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The dynamics of ecological systems are often described by integrodifferential equations that incor-
porate nonlocal interactions associated with facilitative, competitive interactions between plants, and
seed dispersion. In the weak-gradient limit, these models can be reduced to a simple partial-differential
equation in the form of a nonvariational Swift-Hohenberg equation. In this contribution, we perform
this reduction for any type of kernels provided that their Taylor series converge. Some parameters
such as linear and nonlinear diffusion coefficients are affected by the spatial form of the kernel. In
particular, Gaussian and exponential kernels are used to evaluate all coefficients of the reduced model.
This weak gradient approximation is greatly useful for the investigation of periodic and localized
vegetation patches, and gaps. Based on this simple model, we investigate the interaction between
two-well separated patches and gaps. In the case of patches, the interaction is always repulsive.
As a consequence, bounded states of patches are excluded. However, when two gaps are close to
one another, they start to interact through their oscillatory tails. The interaction alternates between
attractive and repulsive depending on the distance separating them. This allows for the stabilization
of bounded gaps and clusters of them. The analytical formula of the interaction potential is derived
for both patches and gaps interactions and checked by numerical investigation of the model equation.
This volume is dedicated to Professor Ehud Meron on the occasion of his sixtieth birthday. We take

this opportunity to express our warmest and most sincere wishes to him.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Spatial fragmentation of landscapes is an inherent character-
istic of semi- and arid-ecosystems. In these regions, vegetation
populations exhibiting non-random two-phase structures where
high biomass density regions are separated by sparsely covered
or even bare ground [1]. They cover extensive arid- and semi-
arid areas worldwide [2]. The most common is spotted patterns,
more or less circular patches surrounded by no plant state,
the second consists of bands or arcs (or even spirals), and the
third is gaps that are composed of spots of bare soil embed-
ded in a homogeneous cover. The climate of these regions is
characterized by water scarcity where the typical annual rainfall
lies between 50 and 750 mm. Aridity refers not only to water
scarcity but could also be attributed to nutrient-scarce territo-
ries. These self-organized structures consist of spatially periodic
distributions of patches, stripes, or gaps that occupy the whole
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space available in a landscape. A transition sequence between this
vegetation pattern has been established [3]. As the aridity level
is increased, the first pattern that appears consists of a spatial
periodic distribution of gaps followed by stripes (or labyrinth) and
spots. This generic scenario has been predicted using various eco-
logical models [4-11]. It is widely accepted that facilitative and
competitive interactions between individual plants, together with
a seed dispersion process provide sufficient conditions for the
formation of large scale vegetation patterns [12], that is, biomass
has to self-organize to optimize the use of scarce resources.
Vegetation patterns are not always periodic; they can be ape-
riodic and localized in space. They consist of either localized
patches of vegetation, distributed on bare soil [13-18] or, on
the contrary, consist of localized spots of bare soil, randomly
distributed in an otherwise uniform vegetation cover [19-21].
An example of such a botanical self-organization phenomenon is
shown in Fig. 1. This figure illustrates that the phenomenon of
self-organization is generic, as it occurs on different spatial scales,
kinds of soil, and different types of vegetation. Spatially localized
structures or patterns are better known in the contexts of physic-
ochemical rather than biological systems (see overviews [22-32]).


https://doi.org/10.1016/j.physd.2020.132708
http://www.elsevier.com/locate/physd
http://www.elsevier.com/locate/physd
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physd.2020.132708&domain=pdf
mailto:mtlidi@ulb.ac.be
https://doi.org/10.1016/j.physd.2020.132708

M. Tlidi, E. Berrios-Caro, D. Pinto-Ramo et al.

Physica D 414 (2020) 132708

Fig. 1. Localized vegetation patches and gaps. Images of self-organization of localized patches obtained using Google Earth Pro (a, b). (a) Zambia, Southern Africa
(13°46'49.07” S, 25°16'56.97” E). (b) Ivory Coast, West Africa (7°14'53.01” N, 6°06'27.83"W). (c) Festuca orthophylla (observed in the Sajama National Park, Bolivia
(d, e) Pro-Namibia zone of the west coast of Southern Africa (courtesy of N. Juergen). Random distribution gaps or fairy circles (e) two interacting gaps (photography:

courtesy of M. Johnny Vergeer).

We consider the propagation-inhibition type of models under
homogeneous and isotropic environmental conditions. The effect
of the slope of the ground, water dynamics in surface or in
depth, the wind, or the course of the sun is not considered and
neglected in this approach. The model allows for the genesis of
patterns based solely on the intrinsic dynamics of the vegetation.
In other words, the wavelength of the pattern that emerges from
the symmetry-breaking instability is intrinsic in the sense that
it depends solely on the dynamical parameters such as aridity,
and facilitative and competitive interactions ratio. In the first part
of this paper, we present a general derivation of a real partial
differential equation for the vegetation without any specification
of the type of the kernel function associated with facilitative,
competitive, and seed dispersion interactions. We show that this
model does not depend on the kind of kernel providing that its
Taylor series converge. We apply this derivation to Gaussian and
exponential type of kernels. In the second part, we investigate the
interaction between patches and gaps. Analytical computations
allow for the construction of interaction potential between two
well-separated localized patches and gaps.

The paper is organized as follows, we present the propagation—
inhibition model in Section 2. We derive a real partial differential
equation in the form of a nonvariational Swift-Hohenberg model
in Section 3. The interaction between two well-separated isolated
patches in one and two-dimensional settings is established in
Section 4. In Section 5, we review the interaction between gaps
and we derive the interaction potential as a function of the
modified Bessel function. We conclude in Section 6. A detailed
derivation of interaction law between patches in one- and in
two-dimensional settings is presented in Appendices A and B.

