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Small-sized systems exhibit a finite number of routes to chaos. However, in extended systems, not all
routes to complex spatiotemporal behavior have been fully explored. Starting from the sine-Gordon model
of parametrically driven chain of damped nonlinear oscillators, we investigate a route to spatiotemporal
chaos emerging from standing waves. The route from the stationary to the chaotic state proceeds through
quasi-periodic dynamics. The standing wave undergoes the onset of oscillatory instability, which subse-
quently exhibits a different critical frequency, from which the complexity originates. A suitable amplitude
equation, valid close to the parametric resonance, makes it possible to produce universe results. The re-
spective phase-space structure and bifurcation diagrams are produced in a numerical form. We charac-
terize the relevant dynamical regimes by means of the largest Lyapunov exponent, the power spectrum,
and the evolution of the total intensity of the wave field.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

A natural way to pump energy into various dynamical systems
is offered by the use of direct or parametric resonances [1]. Di-
rect resonances were exploited at the dawn of modern physics by
Galileo [2] in the characterization of a pendulum. Parametric reso-
nances were highlighted by the pioneering works of Faraday [3] in
the study of vibration modes of a water tank. Theoretical and ex-
perimental studies of parametrically forced nonlinear systems are
relevant to many settings in physics, chemistry, biology, and en-
gineering. Due to the competition between injection and dissipa-
tion of energy, the driven systems demonstrate complex behav-
ior, leading to the formation of a wide range of spatiotemporal
structures, such as localized ones, extended patterns, and chaotic
states, among others [4-11]. One of the most generic scenarios
of the self-organizing behavior is pattern formation. With the in-
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crease of the energy-injection rate, basic stationary patterns may
become unstable and bifurcate into a great variety of more com-
plex ones [6,7,11-22]. In particular, a manifestation of the complex
spatiotemporal dynamics is time-aperiodic behavior, as observed,
inter alia, in fluids [23-27], chemical waves [28], cardiac fibrilla-
tion [29], granular matter [30], electroconvection [31], and pho-
tonic devices [32-34]. In the broad variety of physical setups ex-
hibiting complex spatiotemporal behaviors, routes leading to the
emergence of spatiotemporal chaos are not fully understood yet,
as analytical investigation of the underlying nonlinear partial dif-
ferential equations is a challenging problem. Diverse routes have
been identified for the transition from order to disorder in wave
settings, such as defect-mediated turbulence [35-37], onset of spa-
tiotemporal chaos in Galilean-invariant systems [38], spatiotem-
poral intermittence [39], quasi-periodicity of travelling [40] and
standing waves [14], crisis of spatiotemporally chaotic saddles [41-
43], spatiotemporal chaos which sets in via stationary branching
shocks and holes [44], and the phase turbulence [45].

A generic model that describes periodically forced systems is
based on the parametrically driven damped nonlinear Schrédinger
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(PDDNLS) equation [46-48]. This amplitude equation produces
a variety of temporal behaviors, including stationary, periodic,
and chaotic regimes, such as Faraday waves [3,49-51], single-
soliton [47,52-55] and two-soliton [56,57] states, and spatiotempo-
ral chaos [47,58]. Remarkable hydrodynamic modes are excited by
the parametric instability in the form of standing (Faraday) waves
on the surface of a vertically vibrated Newtonian fluid [3]. These
standing waves respond strongest at a half of the forcing frequency
(the 2:1 resonance) [59]. The basic PDDNLS equation describes
parametric instabilities close to the 2 : 1 resonance in weakly dis-
sipative systems [60]. However, this equation in its simplest form
is not able to produce certain phenomena, such as stable local-
ized modes that connect a uniform oscillatory state to an extended
wave [61], or domain walls between uniform oscillations with op-
posite phases [62-64]. To study the existence and properties of a
broad class of dynamical states, a generalized PDDNLS equation,
produced by a systematic expansion procedure, can be used. It ad-
equately accounts for diverse types of the dynamical behavior, such
as fronts and confined patterns [65].

