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a b s t r a c t 

Coupled oscillators exhibit intriguing dynamical states characterized by the coexistence of 

coherent and incoherent domains known as chimera states. Similar behaviors have been 

observed in coupled systems and continuous media. Here we investigate the transition 

from motionless to traveling chimera states in continuous media. Based on a prototype 

model for pattern formation, we observe coexistence between motionless and traveling 

chimera states. The spatial disparity of chimera states allows us to reveal the motion 

mechanism. The propagation of chimera states is described by their median and centroidal 

point. The mobility of these states depends on the size of the incoherent domain. The bi- 

furcation diagram of traveling chimeras is elucidated. 

© 2020 Elsevier B.V. All rights reserved. 

 

 

 

 

 

1. Introduction 

In recent years the so-called chimera states, defined as dynamical behaviors having coexistence of coherent and inco- 

herent domains, have attracted the attention of the scientific community [1–22] . Since the seminal work of Kuramoto and

Battogtokh [2] , the universal phenomenon of chimeras states has been intensively studied. Most of these studies focus on 

discrete systems of coupled oscillators and only recently the dynamical richness of chimera solutions in continuous models 

has been explored [23,24,26,27] . In continuous media, the chimera states can be understood as localized spatiotemporal 

complex patterns resulting from a symmetry breaking. These localized structures can be of spatiotemporal chaotic, chaotic, 

or quasi-periodic nature. Experimentally, these states were reported in a liquid crystal light valve with optical feedback 

(termed Chaoticons [23,24] ) and in fluids (identified as localized turbulence [28] ). A requirement for observing chimera 

states in continuous media is the coexistence between a chaotic spatiotemporal or quasi-periodic pattern and a homoge- 

neous state. The origin by which the domains are blocked is because the pattern in the interfaces induces a barrier, pinning

effect [23,24,29] . As a result of this mechanism, one expects to find a family of localized solutions organized through a

snaking type bifurcation diagram [30] . The discrete counterpart of the snaking type bifurcation diagram for chimera states 

has also been reported [15–18] . 

Experimentally, chimera states have been observed in discrete coupled systems in the following contexts: chemical oscil- 

lators [4] , neurodynamics [19] , liquid crystals [5] , optoelectronic delayed feedback setup [20] , laser diode coupled to a non-

linear saturable absorber [21] , and laser diode subjected to a coherent polarization [22] , among others. Chimera solutions
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Fig. 1. (color online) Coexisting motionless and traveling chimera states. Spatiotemporal diagram of motionless (a) and traveling chimera state (b) for 

Eq. (1) when η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = −1 . 5 , and c = 10 . The top and bottom panels account for the profiles of the chimera state at the initial 

u (x, t = t i = 0) and final u (x, t = t f = 15 × 10 5 ) instant of the spatiotemporal diagram. 

 

 

 

 

 

 

can be interpreted as particle-type solutions; that is, these solutions can be characterized by a set of continuous parameters 

such as the position and width. They can be motionless [3] , propagative [31–33] , or wandering [34] in their position or cen-

troid. The localized structures can move as a result of external symmetry-breaking instability induced by a phase gradient 

[35] , off-axis feedback [36] , resonator detuning [37] , and space-delayed feedback [38] . Likewise, internal symmetry-breaking 

instability can induce propagative localized states [39,40] . Indeed, when a parameter is modified in continuous media, lo- 

calized solutions become asymmetric and propagate due to non-variational effects. The dynamics of localized states can 

be described by the median and centroid. The median is defined as the middle point of the incoherent (spatiotemporal)

domain. Meanwhile, the centroid is the point defined by the profile weighted average of the localized state. In general, for

asymmetric solutions, both quantities do not coincide. The difference between these quantities accounts for the disparity. 

In this manuscript, we aim to investigate traveling chimera states in continuous media. Fig. 1 illustrates, for the same

parameters, a motionless and traveling chimera state. Using a prototype model for pattern formation, the non-variational 

Turing-Swift-Hohenberg equation, we unveil the transition of chimera states from motionless to propagative. Since this 

transition is subcritical, depending on the initial conditions the system would exhibit coexistence between chimera states 

of different sizes and speeds. Indeed, a family of propagative chimera states and their respective bifurcation diagram is 

presented. The motion mechanism of chimera states can be characterized using their spatial disparity. Notice that in spite 

of their spatiotemporal chaotic nature, traveling chimera states propagate with a well-defined oscillatory speed. 

