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Systems with multistability are characterized by exhibiting complex nonlinear waves between equilibria.
Experimentally, near the smectic-A to chiral nematic transition in a liquid crystal mixture cell with planar
anchoring, we observe finger fronts emerge in the smectic-A phase when applying an electric field, a reorientation
transition. Finger fronts propagate in the direction orthogonal to the anchoring. Colorimetry characterization
allows us to describe the molecular reorientation transition and front dynamics. We reveal that the reorientation
transition is of the first-order type and determine their critical points. The front speed is determined as a
function of the applied voltage. Theoretically, based on a prototype model of liquid crystal transitions, we
qualitatively describe the experimental observations. We have analytically determined the bifurcation diagram
and the propagation speeds of finger fronts, finding a fair agreement with the experimental observations.
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I. INTRODUCTION

The coexistence of different equilibria, multistability, char-
acterizes macroscopic systems with permanent injection and
dissipation of energy [1–4]. Namely, depending on the initial
conditions, one observes the different equilibria. The set of
initial conditions that end in a given equilibrium characterize
its basin of attraction. In general, the curves that separate
the different basins of attraction, usually called separatrix,
have a complex geometry of a fractal nature [5]. Likewise,
in the evolution to a given equilibrium, an arbitrary initial
condition, the emergence of domains is observed, that is, a
state characterized by the observation of distinct equilibria in
different spatial regions. The interface between these domains
is usually dominated as a domain wall by its analogy to
magnetic systems. The relative stability between equilibria in-
duces these domain walls to propagate so that the most stable
state invades the least stable one. These types of nonlinear
waves are called fronts [2,3,6,7]. These fronts have been ob-
served in several contexts ranging from biology to chemistry
to physics [2–4,6–8]. The front’s propagation speed depends
on the relative stability and features of the equilibria that it
connects [8]. The propagation of fronts in different spatial
dimensions has been studied. For one-dimensional systems,
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the fronts correspond to nonlinear waves that connect two
equilibria, which are interpreted as heteroclinic curves of the
associated comobile or stationary associated dynamical sys-
tem [9]. The analytical characterization of the front speed is a
complex nonlinear problem [8]. It is generally only accessible
close to the point where the two equilibria are energetically
equivalent, the so-called Maxwell point [3]. At this critical
point, fronts are characterized by being motionless. Hence,
by modifying a parameter, one can reverse the propagation
direction of the front.

The previous scenario changes radically in two spatial
dimensions where the speed of propagation is now also
controlled by the curvature effects of the interface between
the two equilibria. The above phenomenon is known as the
Gibbs-Thomson effect (see Ref. [3] and references therein).
Even the effects of curvature can destabilize interfaces by
generating rich interface morphology [10]. As a result of
tip-splitting and side-branching, surprising interfaces such as
those observed in snowflakes are generated. Besides, the cur-
vature effects can generate the emergence of the spread of
fingers in isotropic systems [11]. These propagative fingers
correspond to fronts that preferentially spread in one direction
as a consequence of interface curvature and anisotropy.

A natural system that exhibits multistability as phases or
reoriented states when subjected to electric, magnetic, and
electromagnetic fields and temperature changes are liquid
crystals [12,13]. The transition from an oriented to a re-
oriented state induced by an electric or magnetic field is
known as the Fréederickz transition [14]. Nematic liquid
crystals exhibit a supercritical Fréederickz transition [12,13].
Molecular reorientation transitions are not expected to be
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seen in smectic-A liquid crystals [15,16] due to the orienta-
tional and positional order. Notwithstanding, the reorientation
transition has been reported near a smectic-A to smectic-C
transition [17].

The paper aims to study the propagation of finger fronts
in a smectic-A liquid crystal, which corresponds to a reori-
entation instability induced by an electric field. Based on a
cell of a liquid crystal mixture with planar anchoring near
the smectic-A to chiral nematic transition, when applying a
voltage through the cell, we observed the emergence of thin
finger fronts that propagate in the direction orthogonal to
the anchoring conditions. We use colorimetry characterization
to describe the molecular reorientation transition and front
dynamics in a liquid crystal cell [18]. This allows us to reveal
that the reorientation transition is of the first-order type. The
critical points that characterize the transition are established.
The fronts connect two stable orientational states. Besides,
the colorimetry characterization enables us to characterize the
propagation speed as a function of the voltage in different
orientations. Theoretically, we have considered a prototype
model of transitions in liquid crystals, which qualitatively
describes the experimental observations. We have analytically
described the bifurcation diagram and the propagation speeds
of the finger fronts.

