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a b s t r a c t 

Discrete dissipative coupled systems exhibit complex behavior such as chaos, spatiotemporal intermit- 

tence, chimeras among others. We construct and investigate chimera states, in the form of confined sta- 

tionary and dynamical states in a chain of parametrically driven sites with onsite damping and cubic 

nonlinearity. The system is modeled by the respective discrete parametrically driven damped nonlinear 

Schrödinger equation. Chimeras feature quasi-periodic or chaotic dynamics in the filled area, quantified 

by time dependence of the total norm (along with its power spectrum), and by the largest Lyapunov ex- 

ponent. Systematic numerical simulations, in combination with some analytical results, reveal regions in 

the parameter space populated by stable localized states of different types. A phase transition from the 

stationary disordered states to spatially confined dynamical chaotic one is identified. Essential parameters 

of the system are the strength and detuning of the forcing, as well as the lattice’s coupling constant. 

© 2021 Elsevier Ltd. All rights reserved. 

1

p

r

d

a

p

a  

f

a

i

a

c

n

c

w

[

(

a

l

s

a

b

t

m

i

s

t

p

l

a

e

t

f

h

0

. Introduction 

Coupled oscillators are of great interest owing to their wide ap- 

licability in physics, chemistry, and biology (see Refs. [1–6] and 

eferences therein). Likewise, these systems attract global attention 

ue to their dynamic behavior, such as synchronization, defects 

nd/or phase turbulence, defect-mediated turbulence, spatiotem- 

oral intermittency, and coexisting coherent and incoherent states, 

mong others [1,6,7] . In the last few decades, a great deal of ef-

ort has been devoted to understand the coexistence of coherent 

nd incoherent domains called chimera states. These states were 

ntroduced by Kuramoto and Battogtokh [8] . This finding came as 

 surprise because the oscillators were identical and symmetri- 

ally coupled. Nevertheless, along with regular synchronized dy- 

amics, the coupled oscillator lattices exhibit incoherent or desyn- 

hronized behavior. The understanding of the symmetry breaking, 

hich leads to the emergence of chimeras in dissipative systems 

9] , is a significant issue as it appears in different contexts, such 
∗ Corresponding author. 
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s biological models, delayed systems, metamaterials, coupled map 

attices, quantum systems, networks, and even in a population of 

ocial agents, to mention a few [10–30] . 

As concerns dynamical elements of which lattices may be built, 

 paradigmatic example of forced nonlinear oscillators is provided 

y the parametrically driven damped nonlinear Schrödinger equa- 

ion [31] . It models resonant phenomena in nonlinear dispersive 

edia and gives rise to soliton solutions with a variety of dynam- 

cal behavior [32–35] , Faraday waves [36] , breathers [37,38] , two- 

oliton states [39,40] and other soliton complexes [41] , and spa- 

iotemporal chaos [42] . Generalizations of this equation and its ap- 

lications can be found in Refs. [41,43–57] . 

In many physical realizations, this equation is replaced by its 

attice counterpart, in the framework of the class of models known 

s discrete nonlinear Schrödinger (DNLS) equations [58,59] . These 

quations furnish fundamental models in discrete nonlinear op- 

ics [60–68] , as well as for Bose–Einstein condensates trapped and 

ragmented in deep optical-lattice potentials [69–72] . In particular, 

he stability of discrete solitons in the parametrically driven DNLS 

quations, both conservative and dissipative ones, has been studied 

n Refs. [73–78] . 

The present work aims to study and build up chimera states 

n arrays of dissipative parametrically driven coupled oscillators 

https://doi.org/10.1016/j.chaos.2021.110880
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Fig. 1. Parametrically driven damped discrete systems. Schematic representation of 

a one-dimensional array of forced coupled-waveguide resonators (a), coupled mag- 

nets under a time dependent magnetic field (b), and vertically driven coupled pen- 

dulums (c). 
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hich are described by the damped DNLS equation with the para- 

etric gain applied at its sites. These states appear as patched- 

haped (self-confined) patterns filled by waves with a “leaping”

patial structure (see an exact definition below), which are linked 

y steep transient layers to the stable zero state. When the param- 

ters are modified the chimera states are replaced by a spatially 

isordered localized one. Such states exist in a stationary form due 

o the bistability and discrete nature of the system. In particu- 

ar, we explore the existence of the chimera state as a function of 

he driving force and its detuning, producing a complete chart for 

table stationary and dynamical states in the respective parame- 

er space. All these dynamic behaviors correspond to permanent 

tates of the system out of equilibrium, which correspond to dis- 

ipative structures in the terminology introduced by Prigogine [79] . 

ffects of variation of the intersite-coupling strength in the under- 

ying DNLS equation are examined too. We find chaotic chimeras, 

n addition to regular dynamical states, and the system gives rise 

o multistability. 

The manuscript is organized as follows. The model and some 

nalytical findings for it are presented in Section 2 . Results from 

ystematic numerical investigation of the stationary and dynamical 

tates are summarized in Section 3 . Conclusions are presented in 

ection 4 . 

