, we expect that the found multistability may play
a role in forming collective behaviors, such as front propagation and
chimeras [5-7].

2. Model and methods

The magnetization trajectories evolve on a spherical surface [10]
according to the following equation, known as the Landau-Lifshitz (LL)
model [10], that we write in its dimensionless form

m = —m X hygy — am X (m X hygp), @
hcff =h+ ﬂmzez’

where m(f) = m.e, + mye, + m_e, is the normalized magnetization,
{ey.ey.e,} are the Cartesian unit vectors, z-axis is the perpendicular-to-
plane direction (Cartesian axes are depicted in Fig. 1), and m(¢) depends
on the dimensionless time ¢. Disregarding the spacial dependence of
the magnetization — the macrospin approximation — is appropriate for
media of lateral dimensions of about 100 nm or smaller. The symbols
x and m stand for the cross product and the derivative of m with
respect to 7, respectively. The effective magnetic field on the magne-
tization is h; and it has contributions from the external magnetic
field, h = h[cos(p)e, +sin(p)e,], and the perpendicular-magnetic-
anisotropy (PMA) field, pm_e, [cf. Fig. 1(a)]. Magnetic films have PMA
due to their shape and to spin—orbit coupling [45]. Also, the sign and
magnitude of the PMA coefficient § can be tuned by controlling the
thickness of thin magnetic films. Another control mechanism applies
when the magnet is part of an insulator|metal interface. While a voltage
in a fully metallic structure generates a charge flow, an insulating bar-
rier prevents the formation of charge currents and therefore eliminates
the current-dependent Joule dissipation. In this scenario, the voltage
creates charge accumulation and deficit at the insulator’s opposing
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interfaces, i.e., the screening effect occurs. This screening generates
an anisotropic shift of the electrostatic energy between a magnetic
interfacial atom and the screening layer. In atoms with substantial
spin-orbit coupling, e.g, most rare earths, there is a robust locking
between their 4f charge and spin densities, which allows parametrizing
the voltage-generated electrostatic energy by the atomic spins [31,32].
On the other hand, transition metals, such as Co or Fe films, have a
much weaker spin—orbit interaction. In this case, the voltage-induced
charge density modifies the populations of states, which then affects
several properties, including the PMA (see Ref. [33] and references
therein). Then, a voltage makes the g coefficient a control parameter.
Since these effects take place at the interface, its relative importance
increases when the magnetic medium is very thin, with some films
reaching sub-nanometer thicknesses [33]. In what follows, we focus on
an oscillatory voltage with a PMA coefficient given by

B = Py + P cos(wt), 2

with o the forcing angular frequency, f, and g, account for the constant
and oscillatory anisotropy coefficients, respectively. The latter having
the general form f;, = €,V /ey, where ¢, is the coupling energy
per unit of voltage [31], and it accounts for the VCMA energy. ¢,
is material-dependent, and V. is the oscillatory component of the
voltage; the reference energy is ¢y = uyM?>V, typically the shape
anisotropy with M, the saturation magnetization, i.e., its norm, and
V, is the magnet’s volume. Therefore, the g, coefficient accounts for
the competition between the VCMA coupling energy and the energy
scale at the bulk.

The second term of Eq. (1) is the damping torque and it is ruled by
the dimensionless constant a. Note that this Rayleigh-type dissipation
vanishes at equilibrium m = 0, as expected. The most prominent
dissipation source is the spin—orbit coupling that induces mechanical
excitation from a dynamic magnetization. Even for materials with low
spin-orbit coupling, there are several dissipation channels in magnetic
systems, including spin- and phonon-pumping.

When there is no energy injection, g, = 0, and the damping constant
«a is also zero, the magnetization exhibits counterclockwise precessions
around h;. On the other hand, for « > 0 and ; = 0, the magnetization
damps its motion until becoming parallel to h.s. Thus, the role of the
oscillatory voltage is to excite permanent magnetization motions. For
a finite g, there are two main dynamical responses. First, when the
external field points along the z-axis [¢ = 0 in Fig. 1(a)], the dynamics
of the oscillation amplitude has a forcing term that is proportional to g,
and to the amplitude itself, that is, the nano-oscillator is a parametric
resonator [46] and oscillates at a half of the forcing frequency. In this
limit, parametric instabilities appear [35-40] and, for large-enough
magnets, complex nonuniform structures emerge [41]. On the other
hand, when h is not parallel to the z-axis (i.e., ¢ # 0), the forcing
acting on the oscillation amplitude depends exclusively on time, except
by (smaller) higher-order corrections. That is, the driving mechanism
becomes independent of the oscillation amplitude. The PMA field is
approximately equivalent to a localized and energy-efficient oscillatory
external field in this regime. Hence, when #, # 0 and ¢ # 0, the VCMA
gives rise to the usual ferromagnetic resonance for small g, values,
resulting in a magnetization oscillation at the voltage frequency, as
shown in Fig. 1(b). When g, is increased, a set of bifurcations occurs,
as discussed in the next section.

