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Systems with energy injection and dissipation are characterized by self-organization through spontaneous
breaking of translational symmetry, giving rise to the formation of patterns. Depending on the energy injection,
patterns can be regular in space and stationary, or exhibit irregular spatial distributions and complex temporal
dynamics. The emergence of complexity in two-dimensional patterns is not yet fully understood nor character-
ized. Based on a liquid crystal light valve with optical feedback, we characterize experimentally the formation
of a pattern in the presence of noise and the route to the spatiotemporal complexity. A universal model of pattern
formation, valid close to nascent bistability and spatial bifurcation, is also numerically simulated and studied. In
the experimental and in the simulated data, the spatiotemporal complexity is characterized via several complexity
measures that provide complementary information. We find that, when varying the control parameter, from
the homogeneous state, a stationary pattern emerges, which then becomes chaotic, with characteristic temporal
dynamics and spatial irregularities. These transitions were correctly identified by a clustering algorithm. Our
results pave the way for future studies of other pattern-forming complex systems.
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I. INTRODUCTION

Macroscopic systems under a permanent injection and dis-
sipation of energy can exhibit periodic spatial structures that
result from the self-organization of their constituents [1–4].
These spatial structures, usually called patterns, have an in-
trinsic wavelength and arise from a homogeneous steady state
through a spatial breaking symmetry instability [2]. Patterns
can be found in various nonlinear out-of-equilibrium systems
[5], such as magnetic fluids [6], gas [7], semiconductor laser
[8], and liquid crystals [9], among others (see Refs. [1–5] and
references therein). As one increases a bifurcation parameter,
these stationary patterns are formed, presenting in some cases
complex spatial distributions [2–5,10–12]. Stationary patterns
have been extensively studied, and the mechanisms of pattern
formation are well understood [1–5]. When the bifurcation
parameter is further increased, these stationary patterns ac-
quire complex spatiotemporal dynamics. Dynamical patterns
have been observed, for example, in chemical reactions [13],
fluidized granular matter [14], electroconvection [15], and
nonlinear optics [16], to mention a few. The understand-
ing of how pattern-forming systems acquire spatiotemporal
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complexity has been studied theoretically in one dimension
[17], but in two dimensions is still incomplete.

Theoretically, the spatial continuous instability usually
leads to a pattern with an amplitude that increases as
the square root of the bifurcation parameter. Due to the
macroscopic nature of the experiments, there are inherent fluc-
tuations of the physical system under study, i.e., noise. One
can consider the effect of noise by adding a stochastic term
in the partial differential equation that describes the system
under study [18]. The stochastic term modifies the bifurcation,
leading to a different scaling of the pattern amplitude with
respect to the bifurcation parameter [19].

To understand how the two-dimensional pattern acquires
spatiotemporal complex dynamics, a characterization of the
complexity is needed. One first statistical approach to charac-
terize how the temporal complexity emerges is the recognition
of characteristic decays in the spectral density. Power law
decays for a decade or a few decades of frequencies in the
power spectral density have been observed for different quan-
tities in systems that exhibit turbulentlike behaviors. These
decays appear due to the participation of different temporal
modes and the absence of structures at different scales [16,20–
27]. To understand the dynamical nature of the complexity in
the system, one can compute the largest Lyapunov exponent
(LLE) of the solutions [28], providing information about the
exponential sensitivity to the initial conditions. The compu-
tation of the largest Lyapunov exponent for an experimental
system is computationally expensive; therefore, one wants
to find other complexity parameters to characterize the spa-
tiotemporal dynamics further. The permutation entropy (PE)
is a complexity parameter that is shown to behave similarly
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FIG. 1. LCLV with optical feedback. (a) Schematic representation of the experimental setup. He-Ne accounts for a helium-neon laser
light source, O is an optical objective with magnification ×20, Li stands for lens, SLM is a spatial light modulator, P is a λ/2 polarizer,
PBS corresponds to a polarizer beam splitter, BS is a beam splitter, FB is a high-resolution optical fiber bundle, M stands for mirror, CMOS
accounts for a complementary metal-oxide-semiconductor camera, and L is the diffraction length. (b) Schematic representation of the LCLV.
LC accounts for the liquid crystal layer, BM is a Bragg mirror, PC is a photoconductive layer, ITO are transparent indium tin oxide electrodes,
V0 is the driving voltage, I0 is the laser intensity, and Iw is the writing intensity after passing through the LCLV. (c) Snapshot of a recorded
liquid crystal pattern.

to the largest Lyapunov exponent, but it is characterized by
its simplicity, extremely fast calculation, and noise robustness
[29,30]. By studying the relative values in subsequent instants
of the system’s temporal evolution, the permutation entropy
gives information about the presence of characteristic dynam-
ics. The permutation entropy has been used as a complexity
measure in various systems, such as liquid crystals [31], veg-
etation landscapes [32], semiconductor lasers [33–37], among
others. This method can be extended to study the spatial
organization of the system by analyzing the relative values of
subsequent points in the extended system [38], giving the spa-
tial permutation entropy (SPE). Finally, as these two entropies
only give information about the relative values of subsequent
points, one can also compute the entropy of the distribution of
data values in each frame, referred in the following as frame
entropy (FE), which quantifies the level of heterogeneity of
the data values in each frame.