This work aims to investigate dynamical scenarios based on
standing waves in a parametrically driven chain of pendula, which
is considered in the continuum approximation. Starting from the
respective parametrically-driven damped sine-Gordon model, it
is shown that spatiotemporal chaos can emerge from standing
waves. The chaos appears as an extension of quasi-periodic dy-
namics. Namely, changing parameters of the model, we observe
that the standing wave exhibits an oscillatory instability. Further
variation of the parameters leads to a secondary oscillatory in-
stability, which eventually gives rise to the spatiotemporal chaos.
The generalized PDDNLS equation, valid close to the paramet-
ric resonance, allows to systematically investigate the emergence
of the complex behavior in a numerical form. The largest Lya-
punov exponent, power spectrum, and time evolution of the to-
tal norm of the wave field are computed to characterize the tran-
sitions between stationary, quasi-periodic, and chaotic dynamical
states.
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The manuscript is organized as follows. The physical model, the
nonlinear analysis and the dynamical indicators used to describe
the system are presented in Section 2. Results produced by system-
atic numerical investigation of the patterns and characterization of
the dynamical behavior of the system are reported in Section 3.
Finally, conclusions are formulated in Section 4.

2. The parametrically driven damped sine-Gordon equation
and the nonlinear-Schrodinger approximation

We start by consideration of a chain of parametrically driven
damped pendula (an extended Scott’s model [49]), described in the
continuum limit by the parametrically driven damped sine-Gordon
equation [50]:

b = ~[wo® + yosin(wt) ] sin — o6 + Kk 0b. (1)

where 6(x,t) is the angle between the pendulum at position x
and the vertical axes at time t, the overdot stands for the time
derivative, wg is the eigenfrequency of the pendulum, yy and w
are the amplitude and frequency of the parametric forcing, (g is
the damping coefficient and « the coefficient of the elastic cou-
pling. In the following, by means of rescaling of x and t we fix
K = wg = 1. Fig. 1 illustrates different types of dynamical oscilla-
tory states in the system.

The trivial solution 6(x,t) =0 can be made unstable by the
parametric forcing with the frequency close to the resonant (dou-
ble) value,

w =2(wg + V)

(2)

where v is a detuning parameter, with |v| <« @wy. The commonly
known analysis [1] produces the stability boundary (the so-called
Arnold tongue), in the form of

V2 4+ (o/2)? = (Yo/4)%, 3)

depicted in Fig. 2 by the dashed black hyperbola in the param-
eter plane of the detuning and forcing strength. While crossing
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Fig. 1. Spatiotemporal dynamical behavior produced by the parametrically driven damped sine-Gordon equation (1). Color-coded spatiotemporal distributions of the con-
tinuous field, 6 (x,t), are displayed, with time interval At = 2000, in the middle row, parallel to typical configurations of the chain of coupled pendula shown in the top
row, which is approximated by Eq. (1) in the continuum limit. a) A spatially uniform state obtained at the amplitude and detuning of the parameteric drive y, = 0.85 and
v =—-0.02 (see Eq. (2)), with the largest Lyapunov exponent Am.x = —0.037. b) A regular spatially periodic pattern at y, = 0.40 and v = —0.05, with Amax = —0.041 c) A
chaotic state at yp = 0.61 and v = —0.08, with Anax = 0.055. Bottom panels d), e), and f) show normalized Fourier spectra S(f) and phase portraits in the plane of (0, é) at
a fixed spatial point (x = 0), plotted for a), b) and c), respectively. Other parameters in Eq. (1) are wg =1, o = 0.1, and « = 1.
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Fig. 2. The diagram of dynamical states in the (y,v) parameter plane of Egs.
(1) and (2). The dashed curve represents the instability boundary (Arnold tongue)
given by Eq. (3). Green circles (o) represent spatially uniform states, red trian-
gles (V) denote standing waves, blue squares (M) chaotic waves, and black dia-
monds () correspond to quasi-periodic states with small amplitudes. Here and in
Fig. 5 below, the trivial state, 6 = 0, occurs in the white area. Right panels display
snapshots of the respective spatial patterns. The fixed parameters are the same as
in Fig. 1. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

the boundary, the destabilization occurs through a supercritical
(subcritical) bifurcation at positive (negative) values of the detun-
ing [60], uniform oscillations taking place inside of the “tongue”
[64]. The corresponding power spectrum, displayed in panel d) of
Fig. 1 shows well-defined peaks determined by the forcing. The re-
spective inset shows the phase portrait corresponding to a closed
limit cycle.

