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Dancing vortices in a driven nematic liquid crystal cell: Theory and experiment
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The interaction of light beams with helical defects in optical materials generates optical vortices. Under-
standing and manipulating the dynamics of helical defects allows for the creation of versatile sources of optical
vortex beams. Using a magnetic ring on a nematic liquid crystal cell, we trapped helical defects identified as
matter vortices. We observe oscillatory rotating and beating matter vortices by applying a low-frequency voltage.
Experimentally, we determine the region of parameters where these vortices are observed. The amplitude of
oscillatory rotating vortices decays with the inverse of the voltage frequency. We propose an adequate amplitude
equation, which allows us to describe the vortex dynamics; theoretical findings have a qualitative agreement with
the experimental observations.
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Extended systems out of equilibrium can present particle-
like solutions when they are locally disturbed [1–7]. Classic
examples are the solitary waves observed in coupled os-
cillators, fluids, magnetic media, chemical reactions, liquid
crystals, and fiber optics, to mention a few. These solutions are
characterized by being localized and well-defined shapes (typ-
ically with a bell profile), usually described by their position,
width, height, and charge, depending on the physics of the
system under study [1–7]. Likewise, these particles interact
with each other [8–13]. In addition, these solutions can also
be destroyed by employing local disturbances. This previous
scenario changes drastically when considering vortex or phase
singularity solutions. Vortices are particlelike solutions with
topological features [4]. Most precisely, vortices are pointlike
singularities in complex fields, which locally break rotation
symmetry [14]. These properties are responsible for the stabil-
ity of the vortices. The position of the vortices is characterized
by having zero magnitude of the amplitude, in which the phase
field is singular and has a spiral structure. The number of
phase jumps accounts for the topological charge, while the
direction of rotation determines their sign. Because of the con-
servation of the global topological charge, vortices are created
and annihilated by pairs between opposite charges [8–12].
When considering inhomogeneities, the previous dynamical
behavior changes can attract and trap vortices [15]. Likewise,
inhomogeneous anchoring allows for attracting and trapping
defects and creating vortex lattices [16]. Similar spontaneous
stable vortex lattices can be achieved by employing thermal
gradients [17], doping with ionic impurity [18], or applying
low-frequency voltages [18,19]. Optical vortices have drawn
attention for their different applications [20], such as optical
tweezers [21–23], quantum computation [24], enhancement
of astronomical images [25], and data transmission [26]. An
efficient strategy to generate optical vortices is through the
interaction of a light beam with phase singularity in liquid
crystals through q-plates [27], cells with photosensitive walls
[13], or cells with a combination of magnetic rings and electric

fields [28]. These methods are characterized by the fixation
of umbilical defects induced by boundary conditions, electric
and magnetic, or electromagnetic fields. Understanding and
manipulating the dynamics of point defects in liquid crystals
allow for the creation of new and versatile sources of optical
vortices.

This Letter aims to understand and characterize the emer-
gence of oscillatory rotating and beating vortices in liquid
crystals. Based on a nematic liquid crystal cell with a
homeotropic anchoring and negative dielectric anisotropy un-
der the influence of an oscillatory electric field, and the effect
of a magnetic ring oscillatory rotating matter, vortices with
a positive charge are observed, called rotating vortices (cf.
Fig. 1). Vortices of negative charge do not rotate, but their core
is characterized by increasing and decreasing periodically,
referred to as beating vortices. We have termed these vortices
as dancing. Different dynamical behaviors are observed when
the voltage frequency is changed. Experimentally, we charac-
terize the region of parameters where the dancing vortices are
observed. The amplitude of oscillatory rotating vortices de-
cays with the inverse of the voltage frequency. Theoretically,
we propose a modification of an amplitude equation used to
describe liquid crystal cells, in the limit of high frequencies of
voltage, close to the reorientational transition, which presents
dancing vortices. The theoretical model exhibits similar be-
haviors to those observed experimentally.