The differential equation (1) is nonlinear and has time-varying
coefficients. This type of equation has simple analytic solutions only
in a few limited cases. Hence, the most appropriate and systematic
strategy to understand the dynamics is through numerical studies. We
employ a fourth-order Runge-Kutta algorithm with a constant step size
At = T /500 for the numerical integration, with T = 2x/w being the
forcing period. We use @ = 0.08 and then Ar ~ 0.157. Each simulation
starts from an initial condition and relaxes for a time 7, = 12007 ~
O (10%), which is long enough to obtain the steady-state dynamics.
Other parameters are ¢ = 0.3, h = 0.1, a = 0.005, and f, = 0.05. We
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Fig. 2. Voltage-induced oscillatory states in a nano-oscillator. (a) The bifurcation
diagram is a stroboscopic map mj = {my(ru+mT)| m EN} of the magnetization
component m, after a transient time (t)), i.e., for each f, value, m, is plotted every
T =2z/o time units. Orbits with period T appear as a single point because m (1 +T) =
m,(1). We call them period-1 states. Other periodic orbits repeat every mT time units,
m(t + mT) = m(t), with m an integer. These are the period-m solutions. (b) Period-
1 limit cycle that oscillates at the period of the forcing voltage and obtained for
p; = 0.126. The left panel is the m, and m_ trajectories. m, is similar to m, and
provides no additional information, and therefore it is not shown. The central panel
shows the temporal evolution in three dimensions, (m,,m,,m.)(?); and, finally the right
panel accounts for the Fourier amplitude in arbitrary units with frequency in units of
the forcing frequency f, = w/(2x). Note that the fundamental frequency (peak with
the smaller frequency) is equal to f;. (c) Period-2 state for f; = 0.17. As the Fourier
plot illustrates, the fundamental frequency is a half of the forcing one, and then the
system responds doubling the period. (d) Period-4 state for g, = 0.19 that oscillates
with fundamental frequency f = f;/4. (e) The chaotic state for f, = 0.22. While the
Fourier spectrum of periodic orbits is discrete, the chaotic one is continuum. We used
1; = 92000 and r, = 92800, and the three-dimensional plots (middle panel) of (b), (c),
(d), and (e) show the magnetization trajectory for a duration of 3252 time units.

used the Cartesian representation of the magnetization, and the three
components m,, m,, and m, were integrated. We monitor the constraint
of unit magnetization norm, |m(#)| = 1, which is fully satisfied.

We integrate Eq. (1) and present our results using dimensionless
quantities. However, to recover the units of the magnetization, time,
and effective field, we multiply by M,, t, = (yMS)_l, and puyM,,
respectively, where y is the modulus of the gyromagnetic ratio and
the characteristic time ¢, is usually in the scale of picoseconds for
M, ~ 105 A/m.

3. Bifurcation diagram and characterization of the simplest oscil-
latory states

An oscillatory voltage can induce a resonance in the magnet when
the forcing frequency is similar to the magnet’s natural frequency. This
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case is illustrated in Fig. 1(b), which plots both the perpendicular-to-
plane anisotropy coefficient f(r) = f, + B, cos (wt) and the response of
the magnetization component m,(t). Both variables oscillate with the
same period T = 2r /w, as expected. We call this state period-1 solution.
The periodicity of the magnetization allows one to use a stroboscopic
map where, for a fixed g;, one collects a set of magnetization values
measured at times ¢ = #, + mT, m being an integer. The result of this
stroboscopic map is shown in Fig. 2(a) for several g, values. We use a
continuation method, where the final state of the system obtained for a
B, value is the initial condition for another value of g,. The difference
between two consecutive f; values is in the range 107> — 107*. The
period-1 state appears in Fig. 2(b), where the left panel shows the mag-
netization components m, and m, as a function of time, and m, is not
shown due to its similarity with m . While m, and m, exhibit oscillations
around zero, the m, component is almost saturated and becomes a slave
1- (m,z( +m§>. The
center panel is m(7) in the Cartesian representation. The trajectory is a
closed orbit with two well-defined m, minima in each cycle. The Fourier
transform of m,, F (my), is characterized by a fundamental frequency
that is equal to the forcing one, f; = @/ (2x). Additional Fourier peaks
are harmonics of the fundamental frequency and emerge due to the
nonlinear nature of the system, i.e., the nonlinearities couple different
modes [2]. When the g, = g, = 0.1505, the system undergoes a period-
doubling bifurcations [2], giving rise to the state shown in Fig. 2(c).
This is the period-2 state (its period is 2T') and spends a considerable
amount of time near the m, = 1 point of the unit sphere. We can notice
that the three-dimensional orbit is modified to display a more complex
trajectory around the north pole and the Fourier spectrum now has
a fundamental frequency equal to fj;/2 and presents more harmonics.
Likewise, for #; = g, = 0.184, the period-2 state becomes unstable and a
period-4 solution appears [cf. Fig. 2(d)]. Each one of these instabilities
leads to a new state with twice the period of the previous cycle. A
cascade of period-doubling bifurcations usually ends in a chaotic state
[see Fig. 2(e)]. Indeed, the driven nano-oscillator presents a period-
doubling route to chaos [1,2]. This is also the case of the present
magnetic system, where chaos is observed for g, > g. = 0.2055.
A chaotic solution is characterized by being aperiodic and exhibits
exponential sensibility to the initial conditions. The last property is
characterized by the largest Lyapunov exponent (LLE) [44], Az =
lim,_,, ¢~ In(|6m (¢) | /|6m (0) |), where ém is the difference between two
magnetization trajectories that were initially close, |§m(0)| — 0. The
largest Lyapunov exponent provides information on permanent dy-
namics with exponential sensitivity to nearby initial conditions. When
the largest Lyapunov exponent is negative (positive), the system has
a non-chaotic (chaotic) equilibrium, respectively. A standard method
for calculating A;;y is by integrating the differential equation of ém,
namely ém = J (m,?) - 5m, where J is the Jacobian of the LL equation
and it depends on the magnetization solution m(f) and time ¢. Fig. 3
shows the LLE as a function of f;, obtained by the integration of the
linear equation of ém, with a single random initial condition for each
B, value. The computation scheme observes the 6m - m = 0 condition
that comes from the conservation of the magnetization norm. When
the magnetization oscillates periodically, A g ~ —5 x 1074, ¢f. Fig. 3,
which implies that nearby trajectories converge to a single attractor
with a well-defined oscillatory phase. This behavior is expected in non-
autonomous systems, in which the oscillation phase of the solutions is
fixed by the forcing. Near the instabilities of the period-m orbits, the
LLE is negative but closer to zero. On the other hand, in the chaotic
region, we find a positive A;;g, with, e.g, A g ~ 0.007. We observe
the abrupt emergence of chaos at f; = ., which resembles the crisis
mechanism observed in lasers [47]. Note that the Fourier spectrum of
the chaotic state is continuous, as in Fig. 2(e).