In the Arnold tongue, the uniform oscillations are observed at
small detuning, as illustrated in Fig. 2 by green circles. Making the
detuning more negative, the uniform oscillations develop a super-
critical oscillatory spatial instability with a nonzero wavenumber
[6]. It is characterized by emergence of a novel frequency, which is
not commensurate with the frequency of the uniform oscillations.
The instability gives rise to standing waves, as shown in panels b)
and e) of Fig. 1. Note that in the respective phase portrait the limit
cycle transforms into a torus. These standing waves are denoted
by red triangles in the diagram of states displayed in Fig. 2. Fur-
ther decreasing the detuning, the standing wave develops a com-
plex spatiotemporal behavior, as illustrated in panels c) and e) of
Fig. 1. It is seen that the temporal spectrum at a fixed spatial point
now represents dynamical chaos, and, likewise, the phase portrait
corresponds to a strange attractor [8]. Such a complex spatiotem-
poral behavior, denoted by blue squares in Fig. 2, is observed in a
broad region of the Arnold tongue.

To characterize the dynamical nature of the complex waves, we
use the largest Lyapunov exponent Amax [66]. First, Amax < 0 cor-
responds to a stable equilibrium state, a uniform or patterned one.
On the contrary, Amax > 0 implies chaotic dynamics, with expo-
nential sensibility to initial conditions. The case of Apax = 0 corre-
sponds to quasi-periodic behavior or complex behavior with non-
exponential sensitivity. Fig. 3 shows Amax as a function of de-
tuning v (see Eq. (2)) for different values of the drive’s strength,
70 = {0.4,0.5,0.6,0.7}. The plots make it possible to distinguish
regular and chaotic behavior, which, as said above, correspond to
Amax < 0 and Amax > 0, respectively.

Thus, the parametrically driven damped sine-Gordon equation
(1) provides the transition from the spatially uniform oscillations
to the spatiotemporal chaos, via the intermediate spatially peri-
odic pattern. To achieve a better grasp of these dynamical regimes,
in the next section we develop analysis under conditions of weak
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Fig. 3. The largest Lyapunov exponent Amax Vs. detuning v (see Eq. (2)), at different
values of the strength of the parametric forcing: y, = (0.4, 0.5, 0.6,0.7). The other
parameters are the same as in Fig. 2.

nonlinearity and slowly-varying amplitude, close to the parametric
resonance.

2.1. The weak-nonlinearity analysis

The above model, based in the sine-Gordon equation, can be es-
sentially simplified for small-amplitude solutions, whose main har-
monic frequency is close to the eigenfrequency, wq. To this end, the
following ansatz is adopted [60]:

O(x,t) =Y (t,X)e @2 L cc +hot., (4)

where ¥ (7,X) is a slowly complex envelope amplitude, 7 =
t/4,X =x/~/2, while c.c. and h.o.t. stand for the complex conju-
gate and higher-order terms, respectively. Close to the 2 : 1 para-
metric resonance, the frequency is w = 2(1 + v), as per Eq. (2). The
substitution of ansatz (4) in (1) yields, in the first approximation,
the PDDNLS equation [47], which is the basic model of the driven
systems close to the 2 : 1 parametric resonance:

%—w_—ll)l/f—lwﬂ 1//—187)25 wy +yy, (5)

where 1 = to/2,y = yo/4, and V' is the complex conjugate of
Y. This equation is known to produce stationary, time-periodic,
or chaotic solutions, including Faraday waves [50,62], soliton-
like modes [47,52], two-soliton [56,57] and soliton-antisoliton
[68] bound states, and spatiotemporal chaos [47,58].