. The model and analytical results 

.1. The parametrically driven damped DNLS equation 

Let us consider a one-dimensional array of coupled nonlinear 

scillators under the action of dissipation and parametric drive. 

he respective DNLS equation is (cf. Ref. [76] ) 

dA 

j 

dt 
= −iε(A 

j+1 + A 

j−1 − 2 A 

j ) 

 γ
(
A 

j 
)∗ − iνA 

j − αA 

j − i | A 

j | 2 A 

j , (1) 

here A 

j is a complex-valued amplitude at site j, the asterisk sym- 

ol stands for the complex conjugation, and t is normalized time. 

f Eq. (1) models an array of parametrically amplified lossy opti- 

al waveguides with the Kerr nonlinearity [80] t, is actually, the 

ropagation distance along each waveguide. Further, ε > 0 repre- 

ents the coupling between adjacent sites in the array, γ > 0 is 

he strength of the parametric drive (the sign of γ < 0 may be in-

erted by redefining ˜ A 

j ≡ iA 

j ), ν is the detuning of the drive, and 

> 0 is the damping constant, while the on-site nonlinearity coef- 

cient is scaled to be 1. Note that the sign of the nonlinear term in

q. (1) corresponds to the self-focusing onsite nonlinearity; if its 

riginal sign is opposite, it may be inverted by means of the stag- 

ering transformation [81] , that is, A 

j ≡ (−1) j exp ( −2 iεt ) 
(
A 

j 
)∗

. 

he remaining scaling invariance of Eq. (1) allows us to fix one 

f the parameters. We use this option to choose the value of the 

amping coefficient, α = 0 . 35 , which is convenient for the presen- 

ation of numerical results. The analysis is reported below for neg- 

tive detuning, ν < 0 , which implies a possibility of the existence 

f the dissipative bright discrete solitons, supported by the self- 

ocusing nonlinearity. 

It is relevant to mention that, in addition to the direct re- 

lizations of Eq. (1) as the chain of coupled oscillators with 

he complex amplitudes, the same model can be derived as an 

symptotic approximation for a parametrically driven discrete non- 

inear Klein-Gordon equation or Frenkel–Kontorava model, i.e., a 

hain of nonlinear oscillators with real dynamical variables [78] . 

ig. 1 illustrates some examples of different physical systems that 

re described by parametrically driven damped discrete nonlinear 

chrödinger Eq. (1) . Panel (a) represents a one-dimensional array 

f forcing coupled-waveguide resonators [12] , frame (b) illustrates 
2 
 set of parametrically driven coupled magnets [38,39,52] , while 

anel (c) depicts a vertically driven coupled pendulums [44] . 

Stationary solutions to Eq. (1) can be looked for with a constant 

alue of the phase at all sites: 

 

j = B 

j exp ( ∓iδ0 ) , δ0 ≡ tan 

−1 

(√ 

γ − α

γ + α

)
, (2) 

here real amplitudes B j obey the stationary version of the usual 

NLS equation, 

(B 

j+1 + B 

j−1 − 2 B 

j ) + 

(
B 

j 
)3 = 

−ν ±
√ 

γ 2 − α2 

)
B 

j . (3) 

he top and bottom signs in Eq. (3) correspond to those in Eq. (2) .

In simulations reported in this work, we fixed the number of 

ites in the lattice as N = 256 , so the discrete coordinate takes 

alues j = 1 , . . . , 256 . We used Neumann boundary conditions at 

dges of the lattice, which means formally setting A 

0 ≡ A 

1 and 

 

N+1 ≡ A 

N in Eq. (1) at j = 1 and j = 256 , respectively. 

.2. Stability of the zero state 

Because states considered in this work include zero-field seg- 

ents, such states are relevant solutions if A 

j = 0 is a stable so- 

ution of model Eq. (1) . To address the stability of zero, perturbed 

olutions to the linearized version of Eq. (1) are looked for as a 

ombination of terms exp ( �t ) { cos ( k j ) , sin ( k j ) } to derive a disper- 

ion relation for the instability growth rate, �, as a function of the 

erturbation wavenumber k 

= −α ±
√ 

γ 2 −
[
4 ε sin 

2 
( k/ 2 ) − ν

]2 
(4) 
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cf. Ref. [82] ). It follows from Eq. (4) that stability conditions for 

he zero state, Re ( �(k ) ) ≤ 0 , which must hold for all real values of 

, amount to 

2 ≤ α2 + ν2 ≡ γ 2 
max , at ν < 0 , 

γ ≤ α, at 0 < ν < 4 ε, 

2 ≤ α2 + ( ν − 4 ε) 
2 
, at ν > 4 ε. (5) 

n the continuum limit, which corresponds to ε → ∞ , or, effec- 

ively, to replacement 

 ε sin 

2 
( k/ 2 ) → εk 2 , (6) 

n Eq. (4) , the bottom line in Eq. (5) is irrelevant, while the top and

iddle ones remain valid, cf. Ref. [36] . In the case of γ 2 > γ 2 
max at

ν < 0 [see the top line in Eq. (5) ], the instability of the zero state

eads to establishment of solutions to Eq. (1) in the form of Faraday 

atterns, as [36] . 

.3. Continuous-wave states: existence conditions 

Next, Eq. (3) gives rise to two uniform (“continuous-wave”, CW) 

olutions with a constant amplitude: 

 = 

√ 

−ν ±
√ 

γ 2 − α2 ≡ B 

( ±) 
0 

. (7) 

q. (7) also describes the amplitude of lattice solitons, with one or 

everal excited sites, in the anti-continuum limit , ε → 0 [83] . 