II. LIQUID CRYSTAL MIXTURE

The most common liquid crystals are composed of rodlike
organic molecules [12,13], which, as a result of intermolecular
interaction, for specific temperature ranges are arranged to
have a similar molecular orientation. These molecules can
only exhibit an orientational order (nematic liquid crystal) or
also have a positional one (smectic liquid crystal). This self-
organization generates a strong anisotropy of all its physical
properties, similar to those observed in anisotropic crystals,
especially the optical ones. Also, due to the lack of rigid
positional order, these materials can flow. Liquid crystals are
interesting for their intriguing fundamental properties and
applications in our daily lives, like cosmetics and interfaces
between us and electronic devices. In particular, liquid crystal
displays are the most common displays in the last decades
[19]. All these technological advances have been possible
thanks to the use of molecule mixtures in a crystalline liquid
state. Liquid crystal mixtures can permit mesomorphic range
control, electric or magnetic features, and optical properties.

A. Phase diagram of E7 and EOS-12 mixture

To carry out our study of finger front propagation in the
smectic-A Fréedericksz transition, we have considered a liq-
uid crystal mixture based on a commercial liquid crystal E7
(Merck) and a chiral molecule EOS-12 and that synthesized
in Ref. [20]. Figure 1 shows a chemical structure of EOS-12,
where it is possible to appreciate the chiral centers responsible
for the cholesteric phase. EOS-12 is miscible for all concen-
trations in the matrix of E7. The phase diagram is presented
in the range between 10 and 30 wt %. Figure 1 displays
the temperature-concentration phase diagram. For sufficiently
high temperatures, over 60 ◦C, we do not observe that the
mixture exhibits a mesoscopic order; therefore, the mixture
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FIG. 1. Liquid crystal mixture. (a) Phase diagram of a liquid
crystal mixture based on a commercial liquid crystal E7 and a chi-
ral molecule EOS-12. The horizontal and vertical axes account for
EOS-12 concentration and temperature, respectively. The respective
snapshots of the zones account for the typical images observed us-
ing polarized optical microscopy. The different curves account for
the transitions between the different phases. The yellow star shows
the point (13 wt %, 24 ◦C) at which the finger front propagation
is studied. A similar analysis is also performed for concentration
16 wt % and temperature 32 ◦C, represented by the red star.
(b) Chemical structure of EOS-12.

behaves as an isotropic liquid (I) [12,13]. Using polarized
optical microscopy [21], the mixture in this parameter region
is entirely dark. As the temperature decreases, we observe a
subcritical transition to a chiral nematic phase (N∗); that is,
the molecules exhibit an orientational ordering that, in turn,
as one moves through the liquid crystal sample the orien-
tation rotates (chirality) [13]. The violet curve with circles
shows the chiral nematic isotropic transition, I/N∗ transition,
in Fig. 1. Besides, this type of phase is characterized by
exhibiting labyrinthine textures, as illustrated in Fig. 1. The
observed labyrinths are glassy according to the classification
used in Ref. [22]. From the chiral nematic state N∗ and low
concentrations of EOS-12 when lowering the temperature, we
observe a supercritical transition to a smectic-A state (SmA).
Figure 1 depicts the typical texture of the SmA phase [23].
The N∗-SmA transition is accounted for by the yellow curve
in Fig. 1. For higher concentrations of the chiral molecule,

054701-2



FINGER FRONT PROPAGATION IN SMECTIC-A … PHYSICAL REVIEW E 105, 054701 (2022)

we observe that the nematic chiral to smectic-A transition
is of the subcritical type, and also a phase is observed that
corresponds to oriented terraces that rotate (TGBA), which
correspond to a frustrated mesophase [24]. This phase is only
observed by lowering the temperature and exists in a small
temperature range in the order of 1 ◦C. The region where the
TGBA is observed is enclosed between the violet and the cyan
curve (cf. Fig. 1). The values of the elastic constants, dielectric
anisotropy, and rotational viscosity of the E7 and EOS-12
mixtures have not yet been characterized. The response of the
liquid crystal mixtures to an electric field is characterized by
having a positive dielectric anisotropy.

