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Abstract In this paper we study qualitative properties of global minimizers of the
Ginzburg-Landau energy which describes light-matter interaction in the theory of
nematic liquid crystals near the Fréedericksz transition. This model depends on two
parameters: € > 0 which is small and represents the coherence scale of the system and
a > 0 which represents the intensity of the applied laser light. In particular, we are
interested in the phenomenon of symmetry breaking as a and € vary. We show that when
a = 0 the global minimizer is radially symmetric and unique and that its symmetry is
instantly broken asa > 0 and then restored for sufficiently large values of a. Symmetry
breaking is associated with the presence of a new type of topological defect which we
named the shadow vortex. The symmetry breaking scenario is a rigorous confirmation
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of experimental and numerical results obtained earlier in Barboza et al. (Phys Rev E
93(5):050201, 2016).
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1 Introduction

In a suitable experimental set-up [5—10] involving a liquid crystal sample, a laser and
a photoconducting cell, one can observe light defects such as kinks, domain walls
and vortices. A concrete example of formation of optical vortices is presented in [7].
To describe this phenomenon starting from the classical Oseen—Frank energy near
the Fréedericksz transition, one can reduce the problem to considering the Ginzburg—
Landau energy as it was explained in [12]. After some transformations involving
scaling to nondimensional variables the latter energy takes form:

Eu) / Lvu? — L + L L1 (1.1)
u) = — u —_ X)|U —= U —_ = X)-U, .
R2 2 22 4e? €

where u = (uy,u2) € H'(RZ,R?) and € > 0, a > 0 are real parameters. In the
physical context described in [7], the functions p and f are specific:

x|?

nux)=e " —x, with some x € (0, 1), fx) = —%V,u(x).
Physically the order parameter u represents the intensity of light induced by the inter-
action between the laser beam of Gaussian profile (given by ) and the nematic liquid
crystal sample with the photoconducting cell mounted on top of it. This cell gen-
erates electric field whose small, vertical component is described above by f. The
parameter a is nondimensional and characterizes the intensity of the laser beam. The
two-dimensional model (1.1) shows an excellent agreement with experiments per-
formed with physical parameters near the Fréedericksz transition [7].

All our results hold under more general hypothesis on p and f which we will
state now. We suppose that u € C>®(R?, R) is radial, i.e. s(x) = praq(x]), with
HUrad € C®(R, R) an even function. We take f = (fi, f2) € C*®(R2, R?) also to be
radial, i.e. f(x) = frad(|x|)|§—|, with fiag € C*°(R, R) an odd function. In addition,
we assume that

w € L¥(R%, R), Mg < 01n (0, 00), and furaq(p) = O for a unique p > 0,

(1.2)
f e LY(R?2, R*) N L>®(R?,R?), and fiaq > 0 on (0, 00).
The Euler-Lagrange equation of E is
EAu~+ pu — |ul*u +eaf(x) =0, xeR% (1.3)
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We also write its weak formulation:

/ —€* Y Vuj Vit pu -y — ulu -+ eaf - =0,
RZ

j=1.2
vy € H' (R?, R?), (1.4)

where - denotes the inner product in R%. Note that due to the radial symmetry of u
and f, the energy (1.1) and Eq. (1.3) are invariant under the transformations v(x)
g "(gx),Vg € O(2).

Our main purpose in this paper is to study qualitative properties of the global
minimizers of E as the parameters a and € vary. In general, we will assume thate > 0
is small and @ > 0 is bounded uniformly in €. As we will see critical phenomena such
as symmetry breaking and restoration, which are the focus of this paper, occur along
curves of the form a = a(¢) in the (€, a) plane.

The energy E belongs to the class of Ginzburg—Landau type functionals that appear,
for example, in the theory of superconductivity or in the theory of Bose—Einstein
condensates (see for instance [1,2,4,15-17,23-27] and the references therein). The
Gross—Pitaevskii energy functional appearing in the latter theory has form

1 2 1 2 1 4 1 .
Ecp(w) = | SIVul”+ 55 V)lul” + —ul” — 2x~ - (iu, Vu)
Rr2 2 2¢ 4e

subject to ||u]l;2 =1,

where §2 € Ris the angular velocity, (i, Vu) = iuVu—iuVuand V(x) = x; + Axp
is a harmonic trapping potential (more general nonnegative, smooth V are considered
as well). The relation between Egp and E can be understood if we recast the Gross—
Pitaevskii energy taking into account the mass constraint in the form

1 1 2 2
EGP(u)=/Rz§|Vu|2+E[(Iulz—a(x)) —(am)ﬂ — Qx*- (iu, Vu),
(1.5)

where a(x) = ag — V(x), ag is determined so that [z, a® = 1 and a® are the
positive and negative parts of a. The angular velocity has certain threshold values at
which different global minimizers appear. When £2 = O(|In€|) is below a certain
critical value £21, global minimizers are vortex free [3,16,18], while at some other
critical values £2, > £21, global minimizers have at least one vortex [16,17], which
looks locally like the radially symmetric degree =+ 1 solution to the Ginzburg—Landau
equation (1.9). These localized structures have analogues for the energy functional
E: when a = 0, the global minimizer is a vortex free state, and when a ~ €| In e|2,
the global minimizer has one vortex that looks like the standard Ginzburg—Landau
vortex [see Fig. 1 (a)]. Possible qualitative difference between the two functionals
is manifested in the intermediate region for the values of a. When a satisfies the
hypothesis of Theorem 1.2 (ii), the global minimizer has a vortex which, however,
cannot be easily associated with the standard vortex [see Fig. 1 (c)]. Based on numerical

@ Springer



1082 J Nonlinear Sci (2018) 28:1079-1107

iUBU

loou

oo

[

0.00  50.

0.9

0.6

0.3

. 0. .
0. 40. 80. 0. 40. 80. 0. 40. 80.

Fig. 1 a The standard vortex described in Theorem 1.2 (iii), b the standard vortex near the boundary of the
set > 0 and c the shadow vortex described in Theorem 1.2 (ii) in case @ = o(€|In €[). The upper panel
shows the global minimizer v = (vy, v) as a vector field in RZ. In the lower panel, a radial section of |v|
taken at the angle 6 indicated in the upper right corner and compared with the Thomas—Fermi limit \/;F .
Numerical simulations were performed after rescaling the original spacial variable x +— x /e

simulations, we conjecture that, rather than coming from the equation (1.9), its rescaled
local profile comes from the generalized second Painlevé equation (1.6). We call this
new type of defect the shadow vortex (the name is inspired from the physical context,
see [12]). Note that the amplitude of the shadow vortex is very small, of order O (¢'/3),
in contrast with the standard vortex whose amplitude is of order O(1). Numerical
simulations show that there exist standard vortex minimizers localized at |x.| = pg
strictly between 0 and p—this happens when a ~ €|In€|. Despite the similarities
between our model and the Gross—Pitaevskii functional it is not clear whether the
shadow vortex exists for the Bose—FEinstein condensate—proving this is a delicate
matter because, unlike the energy of the standard vortex which is of order | In €|, the
energy of the shadow vortex is relatively small.

The symmetry breaking scenario described above can be seen from another angle
since the shadow vortex can be interpreted as a transient vortex state between the
homogenous state and the standard vortex state as a is increasing. In the Ginzburg—
Landau theory of superconductivity, the onset of vortex state is associated with the
hysteresis phenomenon near the lower critical field where the energy of the nonvortex
state (Meissner solution) equals that of the single vortex state [19]. The difference with
the case considered here seems due to the nonsmoothness of the Thomas—Fermi limit
and the mediating effect of the solution of the Painlevé equation—in essence it is a
boundary layer phenomenon. Still, the results of numerical simulations shown in Fig. 1
suggest that the shadow vortex may exist and be locally stable beyond a = o(¢| In€|)
and that the critical value of @ when the global minimizer becomes the standard vortex
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occurs when its energy and that of the shadow vortex are equal. This would point out
to the presence of hysteresis also in our case.