Here, based on an optical experiment, a liquid crystal
light valve (LCLV) with optical feedback (see Fig. 1), we
study and characterize the route to complexity. This system
has been widely studied and characterized [22,39–43], due
to its simplicity in controlling and exploring different varia-
tional and nonvariational phenomena, together with its spatial
and temporal scales that make measurements and character-
ization more accessible. By analyzing the light transmitted
through the optical valve, the spatial instability that initially
forms the static pattern is studied, giving the bifurcation point
and the noise level intensity associated with the experimental
system. We then characterize the spatiotemporal complexity
exhibited by the patterns formed in this optical system by
using the power spectral density, the largest Lyapunov ex-
ponent, and spatiotemporal permutation entropies. The light
intensity field bifurcates in a way that, first, from the ho-
mogeneous state, a stationary pattern is formed, and then
acquires spatiotemporal complex dynamics. To contrast the
experimental characterization, we numerically integrated a
universal pattern-forming model, the nonvariational Turing-

Swift-Hohenberg equation, that can be derived from the
phenomenological model of the LCLV [44]. The initial homo-
geneous state exhibits nonchaotic dynamics with flat temporal
spectral densities, a largest Lyapunov exponent close to 0,
and high spatiotemporal permutation entropies, due to the
dominance of noise in the observed dynamics. When the
pattern is formed, the spatial permutation entropy decreases,
indicating an increase of spatial order in the system. The frame
entropy increases, showing that the intensity values become
more heterogeneous. Once the temporal dynamics appear, a
characteristic power law decay in the power spectral density
can be observed, and the dynamics becomes chaotic. The
spatiotemporal permutation entropies are increased due to the
chaotic dynamics. The numerical simulations of the nonvaria-
tional Turing-Swift-Hohenberg are in fair agreement with the
experimental observations. This characterization helps eluci-
date the underlying dynamics that give rise to spatiotemporal
complexity in two-dimensional pattern-forming systems.

II. EXPERIMENTAL SETUP

To study and characterize the route to complexity in two-
dimensional patterns, we use a simple physical system that
exhibits pattern formation with nonvariational behaviors, the
liquid crystal light valve with optical feedback [22,39–43].
Figure 1(a) shows a schematic representation of the LCLV
with optical feedback setup. The liquid crystal light valve is
composed of a nematic liquid crystal LC-654 (NIOPIK) with
a dielectric anisotropy constant εa = 10.7ε0 (with ε0 being the
dielectric constant of the vacuum) placed between two glass
layers that are separated by a distance d = 15 µm. Transparent
indium tin oxide electrodes and a photoconductive layer are
deposited on the glass to maintain the liquid crystal to a driven
oscillatory voltage V0 = 7.45 mV rms with frequency f0 =
1.0 kHz. A dielectric Bragg mirror optimized for reflectivity
at 632.8 nm light is placed at the back of the liquid crystal cell.
The liquid crystal has planar anchoring, that is, the molecules
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on the cell wall are attached so that the director vector �n
is parallel to this wall. The director �n(�r, t ) accounts for the
average orientation of the molecules at position �r and instant
t . Figure 1(b) shows a schematic representation of the LCLV.

The valve is optically forced with a He-Ne laser with wave-
length λ0 = 632.8 nm at intensity I0 = 0.1 mW/cm2. The
LCLV is placed in a 4 f optical configuration ( f = 25 cm).
The optical feedback loop is closed with an optical fiber
bundle (FB) that injects the light into the photoconductive
layer, applying an additional voltage to the liquid crystal ma-
terial depending on the local light intensity Iw. This feedback
loop is designed so that light simultaneously presents polar-
ization interference, induced by the polarizing beam splitter,
and free diffraction caused by the displacement of the FB
entrance by a distance L from the original 4 f configuration
[45]. This distance is controlled by a servo motor (Thorlabs
LTS300/M-300 mm Translation Stage with Stepper Motor). A
spatial light modulator (SLM, LC 2012 spatial light modulator
Holoeye, transmission) is considered to carry out the square
boundary conditions. This SLM consists of a twisted nematic
liquid crystal display, which generates a simple phase modu-
lation and a coupled polarization effect that results likewise
in an amplitude modulation. The experiment is monitored
and recorded by a complementary metal-oxide-semiconductor
(CMOS) camera.

The path and optical elements are placed such that the sur-
face of the LCLV is observed by the CMOS and retroinjected
by the FB, so that the intensity Iw can be related to the average
molecule angle θ (x, y, t ) by [45]

Iw(θ, L) = I0

4
|e−i(L/2k)∇2

(1 − e−iβ cos2 θ )|2, (1)

where {x, y} are the transversal spatial coordinates, and
β cos2 θ is the overall phase shift experienced by the light
traveling forth and back through the liquid crystal layer. β =
2kd�n, where k = 2π/λ0 is the optical wave number and
�n = 0.2 is the difference between the extraordinary (‖ to
�n) and ordinary (⊥ to �n) index of refraction of the liquid
crystal. For the values considered in our experiment, β ≈ 54.
All experiments were conducted at a working temperature
T ≈ 25◦ C. The full theoretical description of the experimen-
tal system can be found in Appendix A