A cascade of period-doubling bifurcations may appear in several
systems [2]. Indeed, this is a generic chaos emergency mechanism [1].
However, the multistability of families of cycles, each one with a

variable due to the norm conservation, m, =
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converge to a single cycle, which is a phase-locked oscillatory attractor. On the other
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exponential separation of two magnetization trajectories.
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Fig. 4. Voltage-induced a family of oscillatory states. Similar to Fig. 2, but emphasizing
unexpected states, such as the period-3 of small (red) and large (orange) amplitude,
period-5 (dark violet), period-6 (green), period-8 (maroon), period-9 (blue) and period-
16 of small (light violet) and large (pink) amplitude cycles. The black curves are the
same as Fig. 2 and correspond to the period-2" family. These solutions emerge as a
monostable period-1 cycle for small g, that is, all initial conditions reach the same state
for small enough energy injection. As this figure illustrates, there are several stable
states in vast regions of the parameter space. The initial conditions are m(0) = 0.650,
m,(0) = 0.045, and m,(0) = 0.751 for (b); m(0) = 0.310, m,(0) = —0.075, and m,(0) = 0.948
for (), and m,(0) = —-0.185, m,(0) = -0.757, and m_(0) = 0.627 for (d).

set period-doubling instabilities, is less frequent. Fig. 4(a) shows a
bifurcation diagram where several random initial conditions were given
and their dependence on the bifurcation parameter were studied via the
continuation method. Among the new oscillatory state families, we can
observe two types of period-3 solutions in Fig. 4(b). This state, which
has a fundamental frequency of f;/3, is stable for the same parameter
values where the period-1 solution is stable. Furthermore, depending
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on the initial condition, we may also reach many other equilibria, as
shown in Fig. 4(a). The multistability between these four states may
open opportunities when considering the dynamics of several coupled
states. Fig. 4(b—c) show period-5 and period-9 solutions. There are also
more fragile cycles, that are observed for a single value of the voltage
amplitude, in particular, g; = 0.173 and g, = 0.1938.

4. Conclusions and remarks

Forced ferromagnets exhibit universal behaviors, including limit-
cycles and chaos. Such versatility makes them ideal network units,
which is promising when the forcing mechanism is a voltage in an
insulating structure because of its localized effect, achieved with rela-
tively low power consumption. On the other hand, fully characterizing
the dynamics of a single voltage-driven oscillator shall provide vital
information to understanding the collective behaviors of voltage-driven
nano-oscillator networks. This article presents a step in that direction.

We investigated a magnetic thin film driven by an oscillatory volt-
age in the presence of a constant magnetic field. The film was mod-
eled using the Landau-Lifshitz (LL) equation in the macrospin, or
space-independent, approximation, valid for small lateral dimensions.
Numerical integration of the LL equation revealed a cascade of period-
doubling bifurcations, after which the oscillatory states divide their
fundamental frequency by two. This scenario leads to a chaotic state, as
demonstrated by the largest Lyapunov exponent. More intriguingly, the
nano-oscillator exhibits multistability in large regions of the parameter
space. Then, the magnetization can reach several attractors depending
on the initial condition.

We expect this plethora of oscillatory states to motivate investi-
gations on the magnetization switching between dynamic states in
nano-oscillators, and their use as low-energy frequency converters and
reservoir computing units, among other applications.
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