In Lemma 2.1, we show that under the above assumptions there exists a global
minimizer v of E in H'(R2, R?), namely that £(v) = mingi g2 g2y E. In addition,
we show that v is a classical solution of (1.3). Some basic properties of the global
minimizers are stated in:

Theorem 1.1 Let ve , be a global minimizer of E, let a > 0 be bounded (possibly
dependent on €), let p > 0 be the zero of |iraq and let g = /L;ad(,o) < 0. The
following statements hold:

(1) Let 2 C D(0; p) be an open set such that ve 4 # 0 on $2, for every € < 1. Then
[Veal = /I in Cp (82).

(i1) qu every & = pe'Y, we consider the local coordinates s = (s1, s3) in the basis
(€%, ie'?), and the rescaled minimizers:

=12, -1/3 23 S
wea®) =27 o (5 + €7 ).

Assuming that lim¢_, g a(€) = ao, then as € — 0 the function we 4, converges

in C12OC (R2, R2) up to subsequence, to a function y bounded in [sq, 00) x R for
every so € R, which is a minimal solution of

Ay(s) — s19(s) = 2ly(s)Py(s) —a@ =0, Vs =(s1,5) e R%, (L6

witha = %E) € R2
1
(iii) Assuming that lirr_}fﬁo a(e) = ap, then for every ro > p, we have
lime_ 0 ”ﬂ“((m:“)e ) — —Mn‘d“zro)f(roeie) uniformly when t remains bounded
and 6 € R. !

Looking at the energy E, it is evident that as € — 0 the modulus of the global
minimizer |ve 4| should approach a nonnegative root of the polynomial

—ttrad(IxD)y + ¥ — aefra(lx]) =0,

or in other words |ve 4| — \/F as € — 0 in some, perhaps weak, sense. We observe
for instance that as a corollary of Theorem 1.1 (i) and Theorem 1.2 (ii) below we
obtain when a = o(e|ln¢€]) the convergence |ve 4| — /i in CE)C(D(O; p)), thus
£2 = D(0; p) in this case. Because of the analogy between the functional E and
the Gross—Pitaevskii functional in theory of Bose—FEinstein condensates, we will call
Vit the Thomas—Fermi limit of the global minimizers (We will comment more on
this connection later on.) Theorem 1.1 gives account on how nonsmoothness of the
limit of |ve 4| is mediated near the circumference |x| = p, where u changes sign,
through the solution of (1.6). This equation is a natural generalization of the second
Painlevé equation

Y —sy—=2y—a=0, sek. 1.7
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In [12], we showed that this last equation plays an analogous role in the one-
dimensional, scalar version of the energy E:

€ 1 LY
E@.R) = | Sluxl" = Sou@u”+ ~lul” —af (x)u
R € 4e

where u and f are scalar functions satisfying similar hypothesis to those we have
described above. In this case, the Thomas—Fermi limit of the global minimizers is
simply 4/t (x), which is nondifferentiable at the points x = =& which are the
zeros of the even function . Near these two points, a rescaled version of the global
minimizer approaches a solution of (1.7) similarly as it is described in Theorem 1.1
(ii). It is very important to realize that not every solution of (1.7) can serve as the limit,
actually there are only two such solutions: y* which is positive, decays to 0 at +00
and grows like +/|s| at —oo and y~ which is sign changing, has similar asymptotic
behaviour at 400 but y~(s) ~ —./|s] near —oo. To show existence of yT is quite
nontrivial, and for proofs we refer to [11,14,29]. Moreover, these two solutions are
minimal. To explain what this means, we go back to the present problem since in our
case the limiting solutions of (1.6) are necessarily minimal as well. Let

Epy (4, A) / Lol + Soiup + Lt +
u, = — u —S1|\Uu —|Uu o-uj.
Pn A2 2! 2

By definition, a solution of (1.6) is minimal if

EP[[ (y’ supp ¢) = EP[[ (y + ¢9 supp ¢) (18)

for all ¢ € C§° (R2, R?). This notion of minimality is standard for many problems
in which the energy of a localized solution is actually infinite due to noncompactness
of the domain. The minimality of the solution of (1.6) arising from the limit in
Theorem 1.1 (ii) is a direct consequence of the proof in Sect. 3.

Regarding Theorem 1.1 (iii) we note that since the degree of the local limit of
the rescaled global minimizer in x| > p is a function whose topological degree
is 1, one may expect that the zero level set of v., is nonempty and that isolated
zeros correspond to topological defects which should locally resemble the well-known
Ginzburg-Landau vortices. We will show that this is partly true as non-standard vor-
tices occur in the physical regime of parameters.

Before stating our second result we introduce the standard Ginzburg—Landau vortex
of degree one which is the radially symmetric solution of

An=(n*=Dn, n:R> >R (1.9)
such that n(x) = nrad(|x|)|;‘—|. We say that u is a minimal solution of (1.9) if
EgL(u, supp¢) < EgL(u + ¢, supp ¢),
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for all ¢ € C§°(R?, R?), where

lg .1 2
EgL(u, £2):= [ SIVul"+ (1 —[ul")

2

is the Ginzburg-Landau energy associated with (1.9). It is known [28] that any minimal
solution of (1.9) is either constant of modulus 1 or has degree + 1. Mironescu [20]
showed moreover that any minimal solution of (1.9) is either a constant of modulus
1 or (up to orthogonal transformation in the range and translation in the domain) the
radial solution 1. We also mention some properties of 7:

(1 néad > 0 on (0, 00), Nrad(0) = 0, lim; — 00 Nrad (r) = 1,
(i) [po |Vn]?* = oc.

Our next theorem shows existence of topological defects of the global minimizers
of E in several regimes of the parameters (€, a):

Theorem 1.2 Let v 4 be a global minimizer. Assume that a(e) > 0, a is bounded and
lime_ €'~ % Ina = 0 for some y € [0,2/3).

(1) Fore < 1, ve 4 has at least one zero X¢ such that
|Xel < p + o(€”). (1.10)

In addition, any sequence of zeros of ve 4, either satisfies (1.10) or it diverges to
00.
(ii) Forevery po € (0, p), there exists b, > 0 such that whenlim sup,_, ﬁ < by,

then any limit point | € R? of the set of zeros of Ve.q Satisfies
po = || = p. (1.11)

In addition, if a = o(e|In¢€|), then |l| = p.
(iii) On the other hand, for every py € (0, p), there exists b* > 0 such that when
lim sup,_, ell::—elz > b*, the set of zeros of ve 4 has a limit point | such that

1] < po. (1.12)

If veq(xe) = 0 and X¢ — 1, then up to a subsequence

61er10 Ve,a(Xe +€5) = /u)(g on) (v ud)s),

a

in CIZOC(RZ), Sfor some g € O(2). In addition, if limsup,_, Tnep = then
[ =0.

To discuss physical consequences of this theorem we state:

Theorem 1.3 (i) When a = 0, the global minimizer can be written as v(x) =
(Vrad (|x1]), 0) with viag € C°(R) positive. It is unique up to change of v by gv
with g € SO(2).
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(ii) Given € > 0, there exists A > 0 such that for every a > A, the global minimizer
Ve q is unique and radial, i.e. v(x) = vrad(|x|)|i—|.