The PDDNLS equation admits different spatially uniform solu-
tions. The instability boundary of the trivial one, ¥ =0, is

i =pu?+02, (6)
cf. Eq. (3). In addition, the trivial solution suffers an instability

which sets in at y = u for the positive detuning [50,67]. Nontrivial
uniform solutions of Eq. (5) are

Yex = £x0(1 £ 1yp), (7)

where xo=/(y —u)(@-v)/2y and yo=/(u—y)/(L+y)
with ¢ = /y2 — u?, and two independent signs +. Note that the
uniform solutions emerge at y = u through a saddle-node bifurca-
tion. They are unstable in the parameter space of Eq. (5), with the
exception of the case of zero detuning (v = 0), in which case ¥4
is marginally stable [63].

In fact, the underlying sine-Gordon equation (1) may have sta-
ble solutions for uniform oscillations. To provide this possibility, as
well as the existence of more complex states that bifurcate from
the uniform oscillations, it is necessary to proceed to the gener-
alized PDDNLS equation. Such a generalization can be written as

S iy =iy Py — 8 4y, ®)
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Fig. 4. The spatiotemporal evolution of the real part of ¥ in established dynamical states shown within a time interval At = 2000 (the first and second rows), and
snapshots of the respective spatial patterns at a certain time (the third row). a), b) and c): Two regular small-amplitude patterns ., (in- and out-of-phase ones, see the
text) at y = 0.85 and v = —0.25, with Amaxs = —1.853 x 1073 and Amax— = —1.852 x 103, d), e) and f): Quasi-periodic states 1., at y = 0.85 and v = —0.45, with Amaxs =
4.92 x 1074 and Amax— = 5.13 x 1074, g), h) and i): Small-amplitude chaotic patterns ¥, at y = 0.85 and v = —0.55, with Amaxs = 1.288 x 1072 and Amax— = 1.359 x 102,
Fixed parameters are b =1/12,8 =4/15, 8 = —1/24, ¢ = —0.65,a = 1/6 and pu = 0.275.
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Fig. 5. Phase diagrams in the (y, v) parameter plane for different initial conditions shown in the insets. a): A flat profile with a bump; b) a spatially-periodic profile. Green
circles (o) correspond to the spatially uniform state, red triangles (V) denote stationary small-amplitude states, blue squares (H) the small-amplitude chaotic pattern, and
black diamonds () correspond to quasi-periodic states with a small amplitude. c) Coincidence regions, in which the different initial conditions, used in diagrams a) and b),
produce identical final states. The fixed parameters are the same as in Fig. 4. (For interpretation of the references to colour in this figure legend, the reader is referred to the

web version of this article.)

with additional terms Ay, produced by the weak-nonlinearity ex-
pansion of underlying equations of the sine-Gordon type [60,64].
Thus, at order y>/2 of the expansion, one can derive, in the gen-
eral case,

Ny =y (BF10 1+ 89 + B2 lyP) + iap |y |*
+cw|w|2+zcw( 1”)

where 7 accounts for the diffusion, ¢ represents the nonlinear dis-
sipation, (b, 8, B) are coefficients of the nonlinear parametric forc-
ing, a controls the quintic nonlinearity, and ¢ is the coefficient of
the nonlinear-drift term. The amended equation (8) has been em-
ployed to produce kinks, localized patterns and traveling pulses
[51,60-65,68-76]. In fact, not all the additional terms are necessary
to secure the stability of the uniform states inside of the Arnold
tongue [71]. Note that, in the case of the sine-Gordon equation, the
expansion at order y°/2 yields n =0,c=0,00 =1/2,6 =-1/6,a=
1/6,b=1/12, 8 =—-1/24, and ¢ =0 [65].

We here focus on the case of =0 and c =0, as effects of the
terms ~ n and c¢ have been studied before [71-73]. Besides, the
effect of ¢ is neglected, as it is known too, inducing traveling so-
lutions [74]. Then, it is easy to find that the squared amplitude of
the uniform-state solution, |/ |2, is determined by equation

0%y
t1ox2

(9)

2

T+ @ ra) Y+ (B+b) VP

2

4

W+ Y ? —aly|h)?
[T+ (@=8) Y2+ (b-B) IYI*P
To study small-amplitude patterns generated by the extended
PDDNLS equation, the coefficients of Ay, in Eq. (9) are introduced
as free parameters. In particular, numerical results are displayed
below for b=1/12,8 =4/15,8 =-1/24,¢ = -0.65,a = 1/6, and
= 0.275, which make it possible to produce generic findings.