Experimental setup. To study the vortex features, we use
a magnetic trap, composed of a nematic liquid crystal cell
under the influence of an electric field and a magnetic ring.
Figure 1(a) depicts a schematic representation of the ex-
perimental setup. We consider a cell composed of two thin
glass layers separated by a thickness of d = 75 μm, which
is chemically treated on its internal walls to have a homoge-
neous homeotropic anchoring and with transparent electrodes
included (indium tin oxide with a thickness of 0.08 μm).
By capillarity the cell is filled with a nematic liquid crystal
LC-BYVA (Instec) with negative dielectric anisotropy εa =
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FIG. 1. Dancing vortex. (a) Schematic representation of the ex-
perimental setup. A nematic liquid crystal cell (NLC) is under the
effect of a magnet ring (M) and the oscillatory electric field generated
by a voltage V = V0 sin(ωt ), where V0 and ω are the intensity and
frequency of the applied voltage. P and A are crossed and linear
polarizers. The sample is illuminated by a white light source (WLS).
O is an objective, and CMOS is a camera to monitor the liquid
crystal cell. The color rods account for a schematic representation
of the average molecular orientation of the liquid crystal cell. All the
experiments were conducted at a T = 21 ◦C temperature. (b) Time
sequence of snapshots of a positive umbilical defect in a nematic
liquid crystal cell (t1 = 0 s, t2 = 0.13 s, t3 = 0.4 s, t4 = 0.47 s).

−4.89, birefringence �n = ne − no = 0.1, rotation viscosity
γ = 204 mPa s, splay and bend elastic constants, respectively,
K1 = 17.65 pN and K3 = 21.39 pN, and negative magnetic
anisotropy χa (not yet measured). A neodymium magnetic
ring of 3200 G with a rectangular transversal section, outer
radius Rout = 7 mm, internal radius Rin = 2 mm, and thick-
ness of h = 5 mm is put onto the top of the nematic liquid
crystal cell (cf. Fig. 1). The cell with the magnetic ring is intro-
duced in an Olympus Bx51 microscope and it is sandwiched
between two linear cross polarizers. The polarizers are, re-
spectively, represented by P and A [see Fig. 1(a). A sinusoidal
voltage V = V0 sin(ωt ) of intensity V0 ranging between 15
and 45 Vpp, above of the reorientational transition [29,30],
the Fréedericksz voltage VFT = 6.57 Vpp. The frequency ω

is a control parameter in the present study, which varies be-
tween kHz and fractions of Hz. The system is illuminated
by a white light (halogen lamp). The temporal evolution of
the liquid crystal cell under the simultaneous effects of the
electric and magnetic field is monitored by a complemen-
tary metal-oxide-semiconductor (CMOS) camera (Thorlabs
DCC1645C), which allows us to observe the central zone of
the magnetic ring. All experimental analyses were conducted
at a room temperature of 21 ◦C.

Experimental results. When a nematic liquid crystal cell
with a negative dielectric constant and homeotropic anchoring
is under the influence of a sufficiently large vertical voltage, it
presents umbilical defects [29,30]. To avoid charge accumu-
lation, called capacitive effects, onto the liquid crystal cells,
an alternating voltage with a frequency of the order of kHz is
usually applied. This type of voltage originates a vertical ef-
fective constant electric field without a privileged direction. In
this region of parameters, cells are characterized by present-
ing two types of stationary vortices, called standard vortices,

FIG. 2. Vortex phase diagram as a function of the frequency ω

and intensity V0 of the voltage. In the brown, orange, and yellow
regions, standard and dancing vortices with and without electrocon-
vection are observed, respectively. Insets show typical snapshots of
the observed vortices. The circles account for the results obtained ex-
perimentally and the lines that connect them have been interpolated
to separate the different regions.

with positive and negative topological charge [29,30]. These
vortices repel (attract) if they have the same (opposite) topo-
logical charge. Indeed, as a consequence of this interaction,
the observation and characterization of vortices is a transient
phenomenon, because the system minimizes its free energy.

A simple and efficient manner to study vortices is to
consider vortex traps by employing a magnetic ring [28]. A
positive vortex is positioned at the ring center, and a pair of
vortices of opposite charge on the outside, called a vortex
triplet. For frequencies of applied voltage that vary in the
range of tens to kHz, only standard vortices are observed, as
illustrated in the phase diagram shown in Fig. 2. By decreasing
the frequency at a given voltage intensity, we observe oscilla-
tory rotating and beating matter vortices. Positively (negative)
charged vortices are characterized by oscillatory rotating arms
(core beating)–see Video 1 in the Supplemental Material [31].
Figure 2 shows the phase diagram as a function of the strength
intensity V0 and frequency ω. The experimental curves that
separate the different regions are determined when we detect
that the arms of the vortices oscillate or electroconvection
patterns appear. At lower-frequency values, we observe the
emergence of electroconvection, which is characterized by
the appearance of oscillatory patterns (stripes and squares
depending on the forcing parameters) as a result of the move-
ment of charges and coupling with the fluid dynamics of the
liquid crystal [30]. Note that vortices are persistent under the
presence of electroconvection.