Actually radial minimizers such as in Theorem 1.3 (ii) exist for all (¢, @) with € >
0 and a > 0 . Indeed, it can be shown that in the class HrLd(Rz, Rz) = {u €
H'R?,R?) : gu(x) = u(gx), Yg € O(2)} of radial maps (or O(2)-equivariant
maps), there exists u € Hrzd(Rz, R?) such that E(x) = min H (R2.R2) E. Existence
of the radial minimizer u follows as in the proof of Lemma 2.1, and clearly u is a critical
point of E in the subspace Hr}id (R2, R?). In view of the radial symmetry of x and f,
one can show that the Euler—Lagrange equation (1.4) holds for every ¢ € H'(R?, R?)
(cf. [21]). As a consequence, u(x) = urad(|x|)‘;—‘ is a C* classical solution of (1.3).
In addition, proceeding as in the proof of Theorem 1.3, it is easy to see that the radial
minimizer is unique and satisfies urag > 0 on (0, co) for every € > 0 and a > 0.

Theorem 1.3 shows that when a = 0 the global minimizer of E inherits the one-
dimensional radial profile of x. On the other hand, it would be natural to expect that
when a > 0 the forcing term eaf in (1.3) induces a global minimizer v € Hrlad.
Theorem 1.2 shows that this is not the case.

Remark We point out that the hypothesis lim¢_.q 61_37}/ Ina = 0 for some y €
[0,2/3) was assumed in Theorem 1.2 only to ensure the existence of a sequence
of zeros satisfying (1.10). This hypothesis is not needed in the proof of Lemma 3.4
from which the statement (ii) of Theorem 1.2 follows. Therefore, the symmetry of the
global minimizers is not radial as soon as lim sup, _, ﬁ < by, since this condition
implies that no limit point of the zeros of the global minimizers belongs to the disc
D(0; pp) (cf. Lemma 3.4).

Theorem 1.2 (iii) states further increase in the value of a leads to the restoration of
the symmetry at least in the limit € — 0. Finally, Theorem 1.3 (ii) shows that the
symmetry is completely restored provided that a is large enough.

This paper is organized as follows: in the next section, we establish existence and
basic properties of the global minimizers and in Sect. 3 we prove our theorems.

2 General Results for Minimizers and Solutions

In this section we gather general results for minimizers and solutions that are valid for
any values of the parameters ¢ > 0 and a > 0. We first prove the existence of global
minimizers.

Lemma 2.1 For every € > 0 and a > 0, there exists v € HY(R2, R?) such that
E(v) = ming1 g2 g2y E. As a consequence, v is a C* classical solution of (1.3), and
moreover v(x) — 0 as |x| — oo.

Proof We first show that inf{ E(u) : u € H'(R?, Rz)} > —oo. To see this, we
regroup the last three terms in the integral of E (u). Setting I5 := {x € R?: u(x)+8 >
0}, for § > O sufficiently small such that /5 is bounded, we have

1 1
_2_62“()‘)'”'2 + @W‘ <0 u’ <4y = x e,
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thus

1 A
—pM(X)M +Q|M| 2—6—2||M||L00X8,

where xs is the characteristic function of Is. On the other hand,

1 a
@M“ — W u<0= lul® < 8ae|f| = | ful < (8ae)'| fI*/3,

thus
1/3 ,4/3

1 a a
sl = —f 00wz == | I,

Next, we notice that E(u) € R for every u € H'(R?, R?), thanks to the imbedding
H'(R?) c LP(R?),for2 < p < oo. Now, let m := inf ;1 E > —o0, and let u, be a
sequence such that E'(u,,) — m. Repeating the previous computation, we can bound

R2§|Vun| +2—62|Mn| = E(un) + R22—62(M(X)+5)|Mn| _E|“n|
a
+ zf(X) s Up
2 81/3a4/3
< Eun) + S5l + 8211+ = [ 17197,
€ € R2

From this expression it follows that |[ju, || HI(R2,R?) is bounded. As a consequence,

for a subsequence still called u,, u, — v weakly in H ! and thanks to a diagonal
argument we also have u, — v in leoc, and almost everywhere in R2. Finally, by
lower semicontinuity

/|Vv|2§1iminf/ |Vun|?,
RZ n—0oo Rz

and by Fatou’s Lemma we have

1 1
/ lv* < liminf/ |un|*, and/ ——ulv|? gliminf/ —— ufunl®.
R2 n—oo  [p2 u<o 2€ n>o0 [, o 2e

To conclude, it is clear that

L, T,
—ﬁMM = lim — 55 Mlunl”,
w>0 € =0 J >0 2e

thus m < E(v) < liminf, . E(u,) = m. Next, we check that v is bounded. This

follows from the fact that there exists a constant M such that for every x € R? and
i = 1, 2 the function
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1 1 a
u;j —> —gww + pwr‘ ——f@)u

is strictly increasing on [M, 00) (resp. strictly decreasing on (oo, — M) independently
of the other variable u; (j # i, j = 1, 2). Thus, if we truncate a map u = (u1, u2)
by setting ©; = min(M, max(u;, —M)), the truncated map u has smaller energy than
u. Clearly the boundedness of v implies by (1.3) the boundedness of Av and Vv. In
particular, v and |v|* are uniformly continuous. As a consequence, if [v(x,)| > § > 0
for a sequence |x,| — oo, then we would have |v| > §/2 on a ball B(x,, r) of radius
r independent of n, and also f]R2 |v|4 = 00, which is impossible. This proves the
asymptotic convergence of v to 0. O

In the sequel, we will always denote a global minimizer by v. To study the limit
of solutions as € — 0, we need to establish uniform bounds in the different regions
considered in Theorem 1.1:

Lemma 2.2 For ea belonging to a bounded interval, let uc 4, be a solution of (1.3)
converging to 0 as |x| — oo. Then, the solutions uc, and the maps €Vu. , are
uniformly bounded.

Proof We drop the indexes and write u := u, 4. Since | f|, u, and €a are bounded,
the roots of the cubic equation in the variable u

u3 + U3 — p(x)uy — eafi(x) =0

belong to a bounded interval, for all values of x, us, €, a. If u; takes positive values,
then it attains its maximum 0 < maxpg2 #1 = u1(xp), at a point xo € R2. In view
of (1.3):

0 > €2 Auy(x0) = uj(xo) + (u3(x0) — p(x0))u1(x0) — €afi(xo),

thus it follows that u1(xp) is uniformly bounded above. In the same way, we prove
the uniform lower bound for #; and the uniform bound for u,. The boundedness of
€Vu, 4 follows from (1.3) and the uniform bound of u ,. O

Lemma 2.3 For e < 1 and a belonging to a bounded interval, let uc 4 be a solution
of (1.3) converging to 0 as |x| — oo. Then, there exists a constant K > 0 such that

lite.a(x)] < K (v/max(u(x),0) +€'/?), Vx e R?. (2.1

As a consequence, if forevery & = pe'®, we consider the local coordinates s = (s, 52)

. .00 ~ e2/3 .
in the basis (¢'?,ie'?), then the rescaled maps e 4(s) = % are uniformly

bounded on the half-planes [sg, 00) X R, Vso € R.

Proof For the sake of simplicity, we drop the indexes and write u = uc 4. Let us
define the following constants
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M > 0 is the uniform bound of |u¢ 4| (cf. Lemma 2.2),
A > 0is such that 3uq(0 — h) < 2Ah,VYh € [0, p],

F = supg2 | f1.
« > 0is such that ¥ > 3aF, and k* > 6).