B. Fréederickz transition

To understand the behavior of liquid crystals under exter-
nal electric and magnetic fields, they are usually sandwiched
between two rectangular sheets of transparent glass. The glass
surfaces are suitably treated with polymers to induce a precise
orientation of molecules, anchoring. By elastic coupling, all
molecules are oriented to satisfy the anchoring conditions.
An electric field can be applied orthogonally to the cell by
using transparent electrodes adhered to the glass layers. For
large enough applied voltage, in the case of positive (neg-
ative) dielectric anisotropic susceptibility, the molecules try
to reorient parallel (orthogonal) to the applied electric field.
The molecules are not reoriented for small voltages due to
the interaction induced by the surface anchored molecules,
elastic coupling. The critical value from which the molecu-
lar reorientation is generated corresponds to the Fréederickz
voltage (VFT) [14]. Nematic liquid crystals are characterized
by exhibiting a supercritical Fréederickz transition [12,13].
However, when the Fréederickz transition is driven by op-
tical feedback [25], through the simultaneous application of
electric and magnetic fields [26–28] or through the action
of an optical field [29,30], it is of the subcritical type. The
above scenario completely changes in the case of smectic-A
liquid crystal cells. When one applies an electric field, one
does not expect to see molecular reorientation [15,16]. It is
not expected that an elastic distortion should occur when
an electric field is applied because the elastic deformation
would destroy the terrace structures of the smectic-A phase
[15,16]. However, near a smectic-A to smectic-C transition,
the possibility of a reorientation transition induced by an elec-
tric field has been observed [17]. This Fréedericksz transition
is due to the interlayer spacing, and the packing structure
of the smectic layering near the transition begins to lose
its rigidity. Depending on the thickness of the liquid crys-
tal cell, the transition from nematic to smectic-A can be of
the first or second-order [31]. The smectic liquid crystals
doped by ferroelectric nanoparticles also exhibit reorientation
instabilities [32].

In the next subsection, we study the reorientation transition
of the liquid crystal mixture near the smectic–nematic-chiral
transition.

C. Experimental setup

As we have mentioned, we have used a mixture of
two components, EOS-12 and E7. The first component was

synthesized and characterized following the procedure ac-
cording to Ref. [20], the IUPAC name of EOS-12 corresponds
to (S)-(4-(5-dodecylthio-1,3,4-oxadiazole-2-yl) phenyl 4′-(1′′-
methylheptyl-oxy)benzoate). On the other hand, E7 is a
commercial mixture acquired from INSTEC Inc. and was used
without further purification. Binary mixtures were prepared
by weighing each component (EOS-12 and E7) and dissolving
separately into methylene chloride. The solution was com-
bined and homogenized by sonicating for 5 min. The solvent
was removed by slow evaporation at room temperature. The
planar-nematic cell was prepared by introducing the liquid
crystal mixture by capillarity in the cell. The cell has a thick-
ness of d = 3.2 ± 0.3 μm and an electrode area of 25 mm2

of ITO with a thickness of 0.023 μm, a resistance of 100 �,
and a polyimide thickness of 0.06 μm. Likewise, cells have
a homogeneous alignment layer with a 1◦ to 3◦ pretilt angle
from the plane of the substrate.

The phase diagram and finger fronts were characterized
by polarized optical microscopy (POM). The phase diagram
was obtained by putting a specific concentration into two
glasses without surface treatment. The transition tempera-
tures and textures of mesophases were determined by POM
using an Olympus BX51 optical microscope equipped with
an Olympus U-TV0.5XC-3 polarizer and a LinkamT95-PE
hot stage. The whole study of finger fronts was conducted
in a liquid crystal mixture with a concentration of 13 wt
% of EOS-12 in E7 at 24 ◦C. The liquid crystal was in-
troduced into planar cells. The temperature was controlled
by a thermal control stage with four electrical connectors
(Linkam Mod. TST350E). The voltage was generated by a
wave-form modulator coupled to an oscilloscope with a sinu-
soidal wave form (Agilent 33500B series) and coupled to an
amplifier (Tabor Electronics 9400). The colorimetry analysis
was developed from a Leica microscope (DM2700P) with a
Complementary Metal Oxide Semiconductor camera (CMOS,
Thorlabs-DCC1645). Figure 2(a) shows a schematic repre-
sentation of the experimental setup, where the temperature
conditions are controlled by a thermal stage and connected
to the wave-form generation system. The schematic repre-
sentation of the liquid crystal cell and the front propagation
are shown in Fig. 2(b), where it is possible to observe the
molecular reorientation associated with the finger fronts. In
this representation, the rubbing direction that is orthogonal to
the preferential direction of the front is marked.