In the case of positive detuning, ν > 0 , solution (7) exists only 

ith the top sign, under condition γ 2 > α2 + ν2 , which is incom- 

atible with the middle and bottom lines in Eq. (5) , hence in this

ase, the CW solution cannot coexist with the stable zero state. 

owever, in the case of ν < 0 , CW solutions with both signs in

q. (7) exist in the interval of values of the drive’s strength 

2 < γ 2 ≤ α2 + ν2 , (8) 

n which the stability condition of the zero solution, given by the 

op line in Eq. (5) , holds. Therefore, in this interval, both the zero

tate and the CW solution with a larger amplitude, corresponding 

o the top sign in Eq. (7) , may be stable. Note that, according to

eneral principles of the bifurcation theory [86] , the latter solu- 

ion is definitely stable in the anti-continuum limit, with ε = 0 in 

q. (1) , while the full stability analysis at ε > 0 makes it necessary 

o consider the possibility of the modulational instability, see the 

ollowing subsection. On the other hand, the intermediate solution, 

orresponding to the bottom sign in Eq. (7) , is definitely unstable, 

laying the role of a separatrix between attraction basins of the 

wo presumably stable states. 

With the increase of γ , both CW states, given by Eq. (7) , 

merge through the saddle-node bifurcation [86] at γ = α. With 

he subsequent increase of γ , the unstable solution with the 

maller amplitude collides with the zero state, and thus disap- 

ears, through the inverse pitchfork bifurcation [86] , at γ 2 = α2 + 

2 (formally, the latter bifurcation involves solution B (−) 
0 

, given by 

q. (7) , and its counterpart −B (−) 
0 

). The same bifurcation destabi- 

izes the zero solution, as seen from the top line in Eq. (5) . At
2 > α2 + ν2 , only the CW solution with the top sign in Eq. (7) ex-

sts, remaining possibly stable, while the zero state is unstable. 

Thus, stable zero and CW states coexist in interval (8) , under 

he condition of ν < 0 . Nevertheless, it is impossible to build up 

 transient layer or domain wall (front solution) connecting these 

tates, with exponentially decaying tails approaching each one. In- 

eed, the tail approaching the zero state can be looked for as the 

ollowing solution to the linearized version of Eq. (3) 

 

j = b 0 exp ( −q | j| ) , (9) 
3 
t | j| → ∞ , with some constant b 0 and the spatial decay rate, q,

etermined by expression 

inh 

2 
( q/ 2 ) = ( 4 ε) 

−1 
(
−ν ±

√ 

γ 2 − α2 

)
, (10) 

here the top and bottom signs correspond to those in 

qs. (7) and (9) . On the other hand, the tail approaching the CW 

tate is looked for as 

 

j = B 

( ±) 
0 

+ ̃

 b 0 exp ( −p| j| ) , (11) 

ith another constant ˜ b 0 and the decay rate p determined by 

q. (3) linearized around B = B ( 
±) 

0 
: 

inh 

2 
( p/ 2 ) = −( 2 ε) 

−1 
(
−ν ±

√ 

γ 2 − α2 

)
. (12) 

Obviously, conditions sinh 

2 
( q/ 2 ) > 0 and sinh 

2 
( p/ 2 ) > 0 , 

hich are necessary for the existence of the transient layer, are 

ncompatible, as it follows from Eqs. (10) and (12) . Therefore, 

ocalized patterns in the form of finite-width patches of CW 

onnected by smooth fronts to the stable zero state do not exist. 

evertheless, we find that, at ε < 0 . 44 , flat localized states filled 

y the CW do exist, being bounded by layers which include 

harp edge peaks, hence they cannot be approximated by ansatz 

11) [87,88] . 

Localized states produced by Eq. (1) are the main subject of this 

ork. These states are built as localized patches filled not by flat 

W states, but rather by ones spatially oscillating between differ- 

nt amplitude levels ( leaping waves , LWs). Chimera states are built 

s spatiotemporal incoherent segments set on top of the stable 

ero background. Example of them are shown in Figs. 2 (c), 3 (a) 

nd 4 below and explained in detail in Section 2.5 . 

In this framework, it is worth to mention that solutions for 

mooth transient layers connecting zero and CW states, in spite 

f being impossible in the present system, are admitted by mod- 

ls including competing nonlinearities. Known examples are pro- 

ided by equations including cubic-quintic [89] or quadratic-cubic 

90] combinations of self-focusing and defocusing terms. 

.4. Modulational stability of the CW state 

It is also relevant to address the modulational (in)stability of 

he CW state given by expressions (2) and (7) . As it is well known,

he constant-amplitude solution of the usual DNLS equation with 

he self-focusing sign of the onsite nonlinearity is always unstable, 

n the absence of the damping and parametric drive [84] . In the 

resent case, a perturbed form of the CW solution is sought for as 

 

j (t) = B 

( ±) 
0 

[
1 + a j (t) 

]
exp 

[
∓iδ0 + iχ j (t) 

]
, (13) 

here ∓ has the same meaning as in Eq. (2) . The substitution of 

his expression in Eq. (1) and the subsequent linearization with 

espect to small perturbations, a j (t) and χ j (t) , leads to a system 

ith the following evolution equations for the perturbations, 

da j 

dt 
= ε

(
χ j+1 + χ j−1 − 2 χ j 

)
− 2 γ sin ( 2 δ) χ j , 

dχ j 

dt 
= −ε

(
a j+1 + a j−1 − 2 a j 

)
− 2 

(
B 

( ±) 
0 

)2 
a j − 2 γ cos ( 2 δ) χ j . (14) 

Eigenmodes of the small perturbations, with instability growth 

ate σ (that may be complex-valued) and real wavenumber k, are 

ooked for in the usual form, 

a j (t) , χ j (t) 
}

= 

{
a (0) , χ(0) 

}
exp (ik j + σ t) . (15) 
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Fig. 2. Localized disorder sate. Panels (a), (b), and (c) display the input, transient, and established localized states, generated by simulations of Eq. (1) with ε = 0 . 51 , 

α = 0 . 35 , γ = 1 . 01 , and ν = −1 . 15 at three instants of time t 0 = 0 , t i = 11 , and t f = 300 . Panels (d), (e), and (f) display the corresponding solutions for the extended state 

that occupies the entire spatial domain at the same value of the parameters. Both the localized and extended states are filled by the LW ( leaping wave ). The red lines 

represent CW amplitudes described by Eq. (7) for the given values of α, γ , and ν . (For interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.) 