Next, we construct the following comparison function

Mp—ll+5)  foril <),
x(x) = 26T/g,(|x|—;o—ez/3)2 for p < |x| < p + €23, (2.2)
0 for |x| > p + €/3.

One can check that x € C'(R*\{0)NH ' (R?) satisfies Ay < T/;m H'(R?). Finally,

we define the function y := % — x — k2€%/3 and compute:

EAY = >(IVul> +u - Au— Ay)
> —plul® + |ul* —eaf -u—€e*Ax
> —ulul® + ul* — eaFlu| — 2¢*3x. (2.3)

4
Now, one can see that whenx € 2 := {x € R? : ¥ (x) > 0},wehave%—,u|u|2 >0,
since

| |4 2/3

2) € 2 2
x € 2N D(0; p)=>7>?<p—| |+—>|u| > plul”.

On the open set £2, we also have: “7‘4 > %64/3 > 2643, and # > §e|u| >
eaF|u|. Thus Ay > Oon £2 inthe H' sense. To conclude, we apply Kato’s inequality
that gives: Ayt > 0 on R? in the H'! sense. Since ¥ T is subharmonic with compact
support, we obtain by the maximum principle that 1™ = 0 or equivalently ¥» < 0 on

R2. The statement of the lemma follows by adjusting the constant K. O

Lemma 2.4 Assume that a is bounded and let u. , be solutions of (1.3) uniformly
bounded. Then, the map Lea Dx| >

pi} for every pi > p.

Proof We consider the sets S := {x : [x| = p1} C 8" := {x : |x| > p;}, with
p < p| < p1, and define the constants:

e M > 0 which is the uniform bound of |uc 4|,
® U = _Hrad(,oi) > 0,
J foo = [ fllzo,
€
: Za*fpa( )
Ko
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Next, we introduce the function ¥ (x) = %( lu|> — k%€?) satisfying:

2
|

EAY = ezAT > Jul* 4 polul® — €ay foolul , ¥x € 8,

> woyr, Vx € S such that ¥ (x) > 0.

By Kato’s inequality, we have ezAw+ > uoy¥ T on S, in the H ! sense, and utilizing
a standard comparison argument, we deduce that YHx) < M2e_§d(x'as/), Vx € S,
and Ve « 1, where d stands for the Euclidean distance, and ¢ > 0 is a constant. It is
clear that

d(x,08) > —fln(k262
c 2M?

c ’ k2€2
) = MPemed95) < = lul? < 2%
Therefore, there exists € such that

Mea®l _ /3t Ve < e, ¥x € 5. 2.4)

The boundedness of Vu, , follows from (1.3) and the uniform bound (2.4). O

3 Proof of Theorems 1.1, 1.2 and 1.3
Proof of Theorem 1.1 (i) Suppose by contradiction that |v| does not converge uni-

formly to /i on a closed set ' C £2. Then, there exist a sequence €, — 0 and a
sequence {x,} C F such that

either |ve, (x,)| = v/ u(x,) + 8 or |ve, (x,)| < +/u(x,) — 8, forsome s > 0. (3.1)

In addition, we may assume that up to a subsequence lim,_, o, X, = xo € F. Next,
we consider the rescaled maps v, (s) = ve, (x, + €,5) that satisfy

AT(s) + 1(xn + €5)0(s) — |[0(5)[>0(s) + enaf (xn + €ns) =0, Vs € R, (3.2)
In view of the Lemma 2.2 and (3.2), v, and its first derivatives are uniformly bounded
for € < 1. Moreover, by differentiating (3.2), one also obtains the boundedness of the
second derivatives of v, on compact sets. Thus, we can apply the theorem of Ascoli
via a diagonal argument and show that for a subsequence still called v,, v,, converges

in ClzOC (R?, R?) to a map V, that we are now going to determine. For this purpose, we
introduce the rescaled energy

B = [ (3IVH)F = 3, + el + i)

—enaf G+ €s) - (5) )ds = E(w),
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where we have set ii(s) = ue, (Xn + €n5), ie. ue, (x) = (2 "”) Let € be a test

function with support in the compact set K. We have E (v, + E K) > E (U, K), and
at the limit Go(V —|—E K) > Go(V, K), where

1 , 1 1y
Go(y, K) = SIVY” = suxo) ™+ —1v ] |,
k|2 2 4
or equivalently G(V + £, K)> G(V, K), where

1
K

1
= /K [§|V¢|2+ Z(W —u(xo»z] (3.3)

Thus, we deduce that V is a bounded minimal solution of the P.D.E. associated with
the functional (3.3):

AV (s) + (1(x0) — [V (s)[P)V (s) = 0. (34)

If V is a constant of modulus +/zt(xo), then we have lim,_, oo [ve, (Xn)| = v/ 11(x0)
which is excluded by (3.1). Therefore, we obtain (up to orthogonal transformation in

the range) Vi(s) = V1 (xo) n(v/ i (xg) (s — s0)), where n(s) = nrad(ls|)|§—| is the radial
solution to the Ginzburg-Landau equation (1.9), and so € R?. In particular, the degree
of V on dD(0; 2|so|) is + 1, and by the ClloC (R?%, R?) convergence, we deduce that for
€, < 1 the degree of v, is still &= 1 on 3 D(0; 2|sp|). This implies that v, has a zero in
D (xy; 2€p|s0]) for €, < 1, which contradicts the fact that ve 7= 0 on £2 fore < 1. O

Proof Theorem 1.1 (ii) For every & = pe'? we consider the local coordinates s =
(s1, 52) in the basis (¢!?, i¢’?), and we rescale the global minimizers v as in Lemma 2.3

2/3
by setting Ve 4(s) = % Clearly Av(s) = e Av(€ + se?/3), thus,

w(E + se23) _

2/ D(s) — [92(s)|0(s) + af (€ +s€¥3) =0, Vs eR.

Av(s) +

Writing p(& +h) = p1hy + h - A(h), with = ul 4(p) <0, A € C*(R* R?),
and A(0) = 0, we obtain

AT(s) + (nis1 + A(se€?3) - $)d(s) — [92(s)|0(s) + af (€ + s€2/?) =0, Vs e R,
(3.5)

Next, we define the rescaled energy by

- 2/3
Ea@) = /R (%|Vﬁ(s)|2 - %ﬁ%) T %|ﬁ|4(s) —af ( +se23). ﬁ(s))ds
(3.6)
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With this definition E (it) = ai /3 E (u). From Lemma 2.3 and (3.5), it follows that Av
and also Vv are uniformly bounded on compact sets. Moreover, by differentiating (3.5)
we also obtain the boundedness of the second derivatives of v. Thanks to these uniform
bounds, we can apply the theorem of Ascoli via a diagonal argument to obtain the
convergence of v in C120C (R%, R?) (up to a subsequence) to a minimal solution [cf. (1.8)]
V of the PD.E.