Data acquisition

To characterize the route to complexity of the two-
dimensional optical patterns, we have studied the solution
exhibited by the system when using an intensity mask of zero-
level intensity everywhere except for a central square part
with length a0 = 1.8 mm with 46 different diffraction lengths
0 < −L < 10 cm. For L > 0, the system presents other phe-
nomenology such as localized structures that are not the scope
of this study [41]. When changing the diffraction length,
we waited a time t ∼ 5 min for the system to reach a qual-
itative equilibrium, and then the subsequent 30 000 frames
were recorded at a rate of 45 FPS (around 11 min), and then
used to perform the data analysis. The original 8-bit videos
were a sequence of square frames with 452 × 452 pixels each,
covering a region of 1.95 × 1.95 mm2. To ensure that the
results were not affected by boundary artifacts, the analysis
was performed on a central square of 272 × 272 pixels.

FIG. 2. Image of the liquid crystal light valve recorded with
CMOS camera (a) below and (b) above the spatial bifurcation.
Diffraction length: (a) −L = 1 cm and (b) −L = 3 cm.

III. RESULTS

A. Pattern formation in the presence of noise

The studied system exhibits pattern formation from a
uniform state. When −L 	 1 cm, the system presents the
homogeneous solution. Then, by increasing the diffraction
length, a spatial instability occurs, and the solution changes
to a static pattern as a consequence of the spontaneous spatial
symmetry breaking. Theoretically and close to the bifurcation,
the deterministic case leads to an amplitude that increases
with the square root of the bifurcation parameter [2]. Namely,
this spatial instability corresponds to a supercritical transi-
tion. Figures 2(a) and 2(b) show the experimental state below
and above the spatial bifurcation. It is noteworthy that even
when the system is below the spatial bifurcation, it exhibits
patternlike structures or precursor phenomena [46], and the
state is not entirely homogeneous. These patternlike struc-
tures are called pattern precursors and are caused by the
presence of inherent fluctuations (noise) in the system [46].
Noise excites all spatial modes permanently, but the slowest
mode leads the dynamics [19]. Above the spatial bifurcation,
a pattern with small fluctuations is formed. It is noteworthy
that nonvariational effects do not cause these fluctuations;
These fluctuations arise due to experimental noise and are,
in fact, much smaller than the ones that are produced by the
nonvariational dynamics.

Figure 3 shows the experimental bifurcation diagram of the
pattern amplitude |A| as a function of the diffraction length L

FIG. 3. Pattern amplitude |A| as a function of the diffraction
length L. The black points correspond to the experimental data. The
red (blue) curve is the stochastic (deterministic) supercritical bifur-
cation fit. −L0 = 2.6322 cm is the critical point of spatial bifurcation
obtained using the stochastic supercritical fit.
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with the fitted stochastic supercritical curve [46]:

|A| =
√

−α(L − L0) + α
√

(L − L0)2 + 2ξ/α2

2
+ |A0|, (2)

and the deterministic supercritical curve,

|A| =
√

−α(L − L0) + |A0|. (3)

For these disordered patterns, with a typical length but
oriented in all directions, a powdered ring is expected [12].
The pattern amplitude was obtained by means of the fast
Fourier transform (FFT). The FFT was averaged in time,
and then an angular average was obtained. The maximum
of this curve was considered the pattern amplitude. For
representation purposes, all the maxima were normalized by
the last amplitude. The derivation of the theoretical curves is
explained in Appendix A.

The obtained parameters are α = 0.3193 cm−1, −L0 =
2.6322 cm,

√
ξ/α = 0.6614 cm, and |A0| = 0.3612. Note

that L0 gives the theoretical spatial bifurcation point, and√
ξ/α accounts for the noise level intensity with respect to

the diffraction length. In the next section, we characterize the
spatiotemporal complexity exhibited by the two-dimensional
patterns.

B. Complexity characterization

In the experimental system under study, when one in-
creases −L beyond the spatial bifurcation, the dynamics
become nonvariational due to the nonlocal spatial dependence
of Iw. This causes the pattern to acquire permanent dynamics
that exhibit spatiotemporal complexity.

To further understand the route to complexity in
two-dimensional patterns, the nonvariational Turing-Swift-
Hohenberg equation was also integrated. This model reads

∂t u = η + μu − u3 + ν∇2u − ∇4u + κu∇2u + c(∇u)2. (4)

The parameters used are η = 0.09, μ = 0.4, ν = −0.1, c =
15, and different nonlinear diffusion parameters 2.5 < −κ <

3.34. A slight multiplicative noise was also added. For the
lower bound of −κ , the observed solution was homogeneous.
In a similar manner to the experimental observations, when
increasing −b, a spatial instability occurs, and the solution
changes to a static pattern. Finally, for the upper bound, one
can observe a pattern with permanent and complex spatiotem-
poral dynamics.

The recorded videos and the numerical simulations are
analyzed in the following subsections in terms of different
complexity parameters.

All of the computed curves presented in the next subsec-
tions were fed into a clustering algorithm. More information
about the clustering process can be found in Appendix C. The
three clusters, labeled as blue, green, and orange, can be phys-
ically interpreted as homogeneous, static pattern, and dynamic
pattern solutions, respectively. Figure 4 shows snapshots of
characteristic solutions of each cluster, as well as Videos 1
and 2 in the Supplemental Material [47].

