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SUMMARY

In this paper, a new passivity-based control (PBC) scheme based on state feedback is proposed in order to
solve tracking, regulation and stabilization problems for a class of multi-input multi-output (MIMO)
nonlinear systems expressed in the normal form, with time-invariant parameters and locally bounded
reference weakly minimum phase. For the proposed control scheme two new different state feedbacks, one
non-adaptive for the case when the system parameters are assumed to be known and the other adaptive for
the case of unknown parameters, are developed. For the adaptive case it is assumed that the unknown
parameters appear linearly in the equations. Analysis of the transient behaviour of the proposed control
schemes is presented through the simulation of two examples. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

During the last three decades, feedback stabilization of nonlinear systems has been widely
studied [1-13]. Different techniques, non-adaptive as well as adaptive, have been used to solve
this problem. Amongst the most interesting we can cite is the work by Aeyels in 1985 [1] which
considers the stabilization problem via non-adaptive smooth feedback for systems of the form
X(¢) = f(x) + bu(r) in the neighbourhood of an equilibrium point. Additionally, by means of
centre manifold theory a lower order system is introduced, showing that if this system is
stabilizable then also is the original system. Marino and Tomei [6] presented a global robust
stabilizing non-adaptive state feedback controller for a class of single-input nonlinear systems.
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PASSIVITY-BASED CONTROL 583

The system has bounded unmodelled