The rest of the article is organized as follows. In Section 2 , the mathematical model for pattern formation used through-

out the paper as well as their chimera solutions are introduced. Section 3 presents a characterization of chimera solutions in
2 
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terms of the temporal evolution of their centroid, median, and disparity. Section 4 is devoted to the study of the propagation

of chimera states as a function of their width. Concluding remarks are presented in Section 5 . 

2. The non-variational Turing-Swift-Hohenberg equation 

A prototype model in pattern formation is the Swift-Hohenbeg equation [41] . This model, originally deduced to describe 

the pattern formation on Rayleigh-Bénard convection [41] , is an isotropic real order parameter nonlinear equation with 

reflection symmetry. 

A recent paper [42] , has shown that Alan Turing derived essentially the same equation in a completely different con-

text. In his unpublished draft notes entitled “‘Outline of the development of the Daisy”, Turing anticipates pattern formation 

based on the interaction of Fourier modes, proposing the equation and organizing the stability of symmetric pattern solu- 

tions through symmetry. As a recognition to both origins of the equation and to emphasize its robustness, from here on we

will refer to this model as the Turing-Swift-Hohenbeg equation . 

A generalization of this equation, including reflection symmetry breaking terms, describes the dynamics of a system in 

the vicinity of a spatial symmetry breaking instability and close to a second-order critical point marking the onset of a

hysteresis loop. This critical point is denominated as the Lifshitz point [43] . Due to the universality of this bifurcation, this

generalized model has been deduced in several contexts such as chemistry [44] , plant ecology [45,46] and nonlinear optics

[47] . 

This model exhibits extended patterns as well as localized structures as equilibrium solutions. However, due to its vari- 

ational nature, these structures do not have permanent dynamics. In this manuscript, we will consider a non-variational 

generalization. For a one dimensional spatially extended systems, the model is given by Residori et al. [48] , Clerc et al.

[49] , 

∂ t u = η + μu − u 

3 − ν∂ xx u − ∂ xxxx u + 2 bu∂ xx u + c(∂ x u ) 2 , (1) 

where u = u (x, t) is a real scalar field, function of the spatial coordinate x and time t . The interpretation of u depends on

the physical context where the model has been derived. For instance, it could correspond to the electric field, deviation of

molecular orientations, phytomass density, or chemical concentration [48–50] . Regarding the parameters, μ is the bifurca- 

tion parameter responsible for the bistability of the homogeneous equilibria. The parameter η is also a bifurcation parameter, 

breaking the reflection symmetry of the scalar field ( u → −u ) and therefore accounts for the asymmetry between homoge-

neous states. The term proportional to ν account of the diffusion ( ν < 0) or anti-diffusion process ( ν > 0). The symbols ∂ xx 

and ∂ xxxx stand for the Laplacian and bilaplacian, respectively. The bilaplacian term accounts for a hyper-diffusion process. 

Terms proportional to b and c , account for nonlinear diffusion and advection, respectively. Notice that when η = b = c = 0 ,

one recovers the Turing-Swift-Hohenbeg equation. 

2.1. Chimera states in continuous media 

For a certain region of parameters, model Eq. (1) exhibits coexistence between a chaotic spatiotemporal pattern and a 

uniform state [23] . In Ref. [51] a detailed study of the chaotic spatiotemporal pattern is reported. As stated before, the coex-

istence of these behaviors is a prerequisite for observing spatiotemporal chaotic localized states, chaoticons or chimera states 

in continuous media. A numerical investigation on this parameters region shows that depending on the initial conditions, 

localized structures of stationary [47] , oscillatory [49] , and chaotic [23] nature can be observed. Moreover, the width of these

localized structures seems to quantify the complexity of their behavior. A wider localized structure allows the existence of 

a higher number of spatial modes and therefore the number of positive Lyapunov exponents increases [23] . 