The finger front propagation was obtained from a trans-
parent cell under an applied voltage with a sinusoidal wave
form and a frequency of 1 kHz. The voltage was increased
slowly, and a CMOS camera recollected images and video.
The microscope has a configuration of parallel polarizers (also
can be observed by cross-polarizer), and the cell is putting
with the rubbing direction to 45◦ to the polarizer [see symbol
R in Fig. 2(b)]. Figure 3 shows the evolution of the finger
fronts on time. Fingers are mostly originated from imper-
fections (glass beads or border of the electrodes) such as is
shown in Fig. 3(b). Transversal (V⊥) and longitudinal (V‖)
speeds also can be determined by taking the displacement (in
pixels) at different times. The spatiotemporal diagram is incor-
porated as much as transversal and longitudinal displacement
of the fronts. Note that from spatiotemporal diagrams one
can observe the difference between propagation magnitudes
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FIG. 2. Schematic representation of the experimental setup. (a) Description of the experimental setup indicating the microscope and the
thermal stage with electrical connections joined to the thermal controller and a wave-form generator. Inside the thermal stage, we show the
liquid crystal cell and the CMOS camera. (b) Three-dimensional schematic representation of the liquid crystal cell under the influence of the
electric field where it is possible to observe the molecular reorientation. The rods and the colors account for the molecular orientation and
their angle with respect to the glass layers. The arrows stand for the direction of propagation of the front. u0 and u+ account for planar and
reoriented states. The anchoring direction of the molecules is described by R.

in each direction. Figure 4 illustrates a sequence of magnified
snapshots showing how the front propagates in both direc-
tions, parallel and orthogonal to the anchoring.

The bifurcation diagram is obtained using the hue from the
conversion RGB to HSL system, according to the procedure
used in Ref. [18]. The images selected to be analyzed are taken
from a zone where the fronts are semistationary but constant
in hue with respect to time. This is corroborated from a hue
versus frames and determined the linearity (minimum square
method) and the standard deviation for each value. Figure 5
shows the curve obtained from a video taken at 3.9 Vrms. We
took the last 500 images (frames) with a standard deviation
of 0.096 31◦ in hue for this graph. For a better interpretation
of the results, 360◦ is added to the hue value associated with
the finger front, and after that is rest the minimum value of
the hue. We call this physical magnitude Hue◦. The speeds
are determined by graphing of displacement of the fronts
versus time. This analysis was developed using the gray scale
because of better contrast.

D. Experimental results

The bifurcation diagram in the smectic-A Fréedericksz
transition is obtained by changing the voltage applied to the
liquid crystal cells and monitoring the evolution of hue em-
ploying the CMOS camera. Figure 6 shows the bifurcation
diagram and transversal and longitudinal speed as a function
of the applied voltage. When the voltage is below the VFT,
the molecules are not reoriented; the hue observed is around

red-purple. The finger fronts are observed when the voltage
reaches a critical value of 3.825 Vrms (VFT) to a temperature
of 24 ◦C. At this moment, the hue is around green-yellow.
The preferential propagation direction of the fronts appears
as a consequence of molecular reorientation. The front prop-
agation has an opposed sense to the rubbing of the cell [cf.
Figs. 1(b) and 3(b)]. Molecular reorientation of the smectic-A
means a transition of the first order, where the change of hue
is abrupt in the scale of degrees (80◦). Above VFT, the hue is
slightly increased (40◦) when the voltage increases from 3.825
to 4.200 Vrms. When the voltage is lowered to voltage VSN

(3.298 Vrms), the hue is slightly modified. Any further de-
crease will trigger an abrupt change in the hue. The hysteresis
loop and a bistability zone are identified (cf. Fig. 6).