J’_

(10)

2.2. Indicators of complexity and transition between dynamical
regimes

To characterize the dynamics produced by Eq. (8), we use stan-
dard indicators, one of which is the time-dependent energy. It is
often used to study non-regular dynamics in fluids, optics [75-
80] and other physical systems [81-83]:

+L
0w =g [P

where 2L is the system’s size. The simple uniform stationary
regime has Q = const, and it is a (quasi-)periodic function of time
in the case of (quasi-)periodic dynamics. An apparently random
time dependence of Q(t) corresponds to chaotic behavior.

To categorize different dynamical regimes, we also use the
power spectrum of the amplitude, Sq (f) = |5(f)|?, where § is the
Fourier transform of Q(t),

‘l Tmax .
3 = JT?/O Q(t)exp (—ift)dr.

(11)

(12)
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If the time series is regular, function Sy (f) has a finite number of
quasi-discrete peaks. On the contrary, the spectrum is essentially
continuous if the series is chaotic [84]. In addition, to characterize
spatial fluctuations of field 1/, we also use the time average of the
local density,

T
o0 = [ W@k, (13)
T-Ty Js,
and its spatial power spectrum,
+L
Sc(k) = / Sz (k) exp (—ikX) dX, (14)
-L
at a set of points in the frequency space k = (kq, ..., kp). Similar to

the temporal power spectrum, its spatial counterpart, S;(k), helps
to quantify different types of the spatial behavior of the system.

Further, a well-known potent indicator of the dynamics is the
largest Lyapunov exponent [66,85-106]

Aomax = Tli_)ngc[% ln(W)] (15)

where | e|| stands for the quadratic norm, and 38v/(7,x) is
a numerically generated solution of the linearized equation,
3(8y)/0t =J- 8, with J being he Jacobian matrix of Eq. (8). We
remark that Amax predicts how fast distance §1 between two ini-
tially close trajectories of field i grows in the course of the evolu-
tion. Namely, if the system is chaotic with Apax > 0, two configura-
tions, that were close at T = 7y, separate in phase space exponen-
tially fast. On the other hand, in the case of Apax < O they converge
to a stationary attractor. The marginal case, Amax = 0, corresponds
to time-periodic, quasi-periodic, or complex dynamics without ex-
ponential sensibility to the variation of initial conditions.

3. The quasi-periodic route to spatiotemporal chaos in the
generalized PDDNLS equation

3.1. Numerically obtained patterns

A variable-step fifth-order Runge-Kutta scheme [107] has been
used for simulations of Eq. (8) with the precision of 10~7. The
spatial derivatives were approximated by means of the second-
order central finite-difference method, and the Neumann’s bound-
ary conditions were used. Typical the half-size L =100 and N =
1500 lattice points imply that the mesh size of the numerical
scheme is Ax = 200/1500 ~ 0.13. Sensitivity of the findings to the
discretization has been verified by changing N and Ax. Variation
of the domain size L was used to verify that finite-size effects do
not affect the results. We have used two essentially different initial
conditions, as shown below. The integration was performed over
sufficiently long times (up to T = 4.8 x 103, to check that tran-
sients have faded out.

For the analysis of spatial patterns we present in Fig. 4 the
spatiotemporal evolution of the real part of the wave field,
Yr =Re{yr(x, 7)}. Starting close to the tip of the Arnold tongue,
which implies the consideration of a small detuning (y = 0.85)
and the forcing strength slightly greater than the dissipation
(v=-0.25, see Eq. (6)). The regular in-phase and out-of-phase
states (¥4, with ¥g > 0 and ¥ < O, respectively) are observed in
Figs. 4a-c. In these panels the spatial periodicity observed corre-
sponds to the real part of exp (ikx) with some k, while || re-
mains constant. The values of Ay, for these regular patterns are
negative: Amax+ = —1.853 x 1073 and Amax— = —1.852 x 1073, re-
spectively.