The conducted numerical study considers simulations of model Eq. (1) with periodic boundary conditions. Integration 

was implemented using a fourth-order explicit Runge-Kutta scheme for the time with a fixed time-step size and a finite 

differences scheme in space with a centered stencil of 7 grid points. dx = 0 . 6 and grid size L = 400 . The results presented

in this manuscript consider, for the sake of reproducibility, the fixed numerical parameters (d t, d x, L ) = (0 . 01 , 0 . 6 , 400) . We

have numerically confirmed that these results hold for different values of the numerical parameters. Likewise, for simplic- 

ity, we have only varied the non-variational parameter c to study chimera states. However, the reported findings are also 

observed for different values of the other parameters. 

Fig. 1 shows a motionless (left panel) and traveling (right panel) chimera-type states observed for the same parame- 

ters and different initial conditions. A well-defined speed for the traveling chimera can be observed in the spatiotemporal 

diagram [cf. Fig. 1 (b)]. The motionless (traveling) chimera is characterized on average by being symmetric (asymmetric). 

To obtain chimera states, we use as initial conditions asymmetric Gaussians with different widths and heights sustained 

by the steady homogeneous state. Symmetric and asymmetric Gaussians initial conditions were used for Fig. 1 . Chimera 

states in continuous media can be understood as stable equilibrium points of the interaction of fronts that separate the 

coherent and incoherent domains [23,24] . They can be considered as attractors and consequently any localized initial con- 

dition with size and amplitude similar to a chimera state will converge to it. Consequently, any localized initial condition 

with size and amplitude similar to a chimera state will converge to it. 

To figure out the complexity of motionless and traveling chimera states for the same parameters, we have computed the 

instantaneous and average power spectrum of each state, a [ u ] ≡ | ∫ L/ 2 −L/ 2 e 
iκx u (x, t) | 2 dx and 〈 a [ u ] 〉 ≡ ∫ T 

0 a [ u (t , k )] dt /T , respec-
3 
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Fig. 2. (color online) Motionless versus traveling chimera state. Power spectra of motionless (a) and traveling chimera state (b). The top and bottom panels 

account for the instantaneous a [ u ] and average 〈 a [ u ] 〉 power spectrum. Insets in top panels stand for spatiotemporal evolution of the motionless and 

traveling chimera states, respectively. Median evolution of motionless (c) and traveling (d) chimera states. 

 

 

tively. Fig. 2 depicts the power spectra of motionless and traveling chimera state and the evolution of their median. These

spectra reveal the complex spatiotemporal nature of both states. Although the spectra of traveling and motionless chimera 

share many features, the extra complexity exhibited by the motionless one allows a distinction via the power spectrum (see 

bottom panels of Fig. 2 a and b). 

3. Propagation characterization of chimera state 

To shed light on the collective dynamics of chimera-like states, let us consider as a order parameter, the centroid of the

localized structure, 

ρ0 (t) ≡
∫ L/ 2 
−L/ 2 x (u (x, t) − h ) dx 
∫ L/ 2 
−L/ 2 ( u ( x, t) − h ) dx 

, (2) 
4 



A.J. Alvarez-Socorro, M.G. Clerc and N. Verschueren Commun Nonlinear Sci Numer Simulat 94 (2021) 105559 

Fig. 3. (color online) Propagation characterization of a chimera state for Eq. (1) with η = −0 . 04 , μ = −0 . 09 , ν = 1 , b = −1 . 5 , and c = 10 . (a) Profile of 

a propagative chimera-like at a given time. Its centroid ρ0 and median ρm are indicated by the red and green dashed vertical line, respectively and h 

accounts for the background value of the chimera state. (b) Temporal evolution of the centroid and median. (c) Dynamics in the phase portrait build-up by 

the median and centroid variable. (d) Temporal evolution of the disparity of the localized structure. The dashed curve accounts for the horizontal axis. (e) 

Temporal derivative of the centroid (green) and median (red). (f) Power spectra of the derivatives of centroid and median, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

where L is the system size and h is a constant which corresponds to the background of the chimera state (see Fig. 3 a) and

statisfy η + μh − h 3 = 0 . The median of the localized structure is defined by 

ρm 

(t) ≡ x 0 (t) + x 1 (t) 

2 

, (3) 

where x 0 and x 1 are, respectively, the left and right extreme points of the incoherence region (see Fig. 3 a). Note that

u (x 0 , t) = u (x 1 , t) = −h . Fig. 3 b shows the temporal evolution of the median (green) and centroid (red) of the chimera state.