AV () + pnisiV(s) — [VI2(s)V(s) + ao f(§) = 0, Vs € R, with ag := lim a(e),

€—>

3.7

which is associated with the functional

- 1 1
Eo(. J) = /j (51V0 P = Fs118l(6) + 1816) —aof (€) - (s )ds
(3.8)

Setting y(s) := (3.7) reduces to (1.6) with o = %, and y
2p1

S
eV () -
is still a minimal solution of (1.6). In addition, by Lemma 2.1, V and y are bounded
in the half-planes [sg, 00) x R, Vsg € R. O

Proof of Theorem 1.1 (iii) For every xo = roe'? fixed, with rg > p, we consider
the local coordinates s = (s1,s2) in the basis (¢!, ie!®0), and the rescaled maps

Ve.q(s) = w, satisfying

AT(s) + pn(xo 4+ €5)0(s) — €20(s)1>0(s) +af (xo +€s) =0, Vs e RZ. (3.9)

In view of the bound (2.4) provided by Lemma 2.3 and (3.9), we can see that the first
derivatives of v¢ , are uniformly bounded on compact sets for ¢ < 1. Moreover, by
differentiating (3.9), one can also obtain the boundedness of the second derivatives of
v on compact sets. As a consequence we conclude that lime_,0,q—qq Ve,q (5) = V(s)
in Clzoc, where V (s) = £ (roe?) is the unique bounded solution of

T d(ro)
AV (s) + pn(xo)V(s) +ao f (xo) = 0, Vs € R%. (3.10)

Indeed, consider a smooth and bounded solution u : R? — R% of Au = VW (1) where

the potential W : R2 — R is smooth and strictly convex. Then, we have A(W (1)) =

VW @)? + Y7 D*W (u)(uy,, uy,) > 0, and since W (u) is bounded we deduce

that W () is constant. Therefore, u = ug where ug € R? is such that VW(uo) = 0.
Ue, n((ro+te)e“’>

Finally, the uniform convergence lim¢_.0 44 = = (r 3 f (roe'?),
when 7 remains bounded and 6 € R, follows from the invariance of equation (1.3)
under the transformations u(x) > g~ u(gx), Vg € SO2). O

Proof of Theorem 1.2 (i) The proof follows from the next lemma which applies in the
more general case of uniformly bounded solutions: O
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Lemma 3.1 Considerthe annulus A = {p+1€” < |x| < p1}withp; > p, T > 0and

y € [0, 2/3) fixed. Assume that a(e) > 0 and lim¢_,¢ 61_377/ In(a) = 0, and let uc 4
be solutions of (1.3) uniformly bounded. Then, there exists €y such that u¢ 4(x) # 0,
Vx € A, Ve < €. In addition,

s = fyp uniformly on A,

e when € K 1, the solution u. , has at least one zero X, in the open disc |x| <
o+ Ter.

e lim._

Proof We examine the sign of the projections u,(x) = —(u(x) - v), where v =
(cos by, sin Bp) is a unit vector. Consider for every § > 0 the set

i0 T T
Sg::{x:re s p+Tel <r < py, _3+5+905955_8+90}’
which is contained in the domain

Sii=dx=re?: ptle’ <1< —z+§+9 <9<Z_§+9
§ = = Y B P2, ) ) 0 ) ) 0>

with p; < p2. In view of (1.2), let 0 < f5 := Cos(”T_a) miny ey, py] frad(r) <
inf, 5 (f (x) - v), and notice that

*Auy > (|lul* — pwuy + eafs, ¥x € Sj.

Next, we define:

M > 0 which is the uniform bound of |u¢ 4|,
o > 0 such that 2uph < —prag(p + h), for h € [0, 1],
Moo = supg2(—p) > 0,

__ _afs
ke = Mo i > 0,

and the function ¥ (x) = u, + k€. One can check that when x € 2 := {x € Sé :
¥ (x) > 0}, we have €2 Ay > 1€” oy on £2. To extend the previous inequality to the
domain S5, we apply Kato’s inequality that gives: YAyt = Tyt on S5, in the
H'! sense. Now, since in y € [0, 2/3), we can see that Vx € Ss: d(x, 8S(§) > keV >
€l =% for some constant k > 0, where d stands for the Euclidean distance, and utilizing

. ——£5-d(x,05))
a standard comparison argument, we deduce that ¥ (x) < (M +ke€)e 7 s

3
Vx € S;5,Ve « 1, where ¢ > 0is a constant. Finally, in view of lim¢_, ¢ =7 In(a) =
0Oand y € [0, 2/3), there exists €s (independent of 8y) such that

1-Y

€72 kee
V. L VxeSy: dx,d8l) > — 1( : ) +
€ < €5, Vx s (x,085) > " n Mt ke = YT (x)
— Sy d(x,0))
< (M +kee)e ¢ 2 < kee. (3.11)

From this it follows u, (x) < O hence u(x) - v > 0
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To conclude, we notice that every x = re'? € A belongs to the intersection of the
sets S5 corresponding to the angles 6y € [ — 7 + 8,60 + 5 — §]. As a consequence,
Vx =re'’ € A,Ve < €5,¥0) € [0—%+8,0+% —8], wehave u(x)-(cos 0, sin 6p) >
0, and in particular

e u(x) #0,
o u(x) = |u(x)|e!@*? with ¢ € (=3, 5).

ux)  x
lu@)l x|
|e‘¢ — 1| holds Vx € A, Ve < €5, with ¢ € (=8, 8), it follows that lim¢_, |u”$§| =
x‘ , uniformly on A. In addition, for € < €5 (with § small), the winding number of u
on the circle |x| = p + te? is one. Thus by degree theory, the solution u has at least

one zero in the open disc |x| < p + €Y. m]

Since for every § > 0 arbitrary small, we can find an €5 > 0 such that

Theorem 1.2 (ii) The minimum of the energy defined in (1.1) is nonpositive and tends
to —oo as € — 0. Since we are interested in the behaviour of the minimizers as
€ — 0, it is useful to define a renormalized energy, which is obtained by adding
to (1.1) a suitable term so that the result is tightly bounded from above. We define the
renormalized energy as

Mz 2
Eu) = E(u)+/ —:/ —|Vu|
lx]<p 462 R2 2

2 _ )2 2
+/ (IMI4 ZM) +/ Iul (IMI -2 / Fou. (12)
lx|<p € [x]>p

and claim the bound: O
Lemma 3.2
EWea) < M61|'O| Ine| + O(1) for € K 1 and arbitrary a, (3.13)

where 11 = ;4 (p).

Proof Let us consider the c! piecewise map ¢ = (Y1, ¥2):

V) for |x| < p — €3
Yi1(x) = kee V3 (p—|x]) forp—€e*3<|x|<p., Yax)=0,
0 for [x| > p

with k. defined by kce'® = pra(p —€23) = ke = O(1). Since ¥ €
H'(R?, R?), itis clear that £(v) < (). We check that £(y) = W| Ine|+0O(1),
since it is the sum of the following integrals:
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2 2
/ WEZ1” _ o, —|w1|2 o),
hclxl<p € x| >p—e2/3 2
/ 1lptg(XDI> 1
x| <p—e2/3 2 4 8 Jiizp—err p — Il
Tlp1lp

+01) = T' Inel +O().

O
We also compute a lower bound of the renormalized energy when Tinel i a is bounded:
Lemma 3.3 Assuming that —— Tinel lnel is bounded, then for every pg < p:
1
lim inf Ligp 2 = THle. (3.14)
e—0 |1n6| p0§|x|§p2 6

where 11 = 4 (p).

Proof Lety € (0,2/3) and 2. = {x : po < |x| < p — €”}. The upper bound (3.13)
implies that

/ (0> = w?* = O(? Ine)). (3.15)
¢

On the other hand, we also have

1 1
D — —=0(1 . 3.16
/gf (el + V2 S/QEM (Hneh 310

Combining (3.15) with (3.16), and setting o := |v,|, we obtain

/Q lo — /1| = O(e| Inel). (3.17)

At this stage, we compute a lower bound of the difference

| ovar= [ vyrk= [ Vo -vmPez [ Vo - vovia
2¢ 2 £2¢ Qe
zz/Q(—A\/ﬁxo—ﬁ)

Urgg (0 — €7)

— + O@).
Vitrad (0 — €7) Jix|=p—er (@ \/ﬁ) )
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In view of (3.17), we have fSZe (=A/m)(o— /) = (’)(61’37}/ [Ine|) (since |A /| =
O(e’STy) on £2.), while flxl:p_éy (0 — /) = (’)(e%) by Lemma 2.3. Therefore,

/ |VU6|ZZ/ IVvelzz/ |V0|2Z/ |V.J/il> + O)
po<|x|<p ¢ Q2. 2

_ Muneuom, (3.18)

and 1iminf€ﬁolh1—6|fp0§|x|§p %|Vv€|2 > M. Finally, letting y — % we
deduce (3.14). O

Now, we are going to establish

Lemma 3.4 For every po € (0,p), there exists b, > 0 such that when
lim sup,_, Tinel lne| < by the set of zeros of the global minimizers cannot have a limit
pointl € D(0; pp).