1. Spectral characterization

When studying the complexity of a solution, an impor-
tant tool is the temporal power spectral density (PSD) (see

FIG. 4. Characteristic behaviors of the LCLV with optical feed-
back. Blue-green-orange frame accounts for the homogeneous, static
pattern, and dynamic pattern behaviors. (a) Snapshots of the recorded
experimental data at (a1) −L = 1 cm, (a2) −L = 3 cm, and (a3) −L =
6 cm, respectively. (b) Snapshots of the integrated numerical data at
(b1) −κ = 2.50, (b2) −κ = 2.80, and (b3) −κ = 3.14, respectively.

Appendix D 1 for details [48]). At each point in space where
we measure the intensity I(r, t), we can calculate the spec-
tral density by means of the following expression PSD ≡∫
�

dr
∫

dteiνt |I (r, t )|2/�√
2π , where � is the spatial area of

the region under study. The permanent energy injection can
produce secondary instabilities that generate oscillations and
complex spatiotemporal behaviors, leading to a wide range of
temporal frequencies participating in the permanent dynamics
[42,49–51], and characteristic decays in the power spectral
density.

Figures 5(a) and 5(b) show the power spectral density
for three different experimental and numerical solutions,
characteristic of each cluster. In both cases, for a small bi-
furcation parameter, the power spectral density is dominated

FIG. 5. PSD as a function of the frequency ν. The blue-green-
orange colors represent the different clusters obtained using the
k-means algorithm with three clusters. These clusters can be inter-
preted as homogeneous, static patterns, and dynamic pattern regions.
(a) Experimental data at −L = 1, 3, and 6 cm. (b) Numerical data
at −κ = 2.50, 2.80, and 3.14. The spectra were computed for each
pixel and then averaged.
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FIG. 6. PSD for varying diffraction length L and nonlinear dif-
fusion b. (a) Experimental data. (b) Numerical data.

by noise (small decays and flat curves). Still, when the
bifurcation parameter is increased, the curves exhibit charac-
teristic decays, and, in the numerical case, peaks for specific
frequencies appear. For a more objective classification of ex-
perimental and numerical observations, we used the k-means
algorithm with three clusters, each corresponding to a homo-
geneous state, a static pattern, and a chaotic pattern. In Fig. 5,
the blue-green-orange colors represent the different clusters.
The power spectral density as a function of the diffraction
length is shown in Fig. 6. Then, as the free diffraction in-
creases, the complexity of the system increases. We observe
a similar behavior for the nonvariational parameter that ac-
counts for the nonlinear diffusion in Eq. (4).

2. Largest Lyapunov exponent

The characterization of the complexity can be done by
means of analyzing the sensitivity to the initial conditions
that the Lyapunov exponents characterize. There are as many
exponents as the dimension of the system under study. Still, in
practice (due to the exponential nature of the dynamics), one
can only access experimentally to the LLE λ1. This is done
by means of the recognition of similar frames in a temporal
evolution, and using them as similar initial conditions [52]
as explained in Appendix D 2 [43]. By itself, the LLE gives
information about the rate of exponential growth or shrinking
of an initially infinitesimal perturbation, and therefore, the
sensitivity to initial conditions. Depending on the sign of λ1,
the infinitesimal perturbation exhibits an exponential growth
(λ1 > 0) or shrinking (λ1 < 0). When λ1 ∼ 0, one can ob-
serve dynamical behaviors that correspond to an equilibrium
with invariant directions, such as periodic or quasiperiodic
solutions and nonchaotic attractors [53].

Figure 7(a) shows the experimental LLE. For a small
diffraction length, the system has an LLE close to 0. When
increasing this parameter, the system becomes chaotic. Based
on the k-means algorithm, we identified three clusters cor-
responding to a homogeneous state, a static pattern, and a
chaotic one. Figure 7(b) shows the numerical LLE for varying
the nonlinear diffusion parameter κ . For small nonlinear diffu-

FIG. 7. Largest Lyapunov exponent λ1 for varying diffraction
length L and nonlinear diffusion κ . (a) Experimental data. (b) Nu-
merical data. The blue-green-orange colors represent the different
clusters obtained using the k-means algorithm with three clusters.
These clusters can be interpreted as homogeneous, static patterns,
and dynamic pattern regions. The plotted points correspond to the
spatial average, and the error bars account for the standard deviation
of the data.

sion, the system also has an LLE close to 0. When increasing
this parameter, the system becomes intermittently chaotic.