To characterize the dynamics of the dancing vortices, we
have monitored the dynamics of the vortex arms (dark curves
emerging from the vortex position when cross-linear polariz-
ers are considered). By fixing a reference axis, we measure
the temporal evolution of the angle of the vortex arms, con-
sidering a length segment of the order of 20 μm. Figure 3
summarizes the temporal evolution of the angle of the vortex
arms. From this chart, we can infer that the movement of
vortex arms has a periodic nature and does not perform a har-
monic movement. The fundamental frequency of oscillation
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FIG. 3. Rotating vortices, and oscillatory dynamics of positively
charged vortices. (a) Experimental and (b) numerical characteriza-
tion of the oscillation of the vortices following the evolution of the
vortex arms, and their respective Fourier transform F [�φ](ω∗) with
respect to the voltage frequency ω. The symbol ψ = Re(A)Im(A)
accounts for the polarized field, with A the order parameter of Eq. (3).

is equal to the frequency of the voltage ω. In the temporal
evolution of the angle, there is a tendency for the reference
angle to decay to saturation, a consequence of the vortex
moving slowly towards the center of the magnet ring. When
changing the frequency ω, we observe that the amplitude �	

of the rotational oscillation of the positive charges and the
amplitude �C of the beat of the nucleus of the vortices with
negative charges decrease with the inverse of the frequency ω,
that is, �	 ∝ 1/ω and �C ∝ 1/ω. Figure 4 summarizes these
dynamical behaviors. As follows, we provide an explanation
for the origin of these experimental observations.

Theoretical description. Nematic liquid crystals are char-
acterized by the present molecular orientation, but not a
positional order [29,30]. Considering a fixed temperature, this
molecular orientation is described by the vector field �n(�r, t ),
usually termed as the director [29,30]. When one considers
a nematic liquid crystal cell with homeotropic anchoring, as
a result of an elastic interaction, the molecules are oriented
orthogonal to the wall cells, resulting in a homeotropic state
�n = ẑ, where ẑ accounts for a unitary vector orthogonal to the
wall cells. In the case where the liquid crystal has a negative
anisotropic dielectric constant, when applying a sufficiently

FIG. 4. Experimental amplitudes of oscillation of the phase �φ

and magnitude �R of the vortex as a function of the frequency of
the voltage ω. (a) The amplitude of oscillation of the vortex phase
as a function of frequency for different applied voltages (Vpp refers
to peak-to-peak voltage). (b) The amplitude of oscillation of the
vortex magnitude as a function of frequency. Points and error bars
are the results obtained experimentally. The dashed lines are the fits
obtained using the law of inverse frequency. (c) The amplitude of
oscillation of the magnitude of the vortex as a function of the fre-
quency obtained numerically for the model Eq. (3) with μ(r) = α +
α0 exp[−r2/(2σ 2)] + μ1 cos(ωt ), f (r) = εrr exp[−r2/(2σ 2)], δ =
0, δ0 = 0.2, K = 0, K0 = 0.2, α = −0.2, α0 = 1.65, εr = 0.001,
σ = 40, and μ1 = 0.

large vertical electric field, molecules become misaligned with
the direction of the electric field, generating a reorientation
instability [29,30,32]. This instability is known as the Fréeder-
icksz transition [32]. At a large frequency limit of the voltage,
near the orientational instability of the molecules, the director
can be approached by [33]

�n(r, θ, z) ≈
⎛
⎝ u(r, θ, t ) sin( πz

d )
w(r, θ, t ) sin( πz

d )
1 − (u2+w2 )

2 sin2( πz
d )