Both trajectories are oscillating and propagating. The average speed is numerically computed by taking the coefficient of the 

linear regression fitting for the centroidal trajectory. Fig. 3 c depicts the dynamics of the centroid versus the dynamics of the

median. Both quantities are oscillating out of phase in the comoving frame. That is, they describe a helicoidal trajectory (a

closed cycle in the comoving frame). 

To understand the mechanism behind the propagation of chimera states in continuous media, let us introduce the dis- 

parity parameter δ( t ) (or asymmetry) of the localized structure, defined by 

δ(t) ≡ ρ0 (t) − ρm 

(t) . (4) 

This quantity measures the asymmetry of the localized solution and a preferential propagation direction will be reflected 

in the dynamics of δ( t ). For instance, Fig. 3 (d) depicts the behavior of the disparity. Although this quantity oscillates, the

average value is positive and consequently the centroid is shifted towards a direction determined by the initial conditions. 

Fig. 3 (e) provides a speed profile of the localized structure by considering the temporal derivatives of the centroid and

median. Power spectra of ˙ ρm 

(t) and ˙ ρ0 (t) have been included in panel ( f ), from which we can infer that the dynamic of the

centroid and median are anharmonic and they can be represented in good approximation into the dominant Fourier modes. 

4. Family of traveling localized structures 

To study the family of chimera states and their organization, it will be useful to introduce the following terminology a

N -chimera state corresponds to a chimera with N peaks. 

So far a 7-chimera has been considered. Depending on the initial conditions, given by a slightly asymmetrical Gaussian 

with several widths were considered. More precisely, we consider widths of the order of 1,2,3, . . . wavelength of the chaotic 

spatiotemporal pattern, which allows observing N = 6 , 7 , 8 , 9 , 10 , and 11-chimera states. Furthermore, coexistence between

distinct propagative chimera states was also observed. Interestingly, the smallest traveling chimera state found in the param- 

eter region considered is a 6-chimera (see Fig. 4 a). Fig. 4 shows the spatiotemporal evolution of different traveling chimera

states using the same conventions as Fig. 1 . Note that the complexity exhibited by the chimeras seems to increase with

their width. As stated before, this can be regarded as a consequence of an increase in the number of positive Lyapunov

exponents [23] . 

For equal parameters, chimera states of larger size propagate faster (have greater mobility). The origin of this is because 

the engine of propagation is the asymmetry of the localized solution and consequently the larger the localized state, the 

more asymmetrical modes are involved in the internal dynamics of the chimera solution. 
5 
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Fig. 4. (color online) Spatiotemporal diagrams for diverse traveling chimera states for N -chimera of model Eq. (1) , for η = −0 . 04 , μ = −0 . 09 , ν = 1 , 

b = −1 . 5 . (a) N = 6 at c = 10 . 3 , (b) N = 7 at c = 10 , (c) N = 8 at c = 9 . 7 , (d) N = 9 at c = 9 . 5 and (e) N = 10 at c = 9 . 3 . At the top and bottom of each 

spatiotemporal diagram is shown the initial ( t = 0) and final ( t = 14 × 10 5 ) profile state. 

Fig. 5. (color online) Average speed 〈 v 〉 and coexistence of traveling chimera states of model Eq. (1) as a function of advection c parameter, for η = −0 . 04 , 

μ = −0 . 09 , ν = 1 , and b = −1 . 5 . Painted regions (beige) account for the region of coexistence of two traveling chimera states. The curves of different colors 

account for localized propagative structures of different peaks. The inset presents more detail of the first branch N = 10 . 