Fig. 3. Disordered localized state. Panels (a) and (b) show the squared absolute value, | A j | 2 , for the robust confined localized state and the extended one, respectively, filled 

by the LW (leaping wave). Panels (c) and (d) show the spatiotemporal evolution of Re 
(
A j (t) 

)
from the flat-amplitude inputs towards the final states depicted in (a) and (b), 

respectively. The solutions are produced by Eq. (1) at γ = 0 . 55 , ν = −1 . 0 with α = 0 . 35 and ε = 0 . 51 . 

4 
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Fig. 4. Chimera states. Spatiotemporal evolution of Re 
(
A j (t) 

)
for three species of self-confined chimera states, generated by simulations of Eq. (1) . (a) A disorder localized 

state, found for γ = 0 . 67 , ν = −1 . 0 , with λmax = −0 . 011 . (b) A quasi-periodic chimera, for γ = 0 . 75 and ν = −0 . 80 , with λmax = −5 . 54 × 10 −5 . (c) A chaotic chimera, for 

γ = 0 . 90 and ν = −1 . 2 , with λmax = 0 . 07 . 

Fig. 5. The power spectrum, S( f ) , of the time-dependent total norm, Q(t) , defined 

as per Eq. (27) . Panels (a) and (b) correspond to the quasi-periodic and chaotic 

chimeras, displayed in Fig. 4 (b) and (c), respectively. The corresponding time de- 

pendences Q(t) [see Eq. (26) ] are displayed in the insets. 

T

t

σ

×
I  

fi

a  

g

t

t

α

T

E  

m

c  

a

p

s

b

g

b

E

w

i  

i

w

a

2

s

s

a

c

−
F

A

w  

t

−(

S

s

ε

I

t

t

i  

A

A

T

e

he substitution of ansatz (15) in Eq. (14) yields a dispersion equa- 

ion for σ (k ) 

( σ + 2 α) + 

[
4 ε sin 

2 
( k/ 2 ) ∓ 2 γ sin ( 2 δ) + 2 ν

]
[
4 ε sin 

2 
( k/ 2 ) ∓ 2 γ sin ( 2 δ) 

]
= 0 . (16) 

t is easy to see that the continuum limit of Eq. (16) , which is de-

ned as per Eq. (6) , always gives rise to instability (represented by 

 root with σ > 0 ). On the other hand, the analysis reveals a re-

ion in the parameter space in which Eq. (16) secures stability of 

he CW in the above-mentioned relevant case, with ν < 0 and the 

op sign in Eqs. (2) , (7) , and (16) 

2 + 4 ε2 ≡
(
γ 2 

min 

)
CW 

< γ 2 < α2 + ν2 ≡ γ 2 
max . (17) 

he self-consistency condition for the double inequality in 

q. (17) is ε < | ν| / 2 . Here the left inequality is the CW

odulational-stability condition proper, while the right one is 
5 
opied from the top line of Eq. (5) . Therefore, the CW state (2) with

mplitude B (+) 
0 

and zero solution are simultaneously stable in the 

arameter window defined by Eq. (17) . The possibility of the re- 

pective bistability is relevant to the present work, which aims to 

uild up stable nonzero modes on top of the stable zero back- 

round (although, as shown above, these two stable states cannot 

e connected by a transient-layer solution). 

On the other hand, straightforward consideration of 

q. (16) demonstrates that, in the same case, the CW state 

ith smaller amplitude, which corresponds to the bottom sign 

n Eqs. (2) , (7) , and (16) , is always subject to the modulational

nstability. Another obvious corollary of Eq. (17) is that (as it is 

ell known [84] ) the stability interval (17) does not exist in the 

bsence of the drive and damping, γ = α = 0 . 

.5. Staggered states 

In addition to the stationary solutions with the fixed phase con- 

idered above in the form of ansatz (2) , it is possible to introduce 

taggered solutions of Eq. (1) , with alternating signs of amplitudes 

t adjacent sites of the lattice, A 

j ≡ (−1) j ˜ A 

j . This transformation 

asts Eq. (1) in the form of 

d ̃  A 

j 

dt 
= iε( ̃  A 

j+1 + 

˜ A 

j−1 + 2 ̃

 A 

j ) − i | ̃  A 

j | 2 ˜ A j 

iν ˜ A 

j + γ
(

˜ A 

j 
)∗ − α ˜ A 

j . (18) 

urther, the substitution of 

˜ 
 

j = 

˜ B 

j exp ( ∓iδ0 ) , (19) 

ith the same δ0 as in Eq. (2) and real discrete field 

˜ B j , leads to

he respective stationary equation, 

ε( ̃  B 

j+1 + 

˜ B 

j−1 + 2 ̃

 B 

j ) + 

(
˜ B 

j 
)3 = 

−ν ±
√ 

γ 2 − α2 

)
˜ B 

j . (20) 

olutions to Eqs. (18) and (20) can be obtained from the above un- 

taggered ones by substitution 

→ −ε, ν → ν − 4 ε. (21) 

n particular, a solution to Eq. (20) with constant ˜ B j gives rise to 

he following staggered version of the CW state, which can be ob- 

ained from the CW solution (7) via substitution (21) (the solution 

s written here in terms of the original lattice field A 

j , rather than
˜ 
 

j ): 