The proof of Lemma 3.4 proceeds by contradiction. Let {X.} be a sequence of zeros
of ve 4. Assuming that X, converges (up to a subsequence) to a point xo € D(0; po),
with pg < p, we will obtain the bound

(vel* — w?

. 1 2
lim inf —|Vue|” + 12

=0 |Inel /pw:py [2

] >2>0, (3.19)

which combined with (3.14), gives for b <« 1 a lower bound of the renormalized
energy bigger than the upper bound (3.13). The limit in (3.19) will follow from

Lemma 3.5 Let 0 < py < p, and a(e) < boe|lne€| for some by > 0. Then, there
exist constants ). > 0 and C > 0, such that for every disc D(xo; ro) C D(0; pp) with
ro € e, |lne|_1/2], the condition

2 2
Vel® — A
[ G [ el o2 (3.20)
9D (x0ir0) 2 0DGoirg) A€ o

implies the bound
& (ve, D(xo; ro)) = C. (3.21)

Proof Let A be such that

V Mrad(00) — .| —————— v \/ Mrad (00)- (3.22)

TT [hrad (:00)

We first utilize inequality (3.20) to bound v, in modulus and argument on 9 D (xo; r9).

From
2
2 2e°A 2A
][ el = u|" = = < =,
D(x0:70) T
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it follows that there exists 8y € R such that ||ve (xo +roe®) > — st (xo +r0e®) |2 <z
Thus,

‘Iv (x0 + roe'™)| — / p(xo + roele‘))‘ 2
‘ h 7TM(XO + r0€’90)

T [Arad (,00) ’

On the other hand, the condition

1
2ro

0

Ve i0 A
2 (e roei®) [0 < vl < X
9D (x0;r0) 2 ro

implies that foz |3”‘ (x0+r0e’9)’d9 < VA, and |ve (xo+roe'??) —ve (xo+roet?)| <
4w, for 0 € [0y, 61 + 27]. ' _
In view of (3.22), we deduce that v, (xo+roe'?) = o (0)e! @O—00)+90) witho (0) >
1 _ big
00 := 54/ Mrad(p0), ¢ (0) =0, and |¢| < %. Indeed, we check that

: 21
o (0) = 0(60) — |o(Bo) — o (O)| =/ p(xo + roei®) —

7T frad (00)
4 ) > og, VO € [0y, Oy + 21],
VAT A - 4 ) 4 )

a (6 [ (. B V4
(®0) Mrad (P0) — \/numd(,oo) \/ﬂumd(po) +2

1
5 VO € [0y, 6y + 21 ].

|sin(¢ (0 — 60))| <

Next, we define the comparison map

u(ro+re”) = (Z[0/(0) — (o + roe )] + 120 4 rei) ) (o 0—trtan)
0

)

Vr € [0, rg], VO € R. (3.23)

Itis clear that u is continuous on D (xg; rg), and thatu = v on d D(xo; ro). We are going
to check that u € H'(D(xo; ro), R?), since actually fD(xo;ro) |Vu|? < C, where C is
a positive constant depending only on u, f, bg, po and the uniform bound provided
by Lemma 2.2. In what follows, it will be convenient to denote by C such a constant
that may vary from line to line. Indeed, we have

du(xg + re'?) ‘2 _ ‘0(9) — w2 (xg + roe’?) n a2 (xg + rei?y 2

ar ro ar

2
¢(629°) lo®) —u'l?
o

. . 2
(xo0 + o)1+ % (xo + rei?)
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Lot D | Loty - 20t e | Lon ek reD
2 30 30 p 390
0 — 6p)|? . )
+M’ [o(0) — 1/z(x(H—roe‘@)]4—;11/2(x()4—re"’)’.
P
0

du(xotre?) |2 du(xotre?) 2
Hence fD(xo;ro) futxore J|* < €. To obtain the bound fD(xo o) r2 M|
C, we utilize (3.20) that gives fo lo’ (9)|2d9 < 2X and fo |¢’ (6 — 90)|2d9 <
Finally, from (3.23) we can see that

<§,\.,|>, I/\

(o + re'®)| — w2 (xo + rel®)| < |o(6) — 1'/*(x0 + roe™®)],
[luxo + re)* — p(xo +re')| < 10(0) — pxo + roe’®)
[l (o +re)| + ' /2 (o + re')|
|0(0) + /2 (xo + roe?)|
luxo + re’®) P — pixo + re!®)[* < C|lve (o + roe’®) > = plxo + re’

i0y2 160\\2
and since |, 27 (Iveotroe )4162 wotre))” - < %2 by (3.20), we deduce that
0

(uf?— T .
Jpeiro) T < C. On the other hand, it is obvious that —¢ [, = f-u < C;

thus, we obtain by minimality of v,:
E(ve, D(x0; r0)) = E(u, D(x0;10)) = C,

which completes the proof. O

Proof of Lemma 3.4 We assume that sup q ln g = < bg, where b is an arbitrary constant.
Suppose by contradiction that X, converges (up to a subsequence) to a point xy €
D(0; po) (with pg < p), and consider the rescaled maps v (s) = ve (X +-€5) satisfying

AU(s) + (Fe + €5)0(s) — |0(s)[>0(s) + eaf (Xe +€s) =0, Vs € R, (3.24)

In view of the Lemma 2.2 and (3.24), the first derivatives of v, are uniformly bounded
for € « 1. Moreover, by differentiating (3.24), one also obtains the boundedness of
the second derivatives of v on compact sets. Thus, we can apply the theorem of Ascoli
via a diagonal argument and show that for a subsequence still called v,, V. converges
in ClzOC (R?, R?) to a map V, that we are now going to determine. For this purpose, we
introduce the rescaled energy

E(ii) = /R (%IW(S)IZ —~ %u@e + s€)i(s)|* + %m(s)r‘ — eaf (¥ + se) - ﬁ(s))ds
= E(u),

where we have set i1 (s) = u¢(Xe + 5€),1.e. ue(x) = u(x xf) Let§ be a test function
with support in the compact set K. We have E(v6 + s, K) > E(f)e, K), and at the

@ Springer



J Nonlinear Sci (2018) 28:1079-1107 1099

limit Go(V + &, K) > Go(V, K), where
Go(y, K) = Loy - 1 2 Ly
oV, )—/K 5' 4 —E/L(XO)II//I +Z|1ﬁ| ,

or equivalently G(V +E&,K)>G(V, K), where

(Tl ., 1 2 b (ux0))?
Gy, K)_/K[EW‘/" — SR+ 1Y +T]
1 1
= / [§|vw|2+z<|w|2—u<xo>)2] (3.25)
K

Thus, we deduce that V is a bounded minimal solution of the P.D.E. associated with
the functional (3.25):

AV (s) + (n(x0) — [V()[HV(s) =0, (3.26)

and since \7(0) = 0, we obtain (up to orthogonal transformation in the range) V(s) =
V1 (xo) n(+/ i (xg)s), where n(s) = nrad(|s|) ﬁ is the radial solution to the Ginzburg—