An anisotropic behavior characterizes the observed fronts.
Namely, they present a preferential direction of displacement
(cf. Fig. 4). Figure 6 shows the difference of transversal and
longitudinal speed as a function of the voltage. When the
voltage increases, both front speeds increase; however, the
transversal speed increases more slowly. This dynamic behav-
ior is responsible for the emergence of propagating fingers.
When the voltage is diminished below VFT and reaches the
value of 3.6 Vrms, the longitudinal speed has a value close
to zero. The results presented for finger fronts are obtained
at a fixed temperature of 24 ◦C and a 13 wt % of EOS12.
However, for different temperatures and concentrations close
to the smectic-A to cholesteric transition (yellow, violet, and
cyan curves in Fig. 1), the emergence and similar dynamical
behaviors of finger fronts is observed. In particular, a careful
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FIG. 3. Experimental front propagation. (a) A sequence of snap-
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green-yellow color account for the smectic and the reoriented molec-
ular state. (b) Emerging front of a glass bead. V⊥ and V‖ account for
the speed of propagation of the fronts parallel and orthogonal to the
anchoring direction. Taking an extract from the snapshot, one can
observe the emergence and propagation of the front (b1). (b2) From
this extract, one can generate a regular temporal sequence of the
evolution of the fingers, which illustrates the speed of propagation
of these fingers.

study carried out for a concentration of 16 wt % and a temper-
ature of 32 ◦C shows the same type of dynamical behaviors.

E. Smectic-A phase under the influence of intense voltage

When the sample is on the SmA phase and subjected to
an external electrical field no molecular reversal reorientation
is observed. As we have mentioned, reorientation fronts are
observed near the N*-SmA transition. When one is far from
the transition, inside the SmA phase, fronts and textures can be
observed when strong electric fields are applied. Figure 7 il-
lustrates the type of fronts and textures observed. These types
of textures are irreversible; when the electric field is turned
off, these textures persist. Indeed, the textures and induced
dynamics do not correspond to a molecular reorientation. To
recover the smectic phase A, the sample must be heated to its
isotropic phase and slowly cooled to the temperature where
smectic phase A is observed.
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v||

v|| v
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FIG. 4. Finger front propagation. A sequence of snapshots for
different instants (t1 < t2 < t3 < t4). Fronts are nucleated from the
glass beads, propagating dominantly in the direction orthogonal to
the anchoring with a speed V‖ and slowly propagating with a speed
V⊥ in the direction parallel to the anchoring.

III. THEORETICAL DESCRIPTION

As we mentioned in the previous section near the
N∗-smectic-A transition, the emergence of intriguing prop-
agative finger fronts is observed. To account for the observed
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FIG. 5. Hue calibration from a recording video, the analysis area
is 12 × 22 pixels. Linear regression fitting of the hue of liquid crystal
state for a voltage of 3.9 Vrms. The fitting (red curve) shows a small
slope of order (3.5 ± 0.9) × 10−4. The experimental data dispersion
(black square) allows determining the standard deviation associated
with the mean value.
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FIG. 6. Experimental bifurcation diagram of reorientational tran-
sition of a liquid crystal layer. The painted region stands for the
bistable zone. (a) Hue as a function of voltage. The blue and red
dots are obtained by increasing and decreasing the voltage applied to
the cell. The bars show the standard deviation obtained in the mea-
surements. The insets account for the observed homogenous state,
respectively. (b) Front speed as a function of the applied voltage. The
orange and green points, respectively, account for the propagation
speed orthogonal and parallel to the anchoring of molecules. The
inset illustrates a sequence of snapshots that account for the front
propagation.

dynamics, we use the strategy based on symmetry arguments
and order parameters used by de Gennes to account for the
the isotropic-nematic transition [12,13,16]. Note that models
similar to the Landau–de Gennes model have been used to

(a) (b) (c)

FIG. 7. Irreversible effects on the smectic-A phase cell under the
influence of intense voltage. Micrographs of a liquid crystal cell ob-
tained by parallel polarized microscopy. (a) Front propagation with
a complex boundary of a dark purple texture over a homogeneous
phase for a liquid crystal mixture with 16 wt %, at 23 ◦C and an
applied voltage of 25 Vrms. From the above texture and maintaining
the applied voltage, the temperature is slowly (b) and abruptly (c) de-
creased to 20 ◦C, with a variation rate of 2 ◦C/min and 20 ◦C/min,
respectively.

describe reorientation transitions induced by electric fields
[33,34].