Following the decrease of the detuning and/or the increase of
the forcing strength, the pattern exhibits an oscillatory instability,
which gives rise to standing waves. Figs. 4d-f show the correspond-
ing temporarily quasi-periodic states at y =0.85 and v = —0.45,
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With Amaxs+ = 4.92 x 1074 and Amax— = 5.13 x 10~ (actually, these
values may be considered as a numerical zero). Changing the pa-
rameters further in the same direction, the standing wave exhibits
an oscillatory instability, producing complex spatiotemporal pat-
terns. Figs. 4 g)-i) display typical examples of the chaotic spa-
tiotemporal evolution of the complex patterns, accounted for by
Amax > 0.

Fig. 5 shows phase diagrams inside the Arnold tongue for two
different initial conditions (see insets): a) a flat profile with a
bump, and b) a small-amplitude periodic pattern. The two respec-
tive diagrams are similar with a few differences, see the compar-
ison between them in panel c) which displays regions in which
both initial conditions produce the same final state. In the case
of the small-amplitude spatially periodic initial condition, the re-
gion of the uniform state (green circles) is somewhat smaller, and
the distribution of regions of temporarily stationary (red trian-
gles), quasi-periodic (black diamonds), and chaotic (blue squares)
patterns is shifted to smaller values of detuning v, while quasi-
periodic states appear at larger values of y. In both cases, the dy-
namical chaos occupies the upper left corner, while near to the
zero-detuning line, v = 0, the uniform state is the dominant one.
Thus, the small-amplitude chaos is equally likely to be generated
by both initial conditions.

3.2. Dynamics inside the Arnold tongue

Panel a) of Fig. 6 presents the dependence of Amax on the forc-
ing strength in the case of a spatially periodic pattern chosen as
initial condition. In this plot, we observe the transition from a
stationary solution (uniform or patterned one) to an oscillatory
one (the standing wave), which then turns into a spatiotempo-
ral chaotic pattern, following the increase of the forcing strength,
y. The growth of Amax with the subsequent increase of y indi-
cates that the chaotic spatiotemporal pattern becomes more com-
plex. Furthermore, around y ~ 2.2, we observe an abrupt transi-
tion from Amax > 0 to small islands with Amax = 0, which corre-
sponds to a phenomenon known as the crisis of a strange attractor
[84].

Further, the patterns are characterized by the plot for Qmax(y)
as a function of the forcing strength y. Fig. 6 b) displays it at
v =0.1. It is produced by repeatedly picking the maximum value
of the energy function Q(t), see Eq. (11), from temporal intervals
after the disappearance of transient features in the simulated evo-
lution. The system is stationary or periodic if there is a unique
value of Qmax, while a continuous distribution of Qmax in a fi-
nite interval implies temporal quasi-periodicity or chaos. This fig-
ure shows that energy Q strongly depends on forcing y, showing
several transitions between regular and chaotic states, denoted by
the same symbols as in Fig. 5. The transitions are shown in greater
detail in the inset, where the plot is blown up by a factor of 5.4.
The diagrams for Amax and Qmax provide mutually complimentary
descriptions of the oscillatory, quasi-periodic, and chaotic behav-
ior. Note that the plot of Qmax is represented by a thin curve at
y < 1.8, becoming fuzzy at larger values of y. In particular, alter-
nation of islands, from chaos to regularity, is observed in the range
of 1.92 < y < 2.0. The system becomes chaotic again at y > 2.0
through an abrupt transition, and remains chaotic at larger values
of y considered here.

To grasp the route to chaos in a clearer form, we have
computed the spatial Fourier spectrum S;(k), as per Eq. (14).
Fig. 6 shows S;(k) for the spatially uniform state at y =1.50 in
panel c), for a temporally quasi-periodic one at y =1.95 in d),
and for a chaotic state at y = 2.1 in e). Increase of the number
of frequency peaks in the spectrum is observed as y increases at a
fixed value of the detuning, v = —0.1. These plots corroborate that
Eq. (8) produces a standing wave with a well-defined wavenumber
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Fig. 6. Characterization of the route to spatiotemporal chaos produced by simulations of Eq.