3. Permutation entropy

The search and study for similar initial conditions is com-
putationally expensive, and the LLE only gives information
about the sensitivity to initial conditions; therefore, one wants
to find other complexity parameters to further characterize
the observed phenomena. The PE is a complexity parameter
characterized by its simplicity, swift calculation, and noise ro-
bustness [29]. To compute the PE, symbols of a certain length
are defined as permutation of the relative values at subsequent
points in a time series. The PE is calculated as explained in
Appendix D 3 [29]. Figures 8(a) and 8(b) show the computed
permutation entropy for the experimental and numerical data,
respectively. In both cases, the system initially has the max-
imum entropy, but as the dynamics appear, this entropy is
then lowered. For small values of the control parameter, the
system has no dynamics, i.e., is stationary. When the system
is stationary, the presence of stochastic fluctuations in both the
experimental and numerical data leads to a random temporal
evolution (all symbols are equiprobable), therefore, a maximal
permutation entropy. Once the system acquires characteristic
dynamics that are more relevant than stochastic fluctuations
(see Videos 1 and 2 in the Supplemental Material [47]), some
symbols become more probable; therefore, the permutation
entropy decreases (for the experimental data, this occurs for
L ≈ −4 cm, while for the numerical data, for κ ≈ 3). Finally,
as the system acquires its maximal temporal complexity, the
permutation entropy increases again. This indicates that the
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FIG. 8. Permutation entropy 〈hSP〉 for varying diffraction length
L and nonlinear diffusion κ . (a) Permutation entropy as a function of
diffraction length L for experimental data. (b) Permutation entropy as
a function of nonlinear diffusion parameter κ for numerical data. The
blue-green-orange colors represent the different clusters obtained
using the k-means algorithm with three clusters. These clusters can
be interpreted as homogeneous, static patterns, and dynamic pattern
regions. The plotted points correspond to the spatial average, and the
error bars account for the minimum and maximum values obtained.

fully developed complexity of the system leads to effective
stochasticity.

4. Spatial permutation entropy

The PE computation can now be performed in the spa-
tial dimension, obtaining the SPE. The SPE is calculated as
explained in Appendix D 4 [29]. This can give information
about the spatial distribution of the system. Figure 9(a) shows
the SPE for the experimental data. Initially, the SPE is high
due to the system spatial variations being mainly caused by
noise. When the pattern is formed, the SPE is lowered. Finally,
as the pattern becomes dynamic, the SPE is again increased
due to the spatial irregularities introduced by the dynamics.
Analogously, Fig. 9(b) exhibits the SPE for the numerical
data. Initially, the SPE is low, probably due to the presence
of a pattern precursor. As the nonlinear diffusion is increased,
the emergence of pattern defects increases the SPE. Finally, in
a manner similar to the experimental data, due to the dynamics
of the pattern, the SPE reaches its maximum, i.e., there is an
irregular spatial distribution.

5. Frame entropy

Another statistical quantity that can shed light on the ob-
served complexity is the frame entropy. This entropy can
complement the previously computed entropies by providing
information about the distribution of intensities within the
system, beyond just their relative value distribution. The FE
is calculated as explained in Appendix D 5. Figures 10(a)
and 10(b) show the frame entropy for the experimental and
numerical data, respectively. In both cases, for a small value
of the control parameter, the frame entropy is minimum, due

FIG. 9. Spatial permutation entropy 〈hSP〉 for varying diffraction
length L and nonlinear diffusion b. (a) Experimental data. (b) Nu-
merical data. The blue-green-orange colors represent the different
clusters obtained using the k-means algorithm with three clusters.
These clusters can be interpreted as homogeneous, static patterns,
and dynamic pattern regions. The plotted points correspond to the
spatial average, and the error bars account for the minimum and
maximum values obtained.

to the system being in a homogeneous state. As the bifurca-
tion parameter increases, spatial variations appear, thus more
intensities are reached, increasing the frame entropy. The
frame entropy saturates due to the saturation of the pattern
amplitude.

FIG. 10. Frame entropy 〈hf 〉 as a function of diffraction length
L [panel (a)] and nonlinear diffusion κ [panel (b)]. The blue-green-
orange colors represent the different clusters obtained using the
k-means algorithm with three clusters. These clusters can be inter-
preted as homogeneous, static patterns, and dynamic pattern regions.
The plotted points correspond to the spatial average, and the error
bars account for the minimum and maximum values obtained.
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IV. DISCUSSIONS

The onset of the spatial instability leading to pattern for-
mation in our experimental system is characterized by the
emergence of pattern precursors. It has been shown that, in
the theoretical transition from order to spatiotemporal chaos
in an extended system, pattern precursors of fully devel-
oped spatiotemporal chaos may appear before the transition
to permanent spatiotemporal chaos due to the embedded
chaotic saddle of the system [54]. In our experimental sys-
tem, however, pattern precursors were only identified in the
stationary spatial bifurcation. We therefore have attributed
this modification of the bifurcation to the noise caused by
different stochastic fluctuations, such as thermal and electric.
The emergence of pattern precursors may thus result from
a combination of these mechanisms, due to the possibility
of the system exhibiting a noise-induced chaotic attractor or
stochastic chaotic saddles, where the coexistence of a chaotic
saddle and a periodic attractor results in a chaotic attractor
under noise [55].

Due to the spatiotemporal nature of the system, a single
indicator is insufficient for comprehending the observed phe-
nomena. The permutation entropy indicates the emergence
of dynamics in the system. The nature of these dynamics
can be studied with the largest Lyapunov exponent, which
characterizes the difficulty in making predictions. The route
from order to spatiotemporal complexity should involve hy-
perchaos [54]; therefore, the computation of the full Lyapunov
spectrum would be ideal. In practice, however, due to the
exponential sensitivity governed by the Lyapunov exponents,
only the largest Lyapunov exponent can be reliably accessed
experimentally [43]. This proved sufficient to characterize
the transition from nonchaotic dynamics to chaotic dynam-
ics when complemented with the other complexity metrics.
Projecting the various unstable directions and characteriz-
ing the different Lyapunov exponents is, experimentally, a
monumental task. This represents a significant gap between
experimental and theoretical possibilities for characterizing
complex spacetime dynamics, requiring the use of more
advanced analysis tools. The spatial permutation entropy in-
dicates transitions in the spatial distribution of the system.
The transition between a homogeneous state, a pattern, and a
disordered pattern can only be pictured by this indicator. The
first transition is complemented by the frame entropy, indicat-
ing that more intensity states are reached as one increases the
control parameter, increasing the frame entropy.