 

 

 

 

 

 

 

 

To explore the dynamics of a localized solution of a given size, we consider an asymmetric initial condition with a

similar size and let the system evolves. Once the solution is stationary, i.e., it maintains its area fluctuating around a value.

Then, we determine the centroid and its average speed. By measuring the slope of a linear fit over position with respect to

time the average speed is determined. Later, the c parameter is increased or decreased by ± 0.01. To check the persistence

of the solution is verified that there are no significant changes in the area and speed. The above process is systematically

repeated for different chimeras. Fig. 5 summarizes the speed of chimera states as a function of the non-variational advection 

parameter c . Beige panels highlight the regions where coexistence of traveling chimera states is observed. Notice that we 

have only found regions of a single or coexistence of at most two traveling chimera states. When the value of c is increased,

chimeras propagate faster. Observe that traveling chimera states always emerge with a finite no null speed (see Fig. 5 ). 

Due to the asymmetry generated by the oscillations of the peaks, we conjecture that chimeras smaller than a critical 

size will not be able to achieve a preferential direction of propagation. Nevertheless, they could still develop an erratic or

wandering dynamical behavior within a bounded region of the order of one wavelength. On the other hand, in chimera 

states of large sizes the centroid is closer to the geometric center on average and therefore the average disparity will tend

to zero. Hence, large structures will not propagate. In the parameter regime considered, the largest structure observed was 

a 11-chimera. Therefore, traveling chimera solutions will only be observed in a range of sizes. 
6 
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Fig. 6. (color online)(a) Speed of 7-chimera states as a function of nonlinear advection parameter c of model Eq. (1) for η = −0 . 04 , μ = −0 . 09 , ν = 1 , and 

b = −1 . 5 . The inserts correspond to the respective chimera states. Circles account for the saddle-node bifurcations. 

 

 

 

 

 

 

 

5. Bifurcations 

In the previous section, we observed that the advection parameter c in model Eq. (1) seems to control the speed of

chimera states. In this section, we consider the transition of a 7-chimera from static to traveling when c is varied. 

Fig. 6 shows the speed of the 7-chimera state as a function of c . This chart was obtained using a similar method employed

for Fig. 5 . However, asymmetric and complimentary initial conditions were used to obtain a chimera and its counterprop- 

agating one. The complimentary initial condition is obtained by inverting the spatial coordinate sense. From the numerical 

simulations we infer that the propagative chimera states emerge from a saddle-node bifurcation. This instability is repre- 

sented by full circles denoted by SN in Fig. 6 . Due to the lack of a continuation method for unstable chaotic solutions, we

can not complete the bifurcation diagram. By increasing the value of parameter c, we observe that the propagative chimera 

becomes unstable. Depending on the initial conditions, this propagative localized states can engender the uniform state, 

smaller localized structures, or motionless chimera. Therefore, the basin of attraction of these equilibria are of complex 

nature, probably with fractal structures. Studies of these basins of attraction are in progress. 

6. Conclusions 

We have shown a novel class of chimera traveling solutions in spatially extended continuous systems, using the non- 

variational Turing-Swift-Hohenberg type Eq. (1) , as a prototype model. Since this is a model of broad interest in pattern

formation and relevant in a wide variety of systems [50] , we expect to observe these solutions in several natural and tech-

nological systems. 

We have investigated the properties of chimera states by defining and studying the temporal evolution of the centroid 

and median of localized structures. These quantities suggested the consideration of the disparity to measure the asymmetry 

of chimeras in time. The disparity provided a description for the mechanism responsible for the propagation of chimera 

states. In particular, it provides a plausible argument for the existence of traveling chimera state in an interval of sizes

(6–11 in our case). Moreover, using this dynamical quantities a bifurcation diagram of stable propagative chimera solutions 

has been presented. To obtain a complete bifurcation diagram, a continuation method is required. However, there are not 

continuation methods for unstable chaotic solutions yet. This is a major problem in modern bifurcation theory. 

Recently, the chimera state phenomenon has been extended to 2 and 3 spatial dimensions [25,26,32,52–55] . We expect 

that the phenomenon studied in the present paper can be observed in more dimensions, work in this direction is in progress.
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