Let us introduce the parameter of order u(x, y, t ) for the
reorientation transition, which, when it is zero, accounts for
the planar state of the smectic phase liquid crystal layer, and
when it is positive stands for the reoriented state configuration
of the smectic phase. The order parameter u satisfies the
following equation:

∂t u = μu + αu2 − u3 + δ∂xxu + ∂yyu, (1)

where μ is the bifurcation parameter, which is proportional
to the difference between voltage and the Fréederickz volt-
age, μ ∝ V − VFT, in which VFT is the Fréederickz voltage.
Besides, this critical parameter depends on the temperature.
α accounts for the nonlinear response, which is a function of
dielectric permittivity anisotropy, elasticities, conductivities,
viscosities, and cell thickness. The last two terms account for
elastic coupling, where ∂xx and ∂yy are the Laplacian oper-
ators in the respective directions. δ accounts for the elastic
anisotropy for the deformations in the different orientations
and is a function of the elastic constants, conductivities,
viscosities, and cell thickness. The model equation (1) is
variational in nature; that is, this equation can be written as

∂t u = −δF
δu

, (2)

where

F =
∫

�

(
−μu2

2
− αu3

3
+ u4

4
+ δ(∂xu)2 + (∂yu)2

2

)
. (3)

Hence, the dynamics of the model equation (1) is character-
ized by the minimization of the functional F .

The model equation (1) has three trivial equilibria:

u = u0 ≡ 0 (4)

and

u = u±(α,μ) ≡ α ±
√

α2 + 4μ

2
, (5)

where u0, u−, and u+ account for the planar, unstable, and
stable reoriented molecular smectic phase configurations [see
Fig. 2(b)], respectively. Figure 8 shows the bifurcation dia-
gram of model equation (1). For μ < 0, the planar state is
stable, and for μ = μT ≡ 0, the system exhibits a transcritical
instability [35], which generates the reoriented phase u+ as
the only stable state (cf. Fig. 8). Therefore, this transition is
subcritical in nature. Namely, this transition is discontinuous.
The reoriented state u+ is stable for μ � μSn ≡ −α2/4. Then,
the system presents coexistence between the planar and the
reoriented state, for −α2/4 � μ � 0. Three critical points
characterize a subcritical bifurcation: the nascent of bistabil-
ity μ = μSn ≡ −α2/4, the transition μ = μT = 0, and the
Maxwell point μ = μM = −2α2/9. This last point is charac-
terized by the fact that the energy of each state is equivalent
(F[u0] = F[u+]). Hence, the phase diagram presented by the
model equation (1), summarized in Fig. 8, shows a fairly good
agreement with the experimental observations (see Fig. 3).
Note that model equation (1) qualitatively exhibits the same
behavior if the parameters do not change sign. Hence, the
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for the planar, unstable, and reoriented molecular smectic phase
configuration. Dashed curves account for unstable states. The painted
region stands for the bistable zone. v⊥ and v‖ are the front speeds in
the x and y directions as a function of μ, using formulas (8) and (10),
respectively.

particular choice of parameters for the numerical simulations
does not change the qualitative dynamics. Then the model
equation (1) describes the experimental observations qualita-
tively well.

Finger propagation

In the bistability region and μ > μM , a localized distur-
bance of the planar state u0 generates front propagation [25].
Figure 9 illustrates the typically observed front. The fronts are
propagative fingers in the y direction. In this region of parame-
ters, the state u+ is more stable than the smectic phase u0; then
it invades the system. But as a result of the strong asymmetry
in the coupling, this state spreads quicker in one direction
than another. Using the notation used in the experiment, the
directions y and x correspond to the parallel direction and the
perpendicular direction, respectively. The emergence of prop-
agative fingers is observed from the numerical simulations for
small δ values where the front propagates faster in the parallel
direction than in the perpendicular direction. When consid-
ering a random initial condition—where this initial condition
is generated by altering the planar state at each point by a
Gaussian distribution—the emergence of various propagative
fingers is observed. Figure 9(b) depicts a sequence of images
of the temporal evolution of model equation (1) with a random
initial condition.