To further understand the pattern formation from the homo-
geneous state, a model that considers the stochastic aspect of
the system was taken into account. This allowed us to obtain
the point of spatial bifurcation of the system and its noise.

The numerical data obtained from the universal model
capture several qualitative features observed experimentally,
although some differences remain. The numerical simulations
accurately capture the presence of three regimes (the homoge-
neous state, the stationary pattern, and the dynamic pattern),
and also exhibit the same key features of the fully developed
complexity, i.e., characteristic chaotic dynamics with irregular
spatial distributions.

The main discrepancies between the experiments and sim-
ulations lie in the dynamic pattern regime. Specifically, the

intermittent nature of the complexity and the emergence
of characteristic frequencies are observed in the numerical
simulations. We think that the presence of noise, inho-
mogeneities, and/or misalignments within the experimental
system contributes to the complexity and defect creation,
thereby precluding the possibility of stationary patterns ap-
pearing when the diffraction length is sufficiently high. This
can also be attributed to the local approximation of the
model. We think that a higher noise intensity, or the inclusion
of inhomogeneities in the parameters in the simulations of
model [Eq. (4)], could lead to a better agreement with the
experimental results.

V. CONCLUSION

By using an experimental system based on a liquid crystal
light valve with optical feedback, we have characterized the
emergence of two-dimensional spatiotemporal complex opti-
cal patterns. By inserting free diffraction, the system presents
a spatial instability that led to a stationary pattern. When
further increasing the diffraction length, the system became
nonvariational, inducing nontransient complex spatiotemporal
dynamics.

The first bifurcation was characterized using a model that
considers the stochastic aspect of the system induced by the
macroscopic nature of the system, allowing for the determina-
tion of the point of spatial bifurcation and the noise associated.

The emergence of the spatiotemporal complexity is char-
acterized by characteristic power law decays in the power
spectral density, and chaotic dynamics associated with the
increase of the largest Lyapunov exponent. Furthermore, this
complexity is characterized by a lowered permutation entropy,
indicating that characteristic dynamics rule the system, and a
high spatial permutation entropy, indicating that the spatial
distribution of the system is irregular. The entropy of the
frames exhibited an initial increase due to the pattern forming.

The regions of homogeneous, static patterns, and spa-
tiotemporal complex patterns were correctly differentiated
by the clustering algorithm, demonstrating its usefulness for
distinguishing transitions when provided with the appropriate
metrics that characterize the system.

These features of the complexity in two-dimensional op-
tical patterns were also obtained by integrating a universal
model of pattern formation derived from the phenomenolog-
ical model of the experimental system. This indicates that
these findings are intrinsic to two-dimensional patterns and
contribute to a deeper understanding of the mechanisms driv-
ing spatiotemporal complexity in two-dimensional patterns.
Therefore, these results should be observed in other physical
systems that present spatiotemporal complex patterns, such
as fluid convection, active matter, driven granular materials,
fiber and semiconductor lasers, nonlinear optical systems, and
ecological and biological systems, to mention a few. While
meticulous studies investigate primary pattern instabilities in
these systems, research on the complexity of these patterns
away from primary bifurcations is limited.
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APPENDIX A: THEORETICAL DESCRIPTION
OF THE EXPERIMENT

In the absence of light on the photoconductor, the effective
electric field Eeff applied to the liquid crystal layer is Eeff

(Iw = 0) = �V0/d , where � < 1 is a transfer factor that de-
pends on the electrical characteristics of the photoconductor,
dielectric mirror, and the liquid crystal layer (impedances).
As long as the light intensity is sufficiently small (on the
order of a few mW/cm−2), the response of the photoconductor
can be fitted by a linear function. Under this approximation,
the total effective electric field applied to the liquid crystal
film can be expressed as Eeff = �V0/d + αIw, where α is a
phenomenological dimensional parameter that can be quan-
titatively evaluated by fitting the open-loop response of the
LCLV [41]. θ = 0 is the initial unperturbed planar alignment,
whereas θ = π/2 is the homeotropic alignment correspond-
ing to the saturation of the molecular reorientation. The liquid
crystal dynamics is described by a local relaxation equation of
the form [39]

τ∂tθ = l2∇2θ − θ + π

2

⎛
⎝1 −

√
�VFT

�V0 + αdIw(θ, L)

⎞
⎠, (A1)

with Veff ≡ �V0 + αdIw(θ, L) > VFT, where VFT = 3.2 Vrms

[41,56] is the Fréedericksz transition threshold voltage and l
is the electric coherence length. It is important to remark that
the above model has been deduced by fitting the experimental
data measured for the open-loop response of the LCLV [41].