2. Space-time dynamics of vegetation in scarce environments

The absence of the first principles for biological systems in
general, and in particular for ecological ecosystems renders math-
ematical modeling complex. Most of the mathematical models
proposed in the literature are models based on water trans-
port [4,5,33-38]. In contrast, the theory introduced by Lefever and
coworkers is grounded on the balance between facilitation and
competition interactions exerted by plants themselves, through
their above-ground and below-ground parts [12,39-42]. Homo-
geneous and isotropic environmental conditions are assumed.
Besides, no water dynamics either in surface or in depth are

assumed. This theoretical approach is a generalization of the
paradigmatic logistic Verhulst equation [43-45] with non-local
facilitation, competition and seed dispersion [12,19]. This model
predicts the fragmentation of a uniform cover when the radius of
the root system is larger than the canopy radius, and only when
the reproduction processes are cooperative [12]. To satisfy the
former condition, the cooperativity parameter often called the
feedback balance corresponding to the difference between the
strength of the facilitative and competitive interaction should be
positive. Indeed, when the aridity level is increased, superficial
roots track scarce water or nutrients far beyond the limits of
aerial parts of the plant. The wavelength associated with this
symmetry breaking instability is intrinsic and depends only on
the structural parameters such as the canopy-to-rhizosphere ra-
dius ratio. For trees and shrubs, data from arid regions show that
the canopy-to-rhizosphere radius ratio may be as small as 1/10.
Besides front propagation leading to the stabilization of localized
vegetation patches and/or gaps have been reported in [46-52].

The existence of such botanical self-organization is not re-
stricted to a special kind of plant. They may entirely consist of
grass, shrubs, or trees (cf. Fig. 1). They are not specific to a special
type of soil, which can go from sandy to silty or clayey. To simplify
further the modeling of ecosystems, we consider that all plants
are mature and we neglect age classes since individual plants
grow on a much faster time scale compared to the time scale of
the formation of periodic vegetation patterns. The only variable is
the vegetation biomass density which is defined at the plant level.
The spatiotemporal evolution of the normalized biomass b(r, t)
obeys the following integrodifferential equation

d:b = By — B, + Dispersion. (1)

Time has been scaled such that the characteristic time of the
growth process is unity.

The first term By = b (1 — b) My, which stands for biomass
gain, models the rate at which the biomass increases and sat-
urates. By accounts for biomass productions via dissemination,
germination, and other natural mechanisms that tend to increase
the biomass. This exponential growth is impossible to maintain
over a long time for any population including non cognitive
populations such as plants because of the scarcity of resources.
The logistic term proportional to (1 — b) prevents the biomass
production that describes the fact that the biomass cannot exceed
the carrying capacity. The nonlocal M(r, t) function describes
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interactions facilitating the growth of the biomass such as seed
production, germination and other mechanisms that facilitate the
increase of biomass density. This positive feedback operates over
a distance Ly of the order of the plant’s aerial structures (the
radius of the crown or the canopy) involving, in particular, a
reciprocal sheltering of neighboring plants against arid climatic
conditions.

The second term in Eq. (1) represents the biomass losses; B, =
—ubM,; which describes death or destruction by grazing, fire,
termites, or herbivores. The parameter © measures the resources
scarcity often called the aridity parameter. The nonlocal M(r, t)
models the plant-to-plant competitive interactions that on the
contrary tends to enhance biomass decay. This negative feedback
operates over distances of the order of the root length, i.e., the
rhizosphere radius L.. Plants compete through their roots for
resources. In other words, the rhizosphere activity of individ-
ual plants tends to cut out its neighbors from resources. The
plant-to-plant nonlocal interactions are

Mg ((r, t) = exp (Xf,c / ¢r cb(Ir + r|, Lf,c)dr/)v (2)

where kernels are normalized as f ¢5 cdr’ = 1. The parameters
Xcs are the interaction strengths associated with the competi-
tive and facilitative, respectively. The parameter ; measures the
resource scarcity often called the aridity parameter.

The last term in Eq. (1), describes seed dispersion [19]:

Dispersion = DMjy(r, t), 3)
Ma(r. ) = f [@ub(IF + 1. £) — Goub('], )] dF. )

where D is the rate at which plants diffuse, @;;, and ®,,; are
the dispersion kernels weighting the incoming and outgoing seed
fluxes between neighboring points, according to their distance
I’

The kernel function characterizing the nonlocal facilitative-
competitive interactions ¢y ., and seed dispersion ¢;, o,y must
satisfy three general conditions: (i) the kernels must be equal to
one in the zero biomass limit, i.e., limy_o @5 ¢ inour = 1, (ii) they
should be normalized to ensure that the homogeneous steady
states of Eq. (1) are independent of the range of interactions of
kernels, i.e., f¢f,c,in,0ut(|r’|)dr’ = 1, and (iii) we assume that the
kernels are symmetric and even functions, i.e., ¢5 c inou(I1']) =
&f.c.inour(—Ir'|). At this stage, the spatial shape of the kernel
& c.in.oue(JT'|) has not been yet specified. Generally speaking, ker-
nels can be classified into two types, either weak or strong. If
the kernel function decays asymptotically to infinity more slowly
(faster) than an exponential function, the nonlocal coupling is said
to be strong (weak) [18,53].

By taking into account Egs. (2), (3), Eq. (1) can be rewritten as

b = b (1 — b) My(r, t) — ubMc(r, t) + DMy(r, t). (5)

We assume that the plants are mature by neglecting the allo-
metric factor that links interaction ranges to biomass density [5,
54,55]. The range of facilitative and competitive interactions is
thus constant. In addition, we assume homogeneous and isotropic
environmental conditions.

The homogeneous steady-state solutions of Eq. (5) are given

by
w = (1 — bs)exp (Abs), (6)

where A = x; — xc is the feedback balance often called the
cooperativity parameter.

In the next section, we derive through multiple-scale anal-
ysis a simple nonvariational Swift-Hohenberg equation for the
vegetation dynamics from the logistic equation with nonlocal
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interaction between plants Eq. (5). This reduction is valid in the
double limit of nascent bistability and close to the vegetation
pattern forming threshold. Such a critical point is known as a
Lifshitz point [56,57], which was initially proposed in the context
of magnetic systems [56].