 

j = (−1) j 
√ 

4 ε − ν ±
√ 

γ 2 − α2 exp ( ∓iδ0 ) . (22) 

wo different solutions given by Eq. (22) with opposite signs ±
xist if, as above, condition γ > α holds, and the intersite coupling 
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Fig. 6. Dynamical indicators. (a) LLE and (b) time-average of the total norm 〈 Q 〉 as functions of γ for fixed negative values of ν, which are indicated in the panels. Other 

parameters in Eq. (1) are μ = 0 . 35 , ε = 0 . 51 , and α = 0 . 35 . In shaded areas the stationary LW (leaping wave), filling the entire lattice, is unstable. 
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Fig. 7. Different species of robust self-confined states, generated by simulations 

of Eq. (1) with the same localized input (shown in the inset), are chartered in 

the parameter plane of the detuning, ν, and parametric-drive’s strength, γ , for a 

fixed inter-site coupling constant, ε = 0 . 51 , and the value of the dissipation coeffi- 

cient fixed by the rescaling, α = 0 . 35 . Blue diamonds, green circles, and red squares 

represent, respectively, stable localized disorder state, chimera with quasi-periodic 

evolution, and chaotic spatiotemporal dynamics in the spatially confined area. The 

dashed horizontal line, γ = α ≡ 0 . 35 , is the boundary above which two CW states 

(7) exist at ν < 0 . Only the CW state may exist, as a stable one, above the green 

continuous curve, i.e., at γ > γmax = α2 + ν2 [see the top line in Eq. (5) ], where the 

zero solution and, hence, any finite-width chimera as a whole are unstable. Indeed, 

for α = 0 . 35 and ε = 0 . 51 , the stable CW exists at γ > 

√ 

α2 + 4 ε2 ≈ 1 . 08 [as per the 

left-hand inequality in Eq. (17) ], i.e., above the area displayed in the present figure. 

No stable nonzero states are produced by the simulations in the white area to the 

left of the filled region. (For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 

3

3

c

R

trength is subject to constraint 

> (1 / 4) 
(
ν + 

√ 

γ 2 − α2 

)
. (23) 

n particular, for ν < 0 condition (23) holds if γ satisfies inequality 

8) , the same one which is necessary for the coexistence of two 

nstaggered CWs given by Eqs. (2) and (7) . 

Further, staggered decaying-tail solutions of the linearized ver- 

ion of Eq. (20) , in the form of ˜ B j = ̃

 b 0 exp ( −q | j| ) , which make 

ossible to connect zero and nonzero states [cf. Eq. (9) ], are ob- 

ained from Eq. (10) with the help of substitution (21) : 

osh 

2 
( q/ 2 ) = ( 4 ε) 

−1 
(
ν ∓

√ 

γ 2 − α2 

)
, (24) 

hile the stability conditions for the zero solution keep the form 

f Eq. (5) . In the case of ν < 0 (negative detuning), the tail solution

24) exists solely under condition γ 2 > α2 + ν2 , which makes the 

ero state unstable, as per the top line in Eq. (5) . Hence, the stag-

ered CW solution cannot coexist with stable zero, as parts of a 

himera or localized state. In the case of positive detuning, ν > 0 , 

 possibility of building a chimera combining the stable zero and 

 stable staggered CW is not promising either, because conditions 

ecessary for the existence of tail (24) , i.e., cosh 

2 
( q/ 2 ) > 1 , and of

wo CW states, as given by Eq. (22) , contradict each other. 

Lastly, as a generalization of the staggered solutions, it is pos- 

ible to introduce “twisted” ones (so named following Ref. [85] ), 

n which stationary field B j [defined as in Eq. (2) ] takes opposite 

alues at sites separated by ones with B j = 0 : 

 

j = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

√ 

2 ε − ν ±
√ 

γ 2 − α2 , j = 4 n, 

0 , j = 1 + 2 n, 

−
√ 

2 ε − ν ±
√ 

γ 2 − α2 , j = 2 ( 1 + 2 n ) , 

(25) 

f. Eqs. (7) and (22) . In this work, we do not aim to consider pat-

erns of this type in detail. 
6 
. Localized states 

.1. Localized disorder states 

The underlying Eq. (1) with the above-mentioned boundary 

onditions was solved by means of a variable-step fifth-order 

unge-Kutta scheme that ensures the relative precision of 10 −7 
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Fig. 8. Existence regions of different stable states as a function of the intersite 

coupling constant, ε, at fixed values of the drive’s strength, γ = 0 . 95 , and detun- 

ing, ν = −1 . 11 . The localized states (localized disorder and chimeras) are stable in 

the interval of 0 . 44 < ε < 0 . 81 . At ε < εcrit ≈ 0 . 44 [see Eq. (30) ], stable states, de- 

pending on the initial conditions, are uniform CWs or broad flat patches of CWs, 

bounded by narrow transient layers with sharp (but low) peaks, see Fig. 9 . At 

ε > 0 . 81 , Eq. (1) gives rise to stable delocalized patterns with zero crossings (not 

considered here in detail). 
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91] . The integration was performed up to t = 4 . 8 × 10 3 , which is

ssentially larger than the sufficient time for the establishment of 

arious static and dynamical states. To identify the region of exis- 

ence of chimera states, we have first produced stable patterns fill- 

ng the entire solution domain. Then, the numerical solution pro- 

uced chimeras by taking parameters from the patterns’ stability 

rea, and running simulations of Eq. (1) with inputs in the form 

f a localized segment of the extended pattern, set in the central 

art of the integration domain. The same localized states could be 

roduced from a simpler input, taken as a rectangular box with 

 constant amplitude in a central segment of the integration do- 

ain, letting it evolve into a static or dynamical chimera of ap- 

roximately the same width, see an example below in Fig. 4 (c). 