(8), is shown by means of dynamical indicators. a) Amax, for v =-0.1, and

b) Qmax, for v =+0.1, as a function of the forcing strength, y, see Eqs. (11) and (15). The insets are zoomed-in versions of the main plots. The meaning of the symbols is
the same as in Fig. 5: green circles correspond to spatially uniform states, red triangles to stationary small-amplitude ones, and blue squares to the small-amplitude chaotic
pattern. Panel c) shows the spatial Fourier spectrum S; (k) (see Eq. (14)) for a regular state at y = 1.50, d) a temporarily quasi-periodic state at y = 1.95, and e) a chaotic
one at y = 2.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. The power spectrum Sq (f) of the norm (energy) Q(t), defined as per Eq. (11). a)

v = —0.55. The insets show the respective plots of Q(t).

and its harmonics in Fig. 6 c). As the forcing strength increases,
the system generates incommensurate wavenumbers, which causes
the spectral peaks to spread, see Fig. 6 d). Further increase of the
strength makes the former sharp peaks broad in Fig. 6 e), which is
a hallmark of spatial chaos.

Further understanding of these patterns is obtained by con-
sidering the temporal evolution of the energy function Q(t), de-
fined by Eq. (11), and the corresponding Fourier power spectrum,
Sq(f). Panel a) of Fig. 7 shows Sq(f) for a quasi-periodic pattern
at y =1.89 and v = —0.1, with Amax = —3.234 x 10~%. The spec-
trum features a set of discrete peaks at particular frequencies. Ac-
cordingly, the inset shows regular evolution of Q(t). On the other
hand, panel b) of Fig. 7 exhibits a chaotic state at y =0.85 and
v = —0.55, with Amax = 1.288 x 10~2 showing a continuous spec-
trum Sq (f), typical for chaotic states, with irregular evolution of
Q(t) in the respective inset. Thus, the transition to the spatiotem-
poral chaos proceeds through an intermediate stage which features
the temporal quasi-periodicity.

4. Conclusions

In this work, we have investigated the transition to spatiotem-
poral chaos from small-amplitude patterns in damped driven sys-
tems close to the parametric resonance. Starting from the contin-
uum limit of a chain of driven pendula, which is based on the
equation of the sine-Gordon type, the analysis is performed in
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T
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0.001

104
0.0

02 04 06 038 1.2

f

1.0

A quasi-periodic state at = 1.89 and v = —0.1. b) A chaotic state at y = 0.85 and

the framework of the generalized PDDNLS (parametrically driven
damped nonlinear Schrédinger) equation, which is produced by the
small-amplitude expansion of the underlying sine-Gordon equa-
tion. The systematic numerical analysis demonstrates that the on-
set of the spatiotemporal chaos proceeds through an intermediate
temporally-quasi-periodic route. We use the generalized PDDNLS
equation (8), which contains higher-order nonlinear terms, because
the standard PDDNLS model, Eq. (5), fails to produce stable spa-
tially uniform solutions, which play a crucial role in obtaining lo-
calized states. In particular, we have found the small-amplitude
patterns that are stationary, quasi-periodic, or chaotic in time de-
pending on the values of the strength of the parametric forcing,
y, and resonance detuning, v. We have concentrated on chaotic
solutions, using different tools to characterize their dynamical be-
havior, such as the time dependence of the norm (energy) Q, the
corresponding power spectrum, and the maximum Lyapunov expo-
nent. Small-amplitude chaotic patterns exist inside of the Arnold
tongue, competing with regular ones. Varying y at constant v or
vice versa leads in various transitions between these states. There
are well confined chaotic patterns and others, in which the chaotic
area penetrates the homogeneous one, following the increase of y.

The universal nature of the present model suggests that similar
scenarios of the transition to the small-amplitude spatiotemporal
chaos may be expected in physical settings such as vertically oscil-
lating fluid layers, magnetic systems, forced nonlinear lattices, and
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optical waveguides. A promising direction for the extension of this
work is to extend it to the two-dimensional case.
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