3. A nonvariational Swift-Hohenberg equation for vegetation
dynamics

The purpose of this section is to explore the space-time dy-
namics in the vicinity of the Lifshitz critical point where the
homogeneous steady states bs, solutions of Eq. (6) undergo a
second-order critical point marking the onset of a hysteresis loop.
At the onset of bistability, the cooperativity parameter is A, = 1,
the biomass density is b, = 0, and the aridity parameter is
e = 1. We first define a small parameter ¢ which measures the
distance from criticality as

A= Ac+ Age? =14 AgeV?- .. (7)
We next expand the aridity parameter, as well as the dependent
biomass density as

w=T1+ poe+---, and b(r, t) = €u(r, t)+---. (8)

We expand the strength of the competitive feedback and the
scaling for the dispersion coefficient can be written as

XC=X0+X1€1/4+"',andD=p53/4+.... (9)

Since, we are interested in the regime where the biomass den-
sity is small, we can then perform a Taylor expansion of the
exponentials appearing in Eq. (2) as

My(r. ) = 1+ x.c / ¢y b(Ir+ ¥, Ly )’

1 2
+ 3 </¢fﬁcb(|r+l"|,Lf$c)dr/> + - (10)

In the same manner, we perform a Taylor expansion of the
dispersion kernels ¢ ou:- The biomass density at the position r+r’
can expanded as

1

b(r+7r,t) = b(r, t)+ |:r’ -V + %(r’ SVY + a(r/ . vf] b(r, t)

1
+ E(ﬂ-vr‘b(r,m---. (11)
Since the kernel must be normalized and be an even function with
respect to the spatial coordinate r = (x, y), we get

f ¢y cnblIF + 1|, Ly c.n)dr’ = b(r, £)

+ &M VR, £) + €O VA £), 4+ (12)
with

dom= f bf c.in(r)

where I and T represent unit vectors. In polar coordinates, ¥ - =
cos @, with 6 the angle between them.

We seek corrections to the steady states at criticality that
depend on time and space through the slow variables

V2 =€/4V2, and 8, = €d;/2. (14)

Replacing Eqs. (10)-(14) in Eq. (5), and expanding in series of ¢,
the solvability condition at the order /4 yields xo = Cﬁ/(Czc—Cé).
At higher order inhomogeneous problem (order €3/2), we obtain
the following partial differential equation [19]

%

n

(¥ - )" dr, (13)

du = —u(n — ku + u?) + (8 — yu)VZiu — auViu, (15)
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where
N =20,k = 2A0,8 = 2pCiM, y = 2)4(C5 — C}), and
2(c5cs — ¢ (16)

GG

Eq. (15) is referred to as a vegetation Swift-Hohenberg equation
(VSHE). The coefficients C', C;, and €} depend on the choice
of the kernels used to describe nonlocal facilitative and com-
petitive interactions, ¢y ., and the incoming seed fluxes ¢;,. This
dependence is explicitly given by Eq. (13). Therefore, changing
the shape of kernel can affect the coefficients CI", Cg’c, and C‘f“c.
Note that the parameters n and « that describe, respectively,
the aridity parameter and the cooperativity, i.e., the feedback
balance, do not depend on the coefficients Ci'. They are indepen-
dent of the choice of the nonlocal facilitative, competitive, and
seed dispersion nonlocal interaction kernels. The parameters §, y,
and «, describing the vegetation’s linear and nonlinear diffusion
coefficients depend on the spatial form of the kernel since their
values are determined by the coefficients C}'. Until now, the shape
of the kernels ¢; are not yet specified.

Assuming that both the facilitation, competition, and seed
dispersion nonlocal interactions are Gaussian [19]:

1
¢r = —exp(—Ir))), ¢ = < exp (_éllr’|2>, and
T T

6 , (17)
¢in = — exp <—€2|l"| )
T

with €; = [2/I? and e, = L2/I3. For the Gaussian kernel we have

p x1(1—€1)
=—,y=———, andoa = —
262 261 1661

When both the facilitation, competition, and seed dispersion
nonlocal kernels are exponentials:

1 €?
¢ = —exp(—Ir']),  ¢.=—Lexp(—elr]), and

62

%=ﬁwwﬂmy

with the normalization coefficient

[ oesnteran =1, (19)
performing integrals from Eq. (13) using polar coordinates, and
after straightforward calculations we obtain: C£ = 3/2,C =

3/(2€2), CI" = 3/e2, ¢} = 15/8, and C; = 15/(8¢%), and by
replacing these coefficients in Eq. (16), we get

3p 3x1 2 15
= —, =—=(1-¢7), and o= —. 20
2e5 Y ef ( 1) 86]2 (20)

Note that in the case of a strong nonlocal coupling such as a
Lorentzian, the Taylor series does not converge, and the integrals
describing the nonlocal interactions cannot be expressed as a
gradient expansion. Therefore, in this case, the above real order
parameter description leading to the derivation of the simplified
model VSHE Eq. (15) cannot be applied. The real order parameter
VSHE has been first derived in [3]. A detailed derivation of VSHE
using a multiple-scale analysis has been reported in [19] where
nonlocal interactions have been considered as Gaussian. Recently,
the VSHE has been recovered [58] by using the water-limited
vegetation model proposed by Meron and collaborators [59].
Other variational type of Swift-Hohenberg equation has been
derived in the context of fluid mechanics [60] and since then
it constitutes a paradigmatic model in the study of the periodic
and localized patterns. It has been derived for that purpose in
other fields of natural science, such as electroconvection [61],
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mechanics [62,63], chemistry [64], plant ecology [41,42,65-67],
and nonlinear optics [68-70].

The homogeneous steady states solutions of VSHE satisfy 1y =
0, and uy = (k++/«2 — 4n)/2. The spatially uniform bare state by
corresponds to a state devoid of vegetation. The homogeneously
covered vegetation state is denoted by u,. These two states
are separated by an unstable homogeneous cover with lower
biomass density u_. The homogeneous vegetated states exhibit
a symmetry-breaking instability at u = u, with an intrinsic
wavelength explicitly given by the following simple relation

20
h=2m | 21
YUc — &

where u, satisfies

4au?(2ue — k) = (yue — 8). (22)

This relation determines the threshold state at which the
symmetry-breaking instability appears on the u, branch of so-
lutions. This instability can be seen from the vegetation effective
diffusion coefficient, i.e., (§ — yu), which multiplies the Laplace
operator V2 in the VSHE may become negative. This sign change
in the effective diffusion, tends to destabilize the spatial unifor-
mity of the vegetation biomass density. The bi-Laplacian V* term
is always stabilizing since its coefficient, —«u is always negative.