The forcing, damping, and detuning terms play a crucial role in 

he formation of various states in the present model. As said above, 

he damping coefficient is fixed to be constant through rescal- 

ng, α = 0 . 35 , therefore results were collected by varying γ and 

, while (in most cases) the intersite coupling constant was kept 

onstant, at value ε = 0 . 51 , which allows to present generic find-

ngs. 

Fig. 2 shows examples of stationary states, produced as numer- 

cal solutions of Eq. (1) with γ = 1 . 01 and ν = −1 . 15 . Panel (a)

isplays the above-mentioned input, taken as a rectangular box 

ith a flat amplitude. Panel (b) represents a transient state pro- 

uced in the course of the evolution, that leads to the establish- 

ent of the stationary localized disorder depicted in panel (c). It 

s a finite-length patch of a quasi-regular LW separated by steep 

dges (fronts) from the zero state. This localized disorder state is 

table and motionless at the present values of the parameters, ac- 

ording to the top line in Eq. (5) . 

Further, panel (f) displays a stationary LW pattern occupying 

he entire integration domain, obtained via an intermediate state 

panel e)) from the input shown in panel (d). It was introduced as 

 small-amplitude periodic wave with the mean value close to the 

W amplitude B + 
0 
, given by Eq. (7) for current values of the param-

ters: B ( 
+ ) 

0 
≈ 1 . 448 and B ( 

−) 
0 

≈ 0 . 450 . The periodic component was

dded to the input to initiate the development of the extended LW 

tate. Note that both values B ( 
±) 

0 
are clearly visible as the limits, 

hown by red lines in panels (c) and (f), between which the LW 

scillates in both the confined (localized disorder state) and ex- 

ended states. The numerical data demonstrate that the stationary 

olutions displayed in panels (c) and (f) have a spatially uniform 

hase. 

Similar dynamics is observed at other values of the parame- 

ers. In particular, Fig. 3 displays the full picture of the estab- 

ishment of the patch-shaped (localized disorder state) state with 

he LW structure, and its counterpart filling the entire domain, at 

= 0 . 55 , ν = −1 . 0 , α = 0 . 35 , and ε = 0 . 51 . Fig. 3 (c) and (d) cor-

oborate the modulational instability of the above-mentioned CW 

tate, with B ( 
+ ) 

0 
≈ 1 . 448 , in the confined and fully extended forms 

like, in agreement with the fact that the current parameter values 

o not satisfy the left-side inequality in the CW stability condition 

iven by Eq. (17) . The observation that the instability onset and 
7 
evelopment are essentially the same in panels (c) and (d) is ex- 

lained by the fact that the instability maximum determined by 

q. (16) corresponds to k = π, hence the corresponding perturba- 

ion wavelength, 2 π/k = 2 , is much smaller than the width of the

nitial CW domains in both panels. 

Another essential conclusion suggested by Figs. 2 and 3 is that 

 sharp edge separating the zero and nonzero parts of the finite- 

ize patch (localized stated) is always stable, which makes it possi- 

le to build up a stationary localized disorder state of an arbitrary 

ize, confined by a pair of edges. Thus, the system demonstrates 

ultistability, including localized states of different sizes, as well 

s configurations with two or several localized domains separated 

y zero-amplitude segments (not shown here). 

.2. Dynamical indicators 

To characterize different nature of dynamical behavior of local- 

zed states, we use, first, the scaled total norm, which (along with 

he Hamiltonian) is a dynamical invariant of the DNLS equation in 

he absence of the damping and drive [58] , while in the present 

ase it is a function of time, in non-stationary states: 

(t) = 

1 

N 

N ∑ 

j=1 

| A 

j (t) | 2 . (26) 

n the case of time-dependent Q(t) , we computed its power spec- 

rum, 

( f ) = | F ( f ) | 2 , (27) 

s a function of frequency f [related to the angular frequency as 

f = ω/ ( 2 π) ], where the Fourier transform of Q(t) is defined as 

 ( f ) = 

1 √ 

2 π

∫ t max 

0 

Q(t ) exp ( −i f t ) dt . (28) 

 general principle is that S( f ) features a quasi-discrete spectrum, 

ith a set of narrow peaks, for regular solutions, which exhibit 

quasi-) periodic evolution in time. On the other hand, the spec- 

rum is expected to be an essentially continuous one if the un- 

erlying time-dependent solution can be of chaotic nature [92] , 

ee also a recent realization of the principle for the nonlinear 

chrödinger equation with a trapping potential [93] . 

Another relevant indicator characterizing the dynamical behav- 

or is the largest Lyapunov exponent (LLE), λmax [92,94] . When the 

ystem is chaotic, two trajectories, that were infinitesimally close 

nitially, separate in the phase space exponentially, the distance be- 

ween them growing ∼ exp ( λmax t ) , with λmax > 0 . On the other 

and, close trajectories converge to the same non-chaotic attrac- 

or if λmax < 0 . The marginal case of λmax = 0 implies that the be-

avior is time-periodic, quasi-periodic, or complex behavior with 

ower sensitivity to initial conditions. LLE is widely used to quan- 

ify regular and chaotic evolution in diverse dynamical systems, 

ee, e.g., Refs. [94–102] . 