Landau equation (1.9). It is known that f]RZ |[Vn|? = oo. Therefore, if ¢ > 1 is such
that

3C < firad(p0) IV < (xo) IVnl* = / IVV %,
D(0;g+/ttraa(00)) D(0:g+/1t(x0)) D(0;9)

where C is the constant given in Lemma 3.5, then for € < €p small enough, we have

% < % / D(Eeiq€) |Vve|2. In addition, by taking § > 0 sufficiently small, we can ensure

that £(ve, D(x¢;r)) > C, for every r € [ge, d| lnel’]/z], and every € < €. Next,
applying Lemma 3.5, we obtain for r € [ge, 8| In€|™'/?] and € < ¢ the inequality:

1 2w A
/ ~ Ve |2 +/ M > 2 (3.27)
IDGEe:r) 2 3D (Fe:r) de r

Finally, an integration of (3.27) gives

1 02 — )2 S| Ine|~1/2 2
/ —|Vv€|2+/ ME/ Zdr > A lne|
D(ie:8) 2 DGE:s) 4 qe r

- %ln(llnfl) + o),
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from which (3.19) follows. Combining (3.14) with (3.19), we obtain

liminf ——&(ve) = Tlpile +,\+1iminf(— a f.ve)
[In | 6 —0 €|lne|
o Tlmilp
> 4+ A — M| f|1 lim sup
6 L e |1 el’

with M > ||ve|| Lo (cf. Lemma 2.2). Then, we can see that the upper bound (3.13) is
violated when lim sup,_, ﬁ < by := min (W bo). Therefore, the conver-
L

gence of X, to a point xq such that |xg| < pg is excluded provided lim sup, _, ﬁ <
b. O

To complete the proof, we utilize part (i) of Theorem 1.2 and deduce that any limit
point [ € R? of the set of zeros of the global minimizers satisfies (1.11). When
a = o(e|In€]), it is immediate that || = p.

Theorem 1.2 (iii) In the set £2,, := {x € R? : v(x) # 0}, we consider the polar form
of v:

v(x) v(x)
v(x) = |v(x)| =:0(x)n(x), where o(x) := |v(x)|, n(x) := .
[v(x)| [v(x)]
(3.28)
Setting
_ 0 when v(x) =0,
Fx) = {|V0(x)|2 4 02(x)|Va(x)|2, when v(x) £ 0, (3:29)

we get (cf. [13])
/ |Vv(x)|2dx=/ F(x)dx:/ (IVo (0)? + 02 (x)|Va(x)[*)dx.  (3.30)
R2 R2 2

The next Lemma which is based on the previous decomposition provides some infor-
mation on the direction of the vector field v: O

Lemma 3.6 Assuming that a is bounded and p1 > p, there exists a constant K, such
that

1
/ (—02|Vn|2 T E|f|a[1 _ n]) < K|lnelfore < 1. (331)
2un{xl<pr} V2 € x|

Proof We define the constants:

e M > 0 which is the uniform bound of |v¢ 4|,
e ;»=p;+ 1.
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Next writing x = re/?, we consider the comparison map
Lo (ee!)e” for r € [0, €],
Y(re'”) = yo (e’ forr € [e, pil,
r—pi p2—r i0
o v(x) + yoy=—r o(x)e!” forr e [p1, p2].

It is clear that ¥ € H'(D(0; p2), R?) and that ¥ = v for |x| = p», thus
E(, D(0; p2)) — E(W, D(O; p2)) < 0. (3.32)

Since € Vv is uniformly bounded on R2 (cf. Lemma 2.2), and f as well as Vv are
uniformly bounded on {|x| > p;} (cf. Lemma 2.4), one can check that

EW,D0;¢€)) —EW, D(0;¢€)) <K,
EW, {p1 < Ix|l = p2}) —EW, {o1 < x| < p2})) < K,

where K is a constant depending only on u, f, p1 and the previous uniform bounds,
that may vary from line to line. Therefore,

1
/ (FUVeP=1v9D) + Z(flo = f-0) =K. (333)
2uN{e<lx|=p1) €

and since (|Vv(x)[2 — [V (0)[2) = 02(x)|Vr(x)[2 — 29 holds for x € £2, N {e <

x|
|x| < p1}, we deduce that

1 a
/ (50%19F + (1 flo = £ -v)
2unfe<lxl<pr} 2 €
<aM?*(Ine|+1npy) + K fore < 1. (3.34)

Finally, (3.31) follows by combining (3.34) with

I, s a
/ (5021l + 20 f1o = f-0)) < K, (335)
2un(ix|ze) \2 €

and adjusting the constant K. O

Now, we prove

Lemma 3.7 For every py € (0, p), there exists b* > 0 such that when a is bounded
and lim sup,_, E|11111—6|2 > b*, the zeros of the global minimizers have a limit point

[ such that |l| < po. In particular, the condition lim sup,_, = 00 with a

a
B e|lne|?
bounded, implies the existence of a zero X, — 0.
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Proof Assume by contradiction that the zeros of the global minimizers v, have no limit
point such that |/| < pg. As a consequence, there exists €g > 0 such that Ve < ¢,
Vx € D(0; po): ve(x) # 0. Moreover, proceeding as in the proof of Theorem 1.1 (i),
we can see that |ve| converges uniformly on D(0; po) to /i, as € — 0. Thus, for
€ < 1, we have

min o’ >

¢ = ~Mrad (00),
D(0;p0)

N =

and from (3.31) we deduce that

/ \Va|? < K;|Ine|, g/ [1—i-n]51<2|1ne|fore <1,
Ix|<p0 € Jpo/2=IxI=m0 |x|

(3.36)

where K; (i = 1, 2) are constants. At this stage, we notice that since for every € < €,
ve does not vanish on D (0; pg), the degree of v on the circles |x| = r, withr € (0, pol,
is zero. In particular, we can write n(re'?) = ¢/% @ where ¢, : R — R is a 27-
periodic smooth function, for every r € (0, pg]. Now, we define the measurable sets

o F = x:%§|x|§po, |j‘(—|~n§%} = {x:rem:%fripo, ¢ (0)—
0 ¢ (—m/3,7/3) mod 2r},
F.:={0€10,2n]:¢,0)—0 ¢ (—nm/3,7/3) mod 2r},

R:= { € [p0/2, pol : LI (Fy) < %Kzllnel},
0

o RC:= {r € [po/2, pol : L1(F) > %Kzllnel} =[po/2, po]\R,

where £" denotes the n-dimensional Lebesgue measure. It follows from these defini-
tions and (3.36) that

4 0
2 Kolnel£ (RS < @/ LYFdr < L 22(F) < Ka|Inel, fore < 1,
Po de 2¢

p0/2
(3.37)

thus £'(R) > Z—O. Moreover, since ¢, is periodic, for every r € [po/2, po] there
exist 01(r) € Rand 6>(r) € (01(r), 01(r) + 2m), such that ¢, (61(r)) — 01(r) = 57”,
&r(02(r))—62(r) = %,andqﬁ,(@)—@ € (%, ST”) for6 € (01(r), 62(r)). By definition of
F,, we also have 6,(r) — 60, (r) < L' (F,). Next, using the Cauchy—Schwarz inequality
we obtain

(4r)>2 02(r) : 02(r) ,
= /0 (¢, (0) — DO | < (62(r) — 01(r)) /9 " ¢, (6) — 1]°d6.
1(r