4. Interaction between localized patches

In a regime where the homogeneous cover coexists with pe-
riodic vegetation patterns, localized patches can be stabilized in
a finite range of the aridity parameter often called the pinning
zone. A single localized patch is more or less of a circular shape in
homogeneous and isotropic environmental conditions. We focus
on the regime where a single patch is stable, and we shall investi-
gate in a detailed way the interaction between two well separated
patches. The interaction between localized vegetation gaps and
patches in arid and semi-arid landscapes has received a limited
attention [19,71-73]. It has been shown that the interaction be-
tween localized vegetation patches is always repulsive [73], and
therefore localized patches bound states of vegetation are not
possible [73]. The repulsive nature of the interaction together
with boundary conditions allows for the coexistence of several
vegetation patterns with different wavelengths [73]. This repul-
sive nature has been reported previously in a prototype model for
population dynamics with a nonlocal interaction [74].

4.1. Interaction between localized patches in 1D

We first address the problem of the interaction between
patches in a one-dimensional setting. A single localized patch u(x)
is a solution of the VSHE. The asymptotic behavior of the tail can
be estimated since a localized patch has a small amplitude far
from its center, i.e., when x is large. We perform a linear analysis
around the homogeneous bare state u = 0 by linearizing in u, we
get 0 = —un + §0wu. The solution of this linear equation is

with 8 = /5/8, (23)

where X is the center position of localized patch as depicted in
Fig. 2. The previous asymptotic behavior is confirmed numerically
by performing a curve fitting in the tails. A single localized patch
is a stationary solution of the VSHE, which can be interpreted as a
nonlinear front that undergoes a pinning effect between the spa-
tially periodic vegetation pattern and the bare state [13]. The size
of an isolated patch is intrinsically determined by the vegetation
dynamics and not by the spatial variation of the environment. It
neither grows in spite of available free space, nor decreases in

U(Xx — x| = 00) o e Pl
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0.8

0.6

Uoa

0.2

0 1 - 1
170 X, 174 178 182
X

Fig. 2. One dimensional localized structure profile obtained numerically from
Eq. (15). The parameters used are n = 0.17, k = 0.8, § = 0.02, y = 0.5,
and o« = 0.13. The red line corresponds to the exponential fitting RO(t)/w =
(1/)In(At), using Eq. (23). Theoretical value of y is 2.91 and from the fitting 3.06.
The coefficient of determination results in R?> = 0.9978.

spite of adverse conditions [13]. However, when two localized
patches are initially at a certain distance from each other, they
start to move, repelling each other. This repulsion is presented
in Fig. 3(b), where we have measured numerically the distance
of separation r(t) as a function of time. We have considered r
as the distance between the center positions of both interacting
patches. The time evolution of r obeys a logarithmic rule, imply-
ing that its temporal derivative follows an exponential law in r
(t o e™), which makes sense since the asymptotic behavior
of the single patch tails is exponential. In the next section, we
will derive analytically the dynamic equation that r satisfies in
a particular limit and will compare with numerical data. In what
follows we derive the interaction potential between two localized
patches. For this purpose, we consider a linear superposition of
two stationary localized patches u; and u, located at the positions
x1 and x, separated by a distance r(t) = x, — Xy,

u(x, t) = ur(x — x1(t)) + ua(x — x2(t)) + Wxq(£), x2(t), x), (24)

where the function W accounts for the corrections due to the
interaction forces, which will be assumed small. The terms pro-
portional to the product of W with x_(t) or x,(t) will be ne-
glected, since patches move on a slow time scale. In addition,
we assume that the distance r is large compared to the size of
a single localized patch. Therefore, introducing this ansatz into
the corresponding one dimensional VSHE, after straightforward
calculations (see Appendix A), and by using the solvability con-
dition, we get Eq. (A.23). For large r, the term exp (—28r) can be
neglected, and Eq. (A.23) reads

Physica D 414 (2020) 132708

r/w

16 1 L L L L L L
-200 0 400 800 1200 1600

time(a.u.)

Fig. 4. Curve fitting of numerical data of r(t). The red curve is the fitting
obtained using Eq. (26). The parameters used were n = 0.12,k = 0.6,§ =
0.02,y = 0.5, « = 0.125, dt = 0.01, and dx = 0.4. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

where A is given by Eq. (A.24). The solution of Eq. (25) is
HE) = In(AB) n In(t — to)
B B

The distance between two separated localized patches evolves
in time according to a logarithmic law. This simple formula is
checked with the direct numerical simulations of the governing
equation as shown in Fig. 4. The obtained value of tail decay
rate associated with localized vegetation patches is § = 2.40,
which is in a very good agreement with the theoretical value
B =(n/8)"? =2.45.

In the course of time, the distance between two localized
patches increases. Therefore, bound states of patches are not
allowed. As a consequence, the wavelength of a periodic train
of peaks depends strongly on the system size. When a small
random initial condition is used, in the course of time, the system
reaches a periodic structure (see left panel of Fig. 5). If however,
we remove one or two peaks, the system will reach a stable
periodic pattern with a bigger wavelength as shown in Fig. 5(b)
and (c), respectively. These figures have been obtained for fixed
values of the parameters, they differ only by the initial condi-
tions. In the next subsection we discuss the interaction in the
two-dimensional system.

(26)

4.2. Interaction between localized patches in 2D

In the previous subsection we have shown that in one dimen-
sional systems, the interaction between well-separated localized
patches follows an exponential law. In what follows, we focus on
the two-dimensional interaction problem. The single stationary
isolated patch is a solution of the linearized problem around

oir = Aexp (—pr), (25)
(@) (b) 26
0.6
24t
0.4
22+F
u r/w
02 2r
18
. L
1.6
48 52 56 60 0

x(a.u.)