To estimate the propagation speed of the fingers, we can
consider the following ansatz for a flat front:

u(x, y, t ) = a
[
1 + tanh

(x − v⊥t

2b

)]
, (6)

where a, b, and v⊥ are parameters that characterize the front.
a characterizes the difference between the two equilibria, b is
the width of the front, and v⊥ is the front speed.

Replacing this ansatz in Eq. (1) and equating the terms to
the different tangent powers, one gets the following relation-

x

y

t1 t2

t3 t4

(a)

(b)

x

y

t1 t2

t3 t4

0.4

0.0

u

0.4

0.0

u

v

v||

FIG. 9. Front propagation in model equation (1) by μ = −0.05,
α = 0.1, and δ = 0.005. (a) Temporal sequence from a localized
initial condition t1 < t2 < t3 < t4. (b) Temporal sequence from a
random initial condition t1 < t2 < t3 < t4.

ships:

v⊥a

2b
+ μa + αa2 − a3 = 0,

− δa

2b2
+ μa + 2αa2 − 3a3 = 0,

−v⊥a

2b
+ αa2 − 3a3 = 0,

δa

2b2
− a3 = 0. (7)
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Using the previous relationships and after straightforward cal-
culations, we get

a = u+(α,μ)

2
,

b =
√

2δ

2a
,

v⊥ = α

√
2δ

2
− 3μb

2
=

√
2δ

(
α

2
− 3μ

4a

)
. (8)

When one imposes the front speed to be zero, one has
that this occurs at the Maxwell point, μ = −2α2/9. Figure 8
shows the front speed v⊥ as a function of the bifurcation
parameter μ. To obtain the front that propagates in the other
direction, one can use analogously the same ansatz:

u(x, y, t ) = a‖

[
1 + tanh

(
y − v‖t

2b‖

)]
. (9)

Using the same procedure, one gets

a‖ = u+(α,μ)

2
,

b‖ =
√

2

2a‖
,

v‖ = α

√
2

2
− 3μb‖

2
. (10)

Note that the front speed v‖ in the direction orthogonal to the
molecular anchoring, the y direction, does not depend on the
δ parameter. Hence, for a small δ, the front speed in the x
direction is δ times smaller than the speed in the y direction.
Figure 8 shows the front speed v‖ as a function of the bifur-
cation parameter μ. The curvature of the interface between
the two equilibriums can modify the front speed, an effect
well known as velocity-curvature or the Gibbs-Thomson ef-
fect [3]. This effect can increase the front speed predicted by
formula (10).

In brief, model equation (1) gives a fairly good account
of the dynamics and the finger propagation observed in the

cell of a liquid crystal mixture with planar anchoring near the
smectic-A to chiral nematic transition [see Fig. 3(b)].

IV. CONCLUSIONS AND REMARKS

We have reported the propagation of finger fronts in
anisotropic systems. Based on a cell of a liquid crystal mixture
with planar anchoring near the smectic-A to chiral nematic
transition, when applying a voltage through the cell, we ob-
served the emergence of thin finger fronts that propagate in
the direction orthogonal to the anchoring. This front is a
manifestation of the molecular reorientation induced by the
electric field on the smectic-A phase. This phenomenon is
known in the literature as the Fréedericksz transition [14]. We
use colorimetry characterization to describe the molecular re-
orientation transition and front dynamics in the liquid crystal
cell. This allows us to reveal that the reorientation transition is
of the first-order type. The critical points that characterize the
transition are established. Then the fronts connect two stable
states. Besides, it enables us to characterize the propagation
speed as a function of the voltage in different orientations.
Theoretically, we have considered a prototype model of tran-
sitions in liquid crystals, which qualitatively describes the
experimental observations. We have analytically described the
bifurcation diagram and the propagation speeds of the finger
fronts.

Molecular reorientation transitions induced by electric or
magnetic fields are not expected for a smectic-A phase since
the energetic cost of reorientation destroys the smectic terrace
structure. However, close to the N*-SmA transition, the ad-
justment of the smectic phase structure allows the observation
of reversal reorientation instability driven by an electric field
and characterized by finger front propagation.
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