32 1)
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Asa consequence,

(4m)? _ Gn)? <t/ﬁﬂ”| @) — 12de = G2 _ 8%
3LUE) ~ 32620 —61(r) o -

01(r) 32LU(F) 3

02(r) , )

S/ ¢, (6)]°do,
01(r)

and

5 P dy 27 5
mmdz/ WME/ —/ im0 (r, 0)2d0
P0/2=<|x|<po o0/2 T Jo

P dp 27
=/ —/ 7. (6)[*de
po/2 T Jo

> i (47'[)2(1}" _4_77 > (np())za _4_7[ (338)
00 Jr PLUF) 3 — 62Kaellne| 3

a 62K1K2 . b*
€|lne|? (mpo)> 7
Therefore, we have proved the existence of a limit point / € D(0; po) provided
lim sup, _, euff—qz > b* (with a bounded). The previous argument also establishes

Now, we can see that (3.38) is violated when lim sup,_,

the existence of a sequence X, — 0 when lim sup, _, = 0o with a bounded. O

—_a _
e|lne|?
Finally, if ve 4 (Xc) = Oand X — [, we consider the rescaled maps v¢ (s) = ve (Xe+€5)
and proceeding as in the proof of Theorem 1.1 (i) we obtain up to subsequence

Elg)r}) Ve,a(Xe +€5) = / u(D)(g oM/ (D)s),

in C_(R?), for some g € O(2).

Proof of Theorem 1.3 (i) We first notice that v # 0 for € < 1. Indeed, by choosing a
test function of the form v = (/itrad, 0) (%) with x a cut-off function supported
in the left half line, one can see that

1 Y
E(W) < — 2y rdr+ 0(lne) <0, e < 1.

462 0

Let xo € R? be such that v(xg) # 0. Without loss of generality, we may assume that
v(xg) = (v1(xp), 0) is contained in the open right half-plane P = {x; > 0}. Next,
consider v = (Jvy], v2) which is another global minimizer and thus another solution.
Clearly, in a sufficiently small disc D C P centred at v(xg) we have v; = |vy| > 0,
and as a consequence of the unique continuation principle (cf. [22]), we deduce that
v = v onR? = v(R?) C P. Since the same conclusion holds for any open half-plane
containing v(xg), we also obtain v(R2) C {Av(xp) : A > 0}. As a consequence, we
have v = (v, 0) with vy > 0, and e2Av; + uvy — v% = 0. By the maximum principle,
it follows that v; > 0 since vy # 0.
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Now to prove that v is radial consider the reflection with respect to the line x; = 0.
We can check that E(v, {x; > 0}) = E(v,{x; < 0}), since otherwise by even
reflection we can construct a map in H'! with energy smaller than v. Thus, the map
v(x) = v(|x1[, x2) is also a minimizer, and since ¥ = v on {x; > 0}, it follows by
unique continuation that 7 = v on R”. Repeating the same argument for any line of
reflection, we deduce that vy is radial. To complete the proof, it remains to show the
uniqueness of v up to rotations. Let v = (v, 0) be another global minimizer with
v1 > 0 and vy # v;. Putting ¥ = v in (1.4):

1
/ —E\Vulr+uP =t =0= E() = — / — vl (3.39)
R2 4e

we obtain an alternative expression of the energy that holds for every solution of (1.3)
belonging to H'. In particular, this formula implies that vy and ; intersect for |x| =
r > 0. However, setting

wx) = [v(x) for x| <r

v(x) for|x| >r,

we can see that w is another global minimizer, and again by the unique continuation
principle, we have w = v = v. O
Proof of Theorem 1.3 (ii) We need first to establish the three Lemmas below. m|

Lemma 3.8 If u is a solution of (1.3) belonging to H'(R?, R?), then for every ¥ €
H! (Rz, Rz), we have

(Y1 +2(u - w>)2)

(Lo P =)
By —Ew = [ (GIveP+ Eo e+ S

(3.40)

Proof The Euler-Lagrange equation (1.4) gives

/RZ(Z ij.ij)=/Rz(e%¢-u—|uli#+§f-xp). (3.41)

j=1,2

On the other hand, we have the identity

1
/R (—|vw+vu| +- |W| — (Vs + Vi) - w])—/RzEsz.

j=12
(3.42)
Adding (3.41) and (3.42), we obtain
1 2 2
L5190 +0 - 9ui)
-/ (L + g = 1T R L Erey
R \2 2 B, '
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and thus
R2 262
1 a
+ (vl =) =27 v)
1 2_ 202 - 2
= [ (G WLy WEE 20T
R2 2

2¢2 4€2
o

Lemma 3.9 For every a > 0, let ji, : R> — R be a measurable function satisfying
g < W, and limg,_, oo 1y = —00 a.e., then given € > 0 there exists A > 0 such that
for every a > A we have

/ua|w|2<ez/ VYR Ve H'BLRY), ¢ £0.  (3.44)
R2 R2

Proof By homogeneity, it is sufficient to prove (3.44) for ||||gz1 = 1. Suppose by
contradiction that (3.44) does not hold. Then, there exist a constant Cy > 0, a sequence
a, — 00, and a sequence V¥, € H'(R?, R?), with 1Yl g1 = 1, such that

L watin? = co [ 19l (345)

Since ||y, || g1 is bounded, we can extract a subsequence, still called v,, such that

Y, — W weakly in H'!, and ¢, — W in leoc. Writing
Co/ |vwn|25/ ua,,wnﬁs/ max(ita, , 0) Y|,
R2 R2 Is
where Iy = {x € R? : u(x) > —6} and § > 0 is small, we see that

limy, o0 [2 |V,|* = 0. This implies by lower semicontinuity that Jxe V|2 <
liminf [, [V/,|*> = 0, hence W = 0. In addition, we have lim, o [g2 [¥n]> = 1,
lim,,— oo fla [¥,% = 0, and lim,_ oo fR2\15 |¥,1> = 1. As a consequence,

/ua,l|1/fn|25||m|m/ |wn|2—6/ [¥al?,
R2 I R2\Is

and taking the limit we find that fRZ Hay, |1 W¥n |2 < —%, for n big enough, which contra-

dicts (3.45). O
Lemma 3.10 For e > 0 and xq € R? fixed, the global minimizers satisfy
1/3
. -1/3 —13.,_ € S (x0)
all)ngoa Ve q(x0 +a s) = —If(xo)|2/3’ (3.46)

for the C12OC (R?%, R?) convergence.
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—1/3 —1/3

Proof We consider the rescaled maps v(s) = a v(xg +a s), satisfying
2 AT(s)+a P ulxo +a Bs)o(s) =192 (s)0(s)+ef (xo + a~35)=0, Vs e R>.

(3.47)

Repeating the arguments in the proof of Lemma 2.2, one can see that when € is
fixed and % remains bounded, the maps v¢ , are uniformly bounded up to the second
derivatives. Therefore, proceeding as in the proof of Theorem 1.1 (i) and (ii), we
deduce the convergence of v as @ — 00 to the unique bounded solution of

AV (s) — |V (s)[*V(s) + e€f (xg) =0, Vs € R?, (3.48)
which is the constant V = P ) O
= FaoPs:

Let e > 0 be fixed and let p, := p — |v|?, where v := Ve, 15 @ global minimizer. By
Lemma 3.10, we know that for every x # 0, u,(x) converges pointwise to —oo, as
a — oo. Thus, by (3.44), there exists A > 0, such that for every a > A we have

2 _
L Grove+ L2 wR) = 0. v e ' @B, v £
R2 2

2¢?

and also E(v+v) > E(v) in view of (3.40). In particular, it follows that whena > A,
the global minimizer is unique and radial, since v = g ~'vg, Vg € 0(2).
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