⎞
⎠, (1)

where d is the thickness of the cell and {r, θ, z} are the cylin-
drical coordinates. Introducing the complex order parameter
A = u + iw in the director equation close to the reorienta-
tional instability and including the effect of a magnetic ring
after straightforward calculations, the dimensionless ampli-
tude equation of the order parameter reads [28,34]

∂t A = μ0(r)A − A|A|2 + K∇2
⊥A + δ∂η,ηĀ + f (r)eiθ , (2)

where μ0(r) is the bifurcation parameter which has a bell
shape, ∂η ≡ ∂x + i∂y (Wirtinger derivative), K and δ account,
respectively, for the elastic isotropy and anisotropy, and f (r)
stands for the magnetic forcing that near the center of the ring
has the shape of the spatial variation of the bifurcation pa-
rameter (for its explicit expression, see Ref. [34]). A detailed
derivation of the amplitude equation and relation of the pa-
rameters with the physical one is available in Refs. [28,33,34].
The amplitude Eq. (2) has been used to explain several phe-
nomena such as vortex induction via an anisotropy stabilized
light-matter interaction [33,35], symmetry breaking of ne-
matic umbilical defects [36], light-matter interaction inducing
a shadow vortex [37], the origin of the optical vortex lattices
[38], and the magnetic field-induced vortex triplet and vortex
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FIG. 5. Dynamics of dancing vortices in a liquid crystal cell
under the effect of low-frequency voltage without a magnetic ring.
(a) Time sequence of snapshots (τ1 = 0 s, τ2 = 24.3 s, τ3 = 48.6 s,
τ4 = 72.9 s). (b) Time sequence magnification of snapshots (t1 =
8.1 s, t2 = 8.5 s, t3 = 8.9 s). For more details, see Video 3 in the
Supplemental Material [31].

lattice [28]. In particular, model (2) accounts for the features
and dynamics of umbilical defects in nematic liquid crystals
under the effect of high-frequency electric fields, i.e., standard
vortices.

When the voltage frequency is decreased, the dynamics
of the vortices are coupled to charge movements and flu-
ids, which makes the liquid crystal theory and dynamics of
paramount complexity. To describe the dynamics observed by
vortices, we phenomenologically promote some parameters to
oscillatory ones and the modified model (2) reads

∂t A = μ(r, t )A − A|A|2 + K̃∇2
⊥A + δ̃∂η,ηĀ + f (r)eiθ , (3)

where μ(r, t ) = μ0(r) + μ1 cos(ωt ), K̃ (t ) = K +
iK0 cos(ωt ), and δ̃(t ) = δ + δ0 cos(ωt ) are parametrically
driven parameters. μ1, K0, and δ0 account for a parametric
forcing of the bifurcation parameter, the spatial phase
modulation, and the anisotropic elastic coupling, respectively.
μ1 is responsible for the oscillation in the hue observed
for the extended homogeneous state (see Video 1 in the
Supplemental Material [31]). Numerical simulations of
the phenomenological model (3) show dancing vortices.
Figure 3(b) shows a typical dancing vortex of model (3). The
vortex arms are characterized by exhibiting a more harmonic
oscillation than that observed experimentally [see Fig. 3(b)
and Video 2 in the Supplemental Material [31]]. Likewise,
when one does not consider the forcing term ( f = 0),
the simulations show dancing vortices and the interaction
between them, similar to those observed experimentally when
the magnetic ring is not considered (see Fig. 5).

To explain the origin of the oscillatory behavior of the
phase and amplitude of the vortex with a positive charge, we
use the perturbative method at the high-frequency limit, ω →
∞. At this limit, using the time averaging method [39], one
can reobtain the model Eq. (2) from Eq. (3). Model Eq. (2) has
unknown vortex solutions analytically, and only for negative
bifurcation parameters, it has analytically known solutions,
called the Rayleigh vortex [38]. To reveal the dynamics of the
vortices in the presence of the oscillatory terms, we consider
the ansatz

A = [R(r) + �R(r, t )]ei[θ+�φ(r,t )], (4)

where R(r)eiθ is the vortex solution of model Eq. (2), i.e., it
is a solution of Eq. (3) with K0 = δ0 = μ1 = 0. �R(r, t ) and

�φ(r, t ) are small correction functions of the magnitude and
phase of the amplitude A [�R(r, t ) � 1 and �φ(r, t ) � 1].
Introducing the ansatz (4) in model Eq. (3), after straightfor-
ward calculations at the dominant order, we obtain (ω 
 1)