5 10 15
time(a.u.) <10%

Fig. 3. (a) Two localized patches separated by a distance r. (b) Numerical data of r as a function of time, showing the repulsion between patches. The parameters

are n =0.12, k = 0.6, § = 0.02, y = 0.5, « = 0.125, and dx = 0.4.
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0.2

Fig. 5. Evolution of periodic one-dimensional configurations, after removing one localized structure. The figures (

(b) and (c) show the evolution of a seven, six,

and five periodic profile evolution, after removing one patch. The upper and lower profiles show the initial and ﬁnal profile of each case, respectively. In all cases
the patches rearrange, reaching a new periodic profile with a larger wavelength. The parameters used were n = 0.13, «k = 0.7, § = 0.01, y = 0.5, « = 0.1, dx = 0.26

and dt = 0.01.

the bare state. Since localized solution has a radial symmetry, it
is then convenient to express the Laplace operator in spherical
coordinates i.e., V2 = (1/r)d, + 8,2. The resulting linear problem
admits an analytical solution

u(r) = AKo(pr), (27)

where A > 0 is a constant, 8 = 4/n/é, and K is the modified
Bessel function of second kind, which is a real function for r > 0.
For large values of r we can approximate this function by

Te "

K X | =—, 28
o(r) PG (28)
and then,
e hr
us(r — 00) (29)

ﬁ 9
which describes the asymptotic behavior of the two dimensional
localized patches tails. If two or more patches are close to one
another they interact through their tails. An example of two
interacting localized patches is illustrated in Fig. 6.

To simplify further the analysis, we suppose that the maxima
of the patches are located, respectively, at the points (—r/2, 0)
and (r/2,0) and along the x direction, where r is the distance
between the two localized patches. To study this interaction, we
add a small perturbation W = W(r, x) to the linear superposition
of the two interacting patches separated by a distance r

ulx, t) = u(x+r(t)/2) + ux(x —r(t)/2) + W(r, x), (30)

where X accounts for the two-dimensional vector, u; and u; stand
for two localized structures separated by a distance r. Performing
an analysis similar to that in the previous section, we obtain

e fr

«/F

where A is defined in (A.24).

Fig. 7 presents a curve fitting of 7 as a function of r obtained
numerically. The fitting is performed by considering Eq. (31),
assuming that r is large. As is the 1D case, the distance between
two interacting patches is always increasing during time evolu-
tion. Therefore, stable 2D bounded patches are unstable since the
interaction is always repulsive.

F=A

(31)

Fig. 6. Two-dimensional structures located at a distance r. The dashed line
passes through the centers and will be the axis where we restrict our calcula-
tions. The parameters are n = 0.12, x = 0.6, § = 0.02, y = 0.5, « = 0.125,
dx = dy = 0.3, and dt = 0.001.

5. Interaction between gaps

In contrast with localized patches where the interaction is
always repulsive, we shall see that gaps interact in a different
way. It has been shown that depending on the distance separat-
ing the two gaps, the interaction alternates between attractive
and repulsive [19]. We will first perform numerical simulations
showing stable bound states of gaps. Second, we will review
the interaction law governing the interaction between two well
separated gaps [19]. In particular, we will review and derive an
explicit analytical expression for the interaction potential be-
tween two-gaps as a function of the modified Bessel function. As
we shall see, this function describes the damped oscillatory tail
of the interacting gaps.

To generate a stable circular gap, we have to apply initially
a perturbation with zero biomass density on the uniformly veg-
etated cover. If one applies initially this perturbation at two
different locations in space, two localized gaps are formed sepa-
rated by some distance. The two gaps start to interact, and in the
course of time, they either repel or attract each other depending
on the initial distance separating them. As in the case of patches,
the interaction between gaps evolves on a very long-time scale.
Numerical simulations of the VSHE shows three examples of
the stable equilibrium state corresponding to a stationary bound
state of gaps (see Fig. 8). Numerical results indicate that there
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Fig. 7. (a) Numerical data of the distance of separation r in function of time, in units of the width w. (b) Curve fitting of numerical data of i as a function of r,
using first term of Eq. (31). The distance r is normalized with the localized patches width. The parameters are the same as in Fig. 7.
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Fig. 8. Examples of stable two-bounded localized patches obtained by numerical simulations of Eq. (15) with periodic boundary conditions in both x and y spatial
coordinates. These bounded solutions are obtained for the same values of parameters. They differ only in the initial distance between the two interacting patches.

The parameters are k = 0.5, § = 0.01, y = 0.5, « = 0.1, and n = —0.05.
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Fig. 9. Spatial profiles of the 2D gaps along the x. Three cross sections have been taken from (Fig. 8).

exist several stable equilibrium positions. The three equilibrium
positions are obtained for the same values of the parameters and
for the same boundary conditions, and they differ only in the
initial distance between the two gaps. The spatial profile along
the x direction shows clearly that gaps possess damped oscillatory
tails [see cross sections depicted in Fig. 9].

A single localized gap is a radially symmetric solution u(x, y) =
u(r) of the VSHE. This localized state possesses an oscillatory tail,
which can be calculated using the fact that the gap amplitude
is close to the homogeneous cover u, far away from its center,
i.e.,, when r is large. Therefore, in order to calculate the asymp-
totic behavior of the gap solution we substitute into Eq. (15) an
expression u(r, t) = u, + U(r) and by linearizing this equation
around u, we obtain

(U U (0 1
V(V)‘M(V) M‘(—Sz sl)’ 32)

where V = V2U, & = (6 — yuy) /(auy), and & = (3u +n —
2kuy)/(auy). The solution of this equation gives the asymptotic

behavior of the localized gap in terms of the modified Bessel
function Kjy:

( 3 ) ~ A{v exp(if Ko [(w1 + iwy)r] +c.c.}, (33)

172
where w1 +iw; = [51/2 +i/& — (51/2)2] are complex eigen-

values, while o = [1 (w1 +iw,)2]" and 9 = [1 (w1 — iw)2]
are complex eigenvectors of the matrix M. Real constants A and
6 must be calculated numerically.