.3. Chimera states 

To collect systematic numerical data, we ran simulations of 

odel Eq. (1) with the initial state in the form of a state with

 flat amplitude, filling a central segment of the integration do- 

ain, as shown above in Figs. 2 (a) and 3 (c). Generic results, ob- 

ained at different values of the driving strength, γ , and negative 

etuning, ν, are displayed in Fig. 4 , in the form of established dy- 

amical regimes, observed in the course of a long simulation inter- 

al, 0 < t < 10 0 0 . All these self-sustained states were created in a

nite lattice segment, 100 < j < 160 . 

In panel 4 (a), the evolution at γ = 0 . 67 and ν = −1 . 0 leads to

he establishment of a stable time-independent localized disorder 



A.M. Cabanas, J.A. Vélez, L.M. Pérez et al. Chaos, Solitons and Fractals 146 (2021) 110880 

Fig. 9. Re 
(
A j 

)
for stable states in the form of confined flat (CW) patches, bounded by narrow layers with sharp peaks. The states are obtained at γ = 0 . 95 , ν = −1 . 11 , and 

α = 0 . 35 (the same as in Fig. 8 ), with ε = (0 . 40 , 0 . 31 , 0 . 22 , 0 . 18) , as color coded in the right panel (which provides a zoom of the sharp peaks). Note that all these values of 

the lattice coupling constant belong to the region (30) . 
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tate. In this case, the respective value given by the top line in 

q. (5) is γmax ≈ 1 . 06 , hence the zero background is indeed stable.

he regular behavior of this localized state as a whole is corrobo- 

ated by the computation of the respective LLE, which is found to 

e negative, λmax = −0 . 011 . 

Next, increasing the strength of the forcing, a chimera featur- 

ng quasi-periodic temporal dynamic is displayed in panel 4 (b) for 

= 0 . 75 and ν = −0 . 80 , which is closer to the respective stabil-

ty boundary for the zero state, viz ., γmax ≈ 0 . 87 , as per the top

ine in Eq. (5) . Notice that this solution accounts for a coexis- 

ence of coherent and incoherent domains. In this case, LLE is 

max = −5 . 54 × 10 −5 ± 5 . 72 × 10 −6 , which is actually a numerical

ero, as may be expected for quasi-periodic states. Finally, a chaotic 

himera, featuring apparently random spatiotemporal dynamic at 

= 0 . 90 and ν = −1 . 2 in a self-confined segment of the lattice, is

isplayed in panel (c). In the latter case, Eq. (5) yields γmax ≈ 1 . 25 ,

ence the zero background remains stable. The numerically com- 

uted LLE is positive, λmax = 0 . 07 , which clearly corroborates the 

haotic character of the state as a whole [92] . 

To gain deeper understanding of the dynamics, the quasi- 

eriodic and chaotic character of the chimeras displayed in 

ig. 4 (b) and (c) is quantified by the corresponding power spec- 

ra, defined as per Eq. (27) , which are presented in Fig. 5 (a) and

b), respectively. As expected, the spectrum is quasi-discrete for the 

uasi-periodic oscillations and continuous for the chaotic dynam- 

cs. The previous analysis allows us to conclude that the emergence 

f quasi-periodic and chaotic chimeras follows a route of extended 

uasi-periocity [103] . 

The effect of the strength of the parametric forcing, γ , on prop- 

rties of the states under the consideration is represented by Fig. 6 , 

hich shows LLE and the time-average value of the total norm, 

 

Q 〉 = t −1 
max 

∫ t max 

0 

Q(t ) dt , (29) 

s functions of γ , at different fixed values of detuning parameter 

, for the self-confined states created in the above-mentioned lat- 

ice segment, 100 < j < 160 . The transition from regular to chaotic 

ynamic with the increase of the forcing strength, γ , i.e., from 

max ≈ 0 to definitely positive values of λmax , coincides with the 

ransition from nearly constant to growing values of 〈 Q 〉 . Both phe- 

omena are manifestations of the phase transition from regular 

ynamic to chaos, which takes place at a critical point, γ = γcrit . 

or example, γcrit (ν = −0 . 90) ≈ 0 . 92 and γcrit ( ν = −1 . 05 ) ≈ 0 . 90 ,

hile the respective values given by Eq. (5) are γmax ( ν = −0 . 9 ) ≈
 . 966 and γmax ( ν = −1 . 05 ) ≈ 1 . 107 [recall we have fixed the dissi- 
8 
ation constant in Eq. (1) as α = 0 . 35 , by means of scaling]. Thus,

he transition to the chaotic dynamic happens when the zero state 

s still stable, at γ < γmax . Generally, ratio γcrit /γmax takes values 

etween 0.81 and 0 . 90 . 

Moreover, in the shaded area in Fig. 6 direct simulations 

emonstrate that the extended LW state is unstable. Thus, in an 

nterval of the drive’s strength between γcrit and the left edge of 

he shaded area the dynamic is categorized as chaotic, while the 

xplicit LW instability does not set in, as yet. The “delay” of the 

nset of the instability after the transition to the positive LLE may 

e a consequence of the finite width of the self-confined patch 

localized state) filled by LW. Finally, stable CWs are easily found 

t γ > ( γmin ) CW 

, where, for the current values of the parameters, 

= 0 . 35 and ε = 0 . 51 , the left-hand inequality in Eq. (17) gives

 

γmin ) CW 

≈ 1 . 08 . 