The homogeneous equilibrium solutions are θ0 = 0 and
θ0 = π/2(1 − √

VFT/Veff ) when Veff � VFT and Veff > VFT, re-
spectively. Above the Fréedericksz transition, if we neglect
the spatial couplings and search for equilibrium solutions, we
find a closed expression for θ0:

θ0 = π

2

(
1 −

√
�VFT

�V0 + 2αdI0 sin2[β cos2 θ0/2]

)
. (A2)

The above expression for θ0 presents several branches of
bistability. Let us now consider the spatial effects due to
the elasticity of the liquid crystal and to the light diffraction
induced by moving the L parameter in the optical feedback.
The system also exhibits a spatial instability. The point of pa-
rameter space that shows simultaneously a nascent bistability
and a spatial bifurcation, a Lifshitz point [2], gives rise to a
critical point of codimension three. Close to this point, we can
expand θ (x, y, t ) = θ0 + u(x, y, t ) + · · · , and after straightfor-
ward calculations, one can derive Eq. (4) [44].

The relationship between the parameters of this equa-
tion and the physical parameters of the model [Eq. (A1)] is

explained in detail in Ref. [44]. The parameter μ accounts
for the bifurcation parameter, η describes the size of the
bistability region, and ν is the diffusion parameter (ν > 0)
or antidiffusion (ν < 0); this parameter controls the spatial
instability at long wavelengths. The term ∇4u describes a
hyperdiffusion that accounts for the short-distance repulsive
interaction. On the other hand, the terms proportional to κ

and c are, respectively, the nonlinear diffusion and drift. Note
that both of these parameters are proportional to the diffrac-
tion length. Notice that when both of these parameters are
0, the Turing-Swift-Hohenberg equation is recovered, which
is variational, leading to a static pattern as a stable solu-
tion. To derive the previous Eq. (4), the following scaling is
considered ∂t ∼ μ1/2, ∇ ∼ μ1/4, u ∼ μ, η ∼ μ3/2, ν ∼ μ1/2,
κ ∼ c ∼ O(1), and μ 	 1.

To understand how noise affects the pattern formation, one
can study the Turing-Swift-Hohenberg model [Eq. (4)] in the
variational case (κ = c = 0) with η = 0 and add a stochastic
term

√
ξζ (x, y, t ) that accounts for the noise effect, where ξ

is a parameter that accounts for the noise intensity level, and
ζ (x, y, t ) is a Gaussian white noise. The Gaussian white noise
has the following properties:

〈ζ (x, y, t )〉 = 0,

〈ζ (x, y, t ), ζ (x′, y′, t ′)〉 = δ(x − x′)δ(y − y′)δ(t − t ′),
(A3)

where the symbol 〈·〉 accounts for the average over the noise
realizations.

Close to the spatial instability, one can introduce the fol-
lowing ansatz:

u = u0 + A(X,Y, T )ei�k·�r + Ā(X,Y, T )e−i�k·�r, (A4)

with (X,Y ) = √
μ(x, y) and T = µt. A is a complex variable

that accounts for the pattern amplitude. It has been shown [19]
that the pattern amplitude in the presence of noise is given by

|A| =
√

μ +
√

μ2 + 2ξ

2
. (A5)

Note that for the deterministic case (ξ = 0), one recovers
the universal square-root scaling of a supercritical bifurcation.

APPENDIX B: NUMERICAL SIMULATIONS

To solve the model [Eq. (4)], we discretize the space by
using a pseudospectral method with a spatial step of �x = 0.4
in a square grid of 100 × 100 with periodic boundary con-
ditions. The equation is numerically integrated in time with
the Runge-Kutta four time integrator with temporal step �t =
0.0001. Random initial conditions were used, and the system
was evolved until a qualitative equilibrium was reached (5000
000 time steps). Then, 3500 000 time steps were recorded,
saving every 250 frames to perform the reported analysis.

To emulate Neumann boundary conditions, a linear ramp
was used, i.e., near the boundaries, μ is decreased to μ 	 0.
Note that when μ 	 0, the stable solution of Eq. (4) is u(x, y,
t) = 0. To avoid boundary artifacts, a central square region of
60 pixels in length was used to perform the analysis.
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FIG. 11. Similar frames detected in the temporal evolution. (a) Spatiotemporal diagram of the recorded solutions. t1 and t2 are the frames
where the system exhibited a similar state. Snapshots of the solutions in panel (b) t1 and panel (c) t2. (d) The difference field δ(x, y, t1, t2) of
the solutions.

APPENDIX C: DATA CLUSTERING

To clusterize the data, we used the k-means algorithm with
100 replicates (i.e., 100 different random initializations to
ensure robustness). Three clusters were chosen; the city-block
distance was used for the experimental data, and the square
Euclidean distance was used for the numerical data, as these
options maximized the silhouette factor (∼0.6 in both the ex-
perimental and numerical data), which quantifies the clusters’
compactness and separation. The largest Lyapunov exponent,
permutation entropy, spatial permutation entropy, and frame
entropy were all used to find the three clusters.

APPENDIX D: COMPLEXITY METRICS

1. Temporal power spectral density

The recorded videos and numerical solutions are noted as
u(x, y, t ), where (x, y) accounts for the spatial pixel location,
and t is the frame. The temporal power spectral density is
computed as [48]

PSD = 1

N2

N∑
x=1

N∑
y=1

|F[u2]|2(x, y, ν), (D1)

where F is the Fourier transform in the time dimension and ν

is the frequency.