Two or more localized vegetation gaps will interact through
their overlapping tails if they are close enough. The interaction
between localized states is a well documented issue in contexts
of a physico-chemical systems [75-79] rather than biological
systems [19]. We consider the simplest situation where the two
identical and radially symmetric interacting gaps are located at
the positions r; ». Without the loss of generality, we assume that
the positions of both gaps are on the x-axis, i.e., their minima are
located at the points (—R/2, 0) and (R/2, 0), where R = |r; — 1|
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Fig. 10. Interaction potential as a function of the distance R between two
localized gaps. Parameters are x = 0.5, § = 0.01, y = 0.5, « = 0.1, and
n = —0.05.

is the distance between the gaps. In the regime of week overlap,
we look for the solution of the VSHE in the form of slightly
perturbed linear superposition of two gaps:

u(r, t) = uy + Uqy(r)+Uy(r)+edu(r, t) where
Ura(r)=U (Ir — 1), (34)

where their positions r;, evolve on the slow time scale st. The
time evolution of the distance between two-identical gaps can
be calculated by substituting Eq. (34) into Eq. (15), collecting
first order terms in g, and writing the solvability condition of the
resulting linear equation [19]

3R = —VRU(R), (35)

where the potential function

U(R) = 4oy |:r§1 / (Ul x—py2 dy — / (UVy + UxV)yp2 dY] .

00 —

(36)

Here U,(r) is the x-component of the eigenfunction of the linear
operator £ adjoint to the operator £, which is obtained by
linearizing Eq. (15) around the gap solution U(r) and V(r) =
V2U(r). The asymptotic behavior of Uy and V, = V2U, at large
r is given by

( ‘JX ) %3<’rf7) exp(ip)Ki [(1 + iwn)r] +C-C-), (37)

where real constants B and ¢ must be calculated numerically.
A detailed derivation of Eq. (36) as well as the evaluation of
the integrals I;, can be found in the book chapter [19]. After
substituting asymptotic relations (33) and (37) into Eq. (36), and
performing integration we finally get:

w1w> 61(9+‘/’) )

UR) = —871ABau+£‘s< (o + i) Ko [(w1 + i@)R] (38)

The minima (maxima) of the interaction potential corresponds
to stable (unstable) localized gaps bound states, where two bare
spots are bounded together by the interaction force. The interac-
tion potential (38) associated with two-gaps is plotted in Fig. 10.

From this figure, we see that there is a discrete set of stable
and unstable bounded vegetation patches. Numerical simulations
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were conducted using the finite differences scheme with Runge-
Kutta order-4 algorithm and periodic boundary conditions.

6. Conclusions

A nonlinear model for population dynamics is introduced to
describe the interaction and propagation of vegetation in arid and
semi-arid environments. The nonlocal facilitative and competitive
interactions between individual plants together with seed disper-
sion have been explicitly incorporated into the model. Starting
from this integro-differential model, we have derived a sim-
ple partial differential equation in the form of a non-variational
Swift-Hohenberg equation. This derivation is valid in the double
limit: close to the critical point associated with bistability, and
close to the long wavelength pattern forming regime.

In the first part, we have performed this derivation without
any specification of the form of kernels used to describe nonlocal
interactions between plants. The originality of the results pre-
sented in this contribution resides in the fact that the derivation
of the vegetation Swift-Hohenberg model is kernel independent.
This derivation is rather general but its application is limited
to kernels whose Taylor series converge. We have shown that
parameters §, y, and «, describing vegetation diffusion coeffi-
cients depend on the spatial form of the kernel, while the aridity
parameter and the feedback balance, do not depend on the type
of the kernels used. The Gaussian and exponential type kernels
have been used to estimate the model parameters.

In the second part, we have discussed the formation of local-
ized patches and gaps including their interaction. In particular,
we have presented a detailed derivation of the law governing the
interaction between two well-separated patches. A single patch
surrounded by the no plant state and connecting this state to
the spatially periodic pattern, is stable over a large range of the
aridity parameter [13]. The tail of the patch is monotonously
decaying as a function of the distance from its center, i.e., devoid
of damped spatial oscillations. This is because the biomass density
is a positively defined quantity and therefore damped oscillations
around the no plant state are physically not possible. It has been
shown recently that when two patches are sitting on bare terrain
(with zero total biomass), they interact in a repulsive way, and
obviously, the repulsive nature of such interaction prevents the
formation of bounded localized patches. In this work, the interac-
tion between patches has been analyzed especially in connection
with the coexistence of stable vegetation patterns with different
wavelengths. The repulsive nature of such interaction affects
not only the vegetation pattern formation process but also the
pattern selection since it allows for the stabilization of new ex-
tended vegetation patterns such as squares and superlattices [73].
In the present paper, we performed a more extensive analysis
of the interaction between vegetation patches in one and two-
dimensional settings. A detailed analysis has been presented in
Appendices A and B.

In the last part, we have investigated the interaction between
gaps. Gaps have been generated in a regime where a uniformly
vegetated cover coexists with a periodic vegetation pattern. In
contrast with patches, localized gaps possess a damped oscilla-
tory tail, which affects the laws governing their interaction. It
has been shown that the interaction alternates between attractive
and repulsive depending on the distance separating the gaps [19].
The existence of a discrete stable equilibrium position allows for
the stabilization of bound states and clusters of gaps. We have
constructed the interaction potential, and we have improved the
results of Ref. [19] by deriving an explicit analytical expression
for the interaction potential of two weakly overlapping gaps in
terms of the modified Bessel function.
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Appendix A. Derivation of the interaction potential in 1D

We derive the interaction law of two localized structures sepa-
rated by a distance r(t) = x,(t)—x1(t), with the central position or
centroid xo = (x2(t)—x4(t))/2 [see Fig. 3(a)]. Let us first introduce
the ansatz presented in Eq. (24) into Eq. (15), i.e. the dynamical
equation of the system, and derive a linear system in W, the
correction term. Recall that x;(t) and x,(t) account for positions
of structures u; and u,, respectively. Notice that they have been
promoted as functions of time. Our aim in this section is to derive
dynamical equations for r(t) and xo(t) under certain assumptions.