Results of the systematic numerical analysis are summarized in 

ig. 7 , which is a chart designating different established states in 

he parameter plane of ( ν, γ ) . The states are categorized, with the 

elp of the value of LLE, λmax , and the character of the power 

pectrum of Q(t) (quasi-discrete or continuous), as stationary, tem- 

orarily quasi-periodic, or chaotic self-confined chimeras (blue di- 

monds, green circles, and red squares, respectively, in Fig. 7 ). The 

esults were generated by means of sufficiently long simulations of 

q. (1) , initiated, at all values of ν and γ , by the rectangular ex- 

itation field displayed in the inset to Fig. 7 . The localized states, 

hich include extended segments of the stable zero solution, exist 

etween the dashed horizontal line, γ = α ≡ 0 . 35 , and the solid 

reen curve, γ = γmax [see the top line in Eq. (5) ]. These bound- 

ries correspond, respectively, to the above-mentioned saddle-node 

nd inverse pitchfork bifurcations. In particular, at values of the 

rive’s strength γ < 0 . 48 and 0 . 55 < γ < 0 . 65 for ν > −1 . 0 the

hart contains only stationary chimeras. 

We stress that the model obviously features multistability, as 

ifferent species of the stable state coexist at the same values of 

he parameters. In particular, as mentioned above (see Figs. 2–4 ), 

q. (1) admits bistability between localized and delocalized states, 

hich are readily found as stable solutions at the same values of 

he parameters, the choice between them being determined by the 

nitial conditions. 

The above results were obtained for the fixed value of the in- 

ersite coupling constant, ε = 0 . 51 . It is also relevant to consider 

ffects of variation of ε. In Fig. 8 we report the results for fixed 

= 0 . 95 and ν = −1 . 11 , the respective value given by the top

ine of Eq. (5) being γmax ≈ 1 . 16 . The figure demonstrates that, at 

< 0 . 44 , the simulations produce no chimeras, which are ousted 
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Fig. 10. Stable randomly shaped patterns produced by the simulations at the same fixed values of the parameters, γ = 0 . 95 , ν = −1 . 11 , and α = 0 . 35 , as in Figs. 8 and 9 . 

The patterns are produced at gradually increasing values of the lattice coupling constant, ε, which leads to deeper zero crossing. The left and right columns display, severally, 

confined and extended patterns, produced by respective inputs. 
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y the stable uniform CW, in exact agreement with the left-hand 

nequality in Eq. (17) , which shows that CWs are stable at 

< εcrit ≡ (1 / 2) 
√ 

γ 2 − α2 ≈ 0 . 44 , (30) 

or γ = 0 . 95 and α = 0 . 35 . Detailed simulations demonstrated that,

n the same region at ε < εcrit , the established numerical solution 

epends on initial conditions. If an extended pattern is taken as 

he input, simulations establish a uniform CW with amplitude B + 
0 
, 

ee Eq. (7) . On the other hand, the input in the form of a localized

egion filled by the LW gives rise to robust solutions in the form of 

ide but confined flat CW patches, which are bounded by narrow 

ransient layers including sharp (but relatively low) peaks, such as 

he ones shown in Fig. 9 . Because of the presence of the peaks,

hese states cannot be predicted by ansatz (11) considered above. 

he right panel on Fig. 9 demonstrates that the height of the peaks 

iminishes with the decrease of ε. 

As shown in Fig. 8 , for the same fixed values γ = 0 . 95 and

= −1 . 11 , stable finite-width chimeras are produced by numeri- 

al simulations in an interval of values of the coupling constant 

 . 44 < ε < 0 . 81 . Lastly, at ε > 0 . 81 , the former chimera patterns

cquire zero points (originally falling to A j = 0 , and then crossing 

ero), as shown in Fig. 10 . However, these states are different from 

he zero-crossing twisted ones, given by Eq. (25) , as they are ap- 

arently randomly built patterns. As shown in Fig. 10 , they may 

eature both confined and extended shapes, depending on the in- 

ut. 

. Conclusion 

In this work, we have presented chimera states and localized 

isordered states found in the parametrically driven discrete dis- 
9 
ipative system, modeled by the damped DNLS equation with the 

nsite parametric drive. The system can be implemented as an ar- 

ay of optical fibers in which losses are compensated by the para- 

etric amplification. The localized states are built as finite seg- 

ents filled by a pattern which may be a stationary LW (a spa- 

ially leaping wave oscillating between lattice sites), or, depending 

n parameters, an LW featuring quasi-periodic or chaotic time de- 

endence. The segment is connected by steep fronts to stable zero 

tates (in this sense, it is a chimera combining stable nonzero and 

ero modes). The dynamics of the chimeras is characterized by the 

ime dependence of the total norm, and by LLE (the largest Lya- 

unov exponent). Our analysis reveals a specific region of parame- 

ers in which robust localized disordered and chimeras states exist, 

he strength and detuning of the parametric drive being the essen- 

ial control parameters. The dependence of the existence region on 

he strength of the intersite coupling, ε, is considered as well. Be- 

ides, for smaller values of ε, stable states are represented by flat 

W patches, which are confined by narrow transient layers con- 

aining sharp peaks. A part of the numerical findings is explained 

y analytical results that address the existence and stability of the 

ero and uniform CW states. 

As an extension of the analysis, it may be relevant to consider 

himera states in the two-dimensional version of the present sys- 

em. Work in this direction is in progress. 
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