�φ(r, t ) ≈ k0

ω
sin(ωt )

[
∂rrR + ∂rR

r
− R

r2

]
, (5)

�R(r, t ) ≈ δ0

ω
sin(ωt )

[
∂rrR + ∂rR

r
− R

r2

]
. (6)

The corrections to the previous expressions are of the ω−2

order. From expression (5), we can infer that the vortex phase
has an oscillatory rotation that depends on the inverse of
the voltage frequency, which agrees with the experimental
observations [see Fig. 4(a)]. Numerical simulations of model
Eq. (3) show that the amplitude of the oscillation of the
phase exhibits different behaviors. For large frequencies, the
model Eq. (3) presents a power law of form �φ(r, t ) ∝ ω−n,
n ≈ 0.8, and for smaller frequencies, this law is modified to
�φ(r, t ) ∝ ω−n and n ≈ 0.6. The origin of the discrepancy
between numerical simulations and formula (5) is related to
the role of the high-order corrections. Hence, the experimental
and numerical findings have qualitative agreements. Likewise,
we find a qualitative agreement for the dependence of the
magnitude of the amplitude as a function of the frequency of
the voltage [see Fig. 4(b)]. From formulas (5) and (6), we can
infer that the oscillatory corrections are only relevant near the
vortex core since, far from it, these corrections are negligible.
This is consistent with the experimental observations, where
only the vortex rotates or oscillates around the vortex core
(see videos in the Supplemental Material [31]). Note that if
one incorporates imaginary coefficients in the linear or cubic
terms of the amplitude equation, which would give rise to
phase modulations, they will generate a rigid rotation of the
vortex, which is not observed experimentally. Due to the more
complex structure of the negative charge, a similar analytical
study showing its respiratory behavior is still an open prob-
lem.

Conclusions. Liquid crystals are dielectric media with
weak and anisotropic conductivity [30], which activates the
movement of electric charges and fluid at low frequencies
(fractions of Hz). These effects change the dynamics of liquid
crystals at high frequencies. We have studied the dynamics
of vortices when applying a low-frequency voltage and a
magnetic field generated by a magnetic ring. We observe that
umbilical defects become oscillating, rotating, and beating.
The amplitude of the oscillating rotating vortices decays with
the inverse of the voltage frequency. Experimentally, we de-
termine the parameter region where the dancing vortices are
observed. A suitable phenomenological amplitude equation
allows for describing the dancing vortices, which present
behaviors similar to those observed experimentally. A more
appropriate theoretical description of the system under study
should consider the dynamics of molecular reorientation, fluid
motion, and charge movements (Ericksen-Leslie theory cou-
pled with Maxwell’s equations). One could derive a minimal
model from this description. However, this is a thorny task.

The magnetic ring is employed to trap a vortex in a given
position and study its properties. When one does not consider
the ring magnet and applies a low-frequency voltage, we
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FIG. 6. Dancing vortex interaction. Time sequence of snapshots
(t1 = 0 s, t2 = 240 s, t3 = 480 s, t4 = 720 s). The arrows account for
the dynamics of the vortices (rotation and beats).

observe the emergence of dancing vortices, which are later
annihilated by pairs (oscillatory and beating). Hence, the sys-
tem converges to a transversal homogeneous orientation state

without vortices. Figure 5 and Video 3 in the Supplemental
Material [31] depict the observed dynamics of dancing vor-
tices in the liquid crystal cell under the effect of low-frequency
voltage. Therefore, the magnetic field does not significantly
modify the dynamics of the dancing vortices.

The interaction of vortices for high frequency has been
carefully studied [13]; establishing an interaction depends on
the inverse of the distance with a mobility that is a function
of the speed of vortices. The interaction at low frequencies
is completely modified by the oscillations (see Fig. 6), which
slow down the attraction of the vortices. The study of interac-
tions is a problem in progress. Our observations open different
avenues for understanding out-of-equilibrium topological de-
fects and their applications. In particular, the dynamics of the
vortices in the electroconvection regime show the robustness
of the vortices in complex, even turbulent, media. Their under-
standing can play an essential role in communication in free
space.
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