As mentioned in the main text, it is assumed that the term
W is small, i.e. nonlinear terms are neglected. Moreover, the
localized structure is assumed to travel slow enough so that the
terms proportional to the product of W with either x; or x, are
not considered. Therefore, under the previous assumptions, the
linear system associated to W becomes

LW = b, (A1)
with the linear operator £ defined as
L=—n+2«(u; +uz) —3(u; + u2)2 + 80k
— ¥ [(u1 + u2)0k + du(uir + t2)] (A2)
- [(ul + uz)axxxx + 8xxxx(ul + Uz)] )
and
r .
b :E (821u1 — 322112) — X0 (821111 + 322112)
— 2Kuquz + 3uquz (Ug + Ua) (A.3)

+vy (u1axxu2 + uzaxxul)
+ o (U1 OxxxxUz + U OxxxxU1) -

where u; and u;, are stationary gaps solutions of Eq. (15). The time
evolution of the distance separating the two interacting gaps i as
well as the time evolution of the central position xq(t) will be
derived by applying the Fredholm solvability condition, for the
following inner product

+o00

(flg) = fx)g(x) dx

(A4)

with f(x) and g(x) as real-valued functions. The derivation of
the associated adjoint operator £' is necessary for applying this
condition.

A.1. Adjoint of £

To obtain £, we take a look at the property (£'f|g) = (f|£g)
for adjoint operators. From here, it is straightforward to see that
the terms of £ remain the same as in £, except

(U +up)0n  and  a(ug + uz)0w- (A5)
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The adjoint of these terms can be obtained by integrating by parts.
We illustrate this procedure for the first of them.
When introducing y(u; + u3)dx into the inner product

+o0
Fly(ug +u2)ong) = F&x) y [ur(x)

)+ ux(X)] 9ug(x) dx, (A.6)

and integrating by parts once, we get
+00
- / ax[f (X)y (ur(x)+ua(x))]19xg (x)dx.
(A7)

The time dependence of u; and u, has been suppressed for sim-
plicity of notation. The first of these terms vanishes, as (u; + u3)
tends to zero as x — =+oo. Integrating by parts once more, and
proceeding in a similar way, we get

Fly(ug + u2)ong) = (Oxlf ¥y (ur +uz)llg), (A8)

so that, the corresponding element of y(uq + uy)dy in LT takes
the form dy[y (u1+u,)-]. Notice that operator receives arguments
inside the partial derivative d,. This is represented with a dot
inside the square brackets.

Proceeding in the same way with the second term in Eq. (A.5),
the adjoint operator becomes

£h=—n+ 2ic(uy + up) — 3(us + 1) + 80
— v {(ug + u2)0x + O [(ug + u2)-1}
- {(ul + u2)8xxxx + axxxx [(U1 + u2)']} .

£ 100 + 1:(0) Bag)|

(A.9)

A.2. Kernel of .t

To apply the Fredholm solvability condition, it is necessary
to calculate the kernel components of £f, that is, the elements
that fulfill (f|cf = 0. Due to the complexity of £f, they are
obtained numerically by discretizing its derivatives, using central
differencing with the 4 nearest neighbors. Thus, when applying
£' to a real-valued function f, (f|£! becomes

7¢q 7¢3 C
1ot = - - +
Uil (24de4 240dx>  560dx* 280dx>ﬁ
2C4 3C3 8C2 4C1 )
+ (- + + - P
< 5dx* | 10dx® | 315dx2 105dx fi-s
n <169C4 169C3 C >f ,
60dx*  120dx> 5dx 5dx
122C4 61C3 8C2
(i o o),
15dx* 30dx 5dx  5dx
9]C4 205¢,
+ + ¢
(8  72dx% °>f’
I < 122¢4 61c3 8¢, 4cq )f
15dx*  30dx®  5dx? = 5dx )"
169C4 169C3 C C1
7~ oa ) fiv2
60dx* 120dx ~ 5dx 5dx
2c. 3c 8c 4c
n < 4 3 2 4 1 )fj+3
5dx*  10dx® | 315dx 105dx
7¢a 7¢c3 Cy C1
3 f+41
240dx* 240dx 560dx?  280dx
(A.10)
with
Co=—1n42cU —3U% — 2y 9,U — 208U,
= — 2y U — 4o U,
¢ =8 —yU — 6adgU, (A11)

c3 = — 4aoyU,
€4 = — aU O,
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where U = u; + U, and f; = =
discretization used.
Finding the kernel of £! is equivalent to determining the

kernel (or nullspace) of a matrix M that satisfies

f

flx dxj), with dx the

fj;l
= fj s

f}-H

(A.12)

fa
with N the number of points considered in the discretization.
Let us first take a look at the eigenvalue spectrum of M. Using
dx = 0.1, N = 30, and setting u;; and ujs at a distance r = 150,
we obtain the eigenvalue spectrum shown in Fig. A.1(a) and (b).
As the graph shows, we confirm the stability of the localized
structures as every eigenvalue has a negative real part. Moreover,
the lowest eigenvalues (—0.022 and —0.024) decrease as the
distance r and the number of points N increase, implying that
they correspond to the null eigenvalues we are looking for. They
are not exactly equal to zero due to the numerical approximation.

Finally, the linear combination of the eigenvectors associated
with the calculated null eigenvalues gives us the elements of the
kernel of £1. These will be labeled as (| and (x|. Their respective
profiles are shown in Fig. A.1(c) and (d).

A.3. Interaction dynamical equations

Having the kernel of £, the dynamical equations of r and xg
are determined by applying the Fredholm solvability condition.
This states that the linear system (A.1) admits solution if and only
if

(r|b) =0 (A.13)
and
(xIb) =0. (A.14)

In what follows, we expand both products and obtain dynamical
equations for both xo(t) and r(t).

A.3.1. Equation for the central position xy(t)

In the first of these products, Eq. (A.13), given the form of b
(see Eq. (A.3)), and since t is odd around X, the only term that
remains is

(tl&o (3z,u1 + d,u2)) = 0, (A.15)
implying that
X =0, (A.16)

i.e., the central position of the LSs does not move. This result is
observed in the numerical simulations, which is expected due to
the symmetries of the dynamical equation of the system.

A.3.2. Equation for the distance r(t)

On the other hand, in the second product, Eq. (A.14), due to
the symmetries of the terms involved, the ones that remain are
(x|(7/2) (g1 — 0y12))+
(X1 = 2kuquy + 3uquy (ug + uz)

+ ¥ (U 0xliz + UpOxxl1)
+ o (U1 OxxxxlUa + UpOxxxxU1) = 0.