2. Largest Lyapunov exponent

Because of the impossibility of preparing experimentally
the system with infinitesimally separated initial conditions,
to compute the experimental largest Lyapunov exponent, two
similar frames are searched along the recorded evolution.
Only frames separated by �t > �t0 are taken into account.
Based on the difference field δ(�r, t1, t2) = |u(�r, t1) − u(�r, t2)|
between the frames, two indicators were used to quantize the

similarities between the frames. The maximal difference (MD)
allows us to detect pronounced differences in the frame pair.
It is defined as

δM (t1, t2) = max
{x,y}

δ(x, y, t1, t2). (D2)

The global mean difference (GMD) allows us to quantify the
global similarity between the frames. It reads

δG(t1, t2) = 1

N2

N∑
x=1

N∑
y=1

δ(x, y, t1, t2), (D3)

where N is the length in pixels for each direction. By using
these indicators, an algorithm that searches similar frames
in a recorded video can be constructed. Figure 11 shows
two similar frames detected in the temporal evolution by this
algorithm, and their respective difference field δ(�r, t1, t2)

Once a set of similar frame pairs {(t1, t2)} is found, the
global difference is tracked in time, and the largest Lyapunov
exponent is defined by [43]

λ1 = lim
t→∞ lim

δG(t1,t2 )→0

1

t
ln

[
δG(t1 + t, t2 + t )

δG(t1, t2)

]
. (D4)

For each experimental point, from 1 to 12 initial conditions
were found for �t0 ≈ 45 s, with a global mean difference
less than 0.01, and a maximal difference near 0.19 (both of
these quantities were normalized to the maximum possible
difference, i.e., 255 bits). The maximum GMD and MD were
0.02 and 0.50, respectively.

To compute the largest Lyapunov exponent of the nu-
merical simulations, we took the evolved solutions in the
qualitative equilibria and added random noise on the order
of 10−3 to the final state. We then evolved the solutions with
and without the noise for 3500 000 time steps. Finally, we
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computed the LLE as Eq. (D4) indicates. This procedure was
performed four times.

3. Permutation entropy

To compute the permutation entropy, symbols of a certain
length n are defined as the permutation of the relative values
in i subsequent points (separated by a characteristic time τ )
in a time series. These symbols are then identified through
the time series under study, and a frequentist probability of
each symbol is defined. The normalized permutation entropy
is then defined as [29]

Hn = − 1

ln[n!]

∑
m

p(m) ln[p(m)], (D5)

where p(m) is the probability for a symbol m of length n. In
our study, n = 4 was used as the symbol length. Other symbol
lengths n > 2 yielded similar curves.

Note that 0 � Hn � 1, where the lower bound is obtained
for an increasing or decreasing time series and the upper
bound for a completely random system, where all the symbols
appear with the same probability. Therefore, when the system
presents some sort of dynamics, one can expect to obtain
a permutation entropy Hn < 1. It has been shown that the
permutation entropy behaves similarly to the LLE, and is
particularly useful in the presence of dynamical or observa-
tional noise [29]. When plotting the Hn(τ ), a local minimum
is observed. The characteristic time τ for the computation of
the PE is where the minimum occurs.

To avoid encountering equal values, an infinitesimal noise
was added to the data. The reported permutation entropy is the
average for every pixel, i.e.,

〈hP〉 = 1

N2

N∑
x=1

N∑
y=1

H4(x, y), (D6)

where N is the length in pixels for each direction.

4. Spatial permutation entropy

The symbols are now identified for each frame, and then
the average is obtained for the total evolution. This can give
information on the spatial distribution of the solution; a low
(high) SPE indicates that the system is ordered (disordered) in
space.

Because of the two-dimensional nature of the observed
phenomena, the symbols can be defined in different shapes.
The normalized spatial permutation entropy is then defined as

H ′
n = − 1

ln[n!]

∑
m

p(m) ln[p(m)], (D7)

where p(m) is the probability for a symbol m of length n. In
our study, the characteristic distance used between the points
was the pattern wavelength. n = 4 was used as the symbol
length, and because of the square boundary conditions of
the system, the chosen symbol shape was a square (2 × 2
square). Other shapes yielded mostly constant curves, giving
no information about the transitions in the spatial complexity
of the solution.

The reported spatial permutation entropy is the average for
every frame, i.e.,

〈hSP〉 = 1

M

M∑
z=1

H ′
4(z), (D8)

where M is the number of frames.

5. Frame entropy

To compute this quantity, the intensities for each frame
are divided into 256 bins (the natural division for the 8-bit
images obtained), and then the frequency of occurrence for
each intensity is computed. The normalized frame entropy is
then defined

H = − 1

ln[256]

255∑
i=0

p(Ii ) ln[p(Ii )], (D9)

where Ii are the different recorded light intensities in 8-bit.
Note that 0 � hframe � 1, where the lower bound is ob-

tained for a homogeneous state and the upper bound for a
completely random state, where all the intensities appear with
the same probability. The reported frame entropy is the aver-
age for every frame, i.e.,

〈h f 〉 = 1

M

M∑
z=1

H (z), (D10)

where, again, M is the number of frames.
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