(A.17)
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The integrals involved in this equation can be approximated
analytically. For this, it is convenient to write

x(X) = x—(x — x1) + x4(x — x2), (A.18)

that is, to divide y into two parts, one localized around x; and the
other around Xx,. To illustrate how to approximate the integrals
analytically, let us take a look at the second product of (A.17),
i.e.

(x12cugup) = ZK/

—0o0

oo

[x (x—x1)+ xT(x — x2)]

X U1(x — xq1)up(x — x2)dx

“»{[.

+ / x F(2)ui(z, + T)Uz(Zz)dlz] .

In the second equality, we have changed our variables to z; =
x—x1 and z; = x—X; in the first and second integrals, respectively.
We have also used r = x, — x;. These integrals are exponentially
close to zero in the whole region of integration, except when they
are evaluated near zero. Thus, a good approximation of them is
given by setting the integral limits from —r/2 to r/2. Moreover,
since r is large, the terms u,(z;—r) and uq(z,+r) are exponentially
small in the region of integration. An approximation of these
functions is given then by the asymptotic behavior of u; and u,
(see Eq. (23)), so that

A.
X~ (z1)uq(z1)uz(z1 — 1r)dz (A19)

(X 12kcuiup) ~
r/2
2K |:/
—r/2
(A.20)

where |zy —r| = r — z; and |z; + 1| = 25 + r in this region of
integration. We write

r/2
X @)z, + /

xT(z)e ‘Zl”'uz(zz)dzz] .
—r/2

(x|—-2kuqus) ~ —2ke Py, (A.21)

where
r/2
L =— |:/
—r/2
(A.22)

Proceeding in the same way with the other integrals in Eq
(A.17), we finally obtain the dynamical equation for r

r/2

X~ (z1)ui(z1)e?1dzy + /

X+(Zz)9_5zzuz(22)d22i| .
—r/2

i =Ae P 4+ Be T, (A.23)
where
2[(@B? + yB% — 2k)1 + 3L + s + al
A= [( B vB M 2T Via 5] (A24)
(X 107,41 — 9z, Up)
and
61
= (A.25)
(X 10z,u1 — Oz, Up)
with
r/2
L =- [/ X~ (z1)(ui(z1))eP1dz,
—r/2
r/2
+ / X+(Zz)€ﬂ22(u2(22))2d22] , (A.26)
—r/2
r/2
I =— |:/ X~ (z1)ui(z1)e*P1dz
—r/2
r/2
+ / Xt (z)e P2 uz(Zz)de] , (A.27)
—r/2
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Fig. A.1. (a) Eigenvalue spectrum of matrix M using dx = 0.1 and N = 30. (b) Zoom of the dashed region marked in (a). Figures (c) and (d) show the null eigenvector
t and x (solid line), respectively, and the associated localized structures profile (dashed line). Parameters used are the same as in Fig. 3.

Iy X (21)3y,7,u1(z1)eP*1dz

r/2
|:/r/2

By applying the Fredholm solvability condition, (z|b) = O,
we obtain that Xy = 0, i.e. there are no dynamics in the center

r/2 position, as in one dimension. For the second product, (x |b) = 0,
+ f ¥ (z2)e P2 022, Uz(Zz)de:| (A.28) Fhe analytical a}pproximations needed are slightly .differentAthan
—r/2 in one dimension. To illustrate them, let us consider the inner
and product between x and 2xuu; (as in Eq. (A.19))
r/2
I =— [ / X @0 (z)e dzy x[2wcuia)
—r/2 _
v =2 [ / X (@ (zm(z — r)dz, 53)
+ / X (z)e 8§§>uz(Z2)dzZ} : (A29) o '
—r/2

All these integrals can be calculated numerically. We have
checked that factors A and B are positive for the range of param-
eters used in the simulations.

Appendix B. Derivation of the interaction potential in 2D

In this section, we derive the interaction law for r(t) in two di-

o0

“]
—00
Again, we have split x as in Eq. (A.18). We also restrict the
integral limits only from —r/2 to r/2 and replace uy(z; — r) and
u1(z2+r) by their asymptotic behavior. Since now we are focusing

on the dynamics of the x axis, the asymptotic behavior takes the
form (see Eq. (29))

x T (2)ui(z + r)uz(Zz)dzz] :

mensions. The procedure is essentially the same as in one dimen- e~ Plx—xol B.A
sion, as we focus on the dynamics of the x axis. The main differ- Ugs([x — xo| — 00) o VX —%0| (B.4)
ence relies on the asymptotic behavior of the localized structures.
In fact, the linear system obtained after replacing the ansatz will where xq is the central position. Thus,
be
(X 12cuiuz) =~

LW =b, (B.1) v/ P
with the same operator £ as in one dimension, and 2k [/ X~ (z)w(z1) dz;

. P -r/2 iz =] (B.5)

T r/2 e Blzatr]

b=2 (0z,u1 — 0z,U2) +/ X+(22)7|Z +r|u2(zz)dzz] .

— 2Kuquy + 3uquy (Ug + up) (B.2) - 2

+ ¥ (U10xlz + Uz Oxxll1)
+ o (U1 Oxxxxllz + U Oxxxxlln)
with zy = x Fr/2. We choose the same inner product as in one

dimension, and in consequence, we obtain the same kernel of 7.
These are labeled again as (| and (x/|.

11

Notice that |zy — r| = r —2z; and |z; 4+ r| = z; + 7 in this region of
integration. Moreover, performing a Taylor expansion in z., we
get

1 1 Z4

—~ —+ —. B.6
VI Er iR -
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The second term of this expansion can be neglected as r is large.
We write then

(X |12cuqup) ~

e fr
2k

\/F

r/2

r/2
[ / X~ (z0ui(z1)e 1 dzy + / x T (22)e P2uy(z )dZZ] ,
—r/2 —r/2

(B.7)

—pr

e

i.e., (x|l2xkujuy) ~ 2k —=1I;, with I; defined as in the previous
T

section. Proceeding in the same way with the other integrals from
(x|b) = 0, we get, for large r Eq. (31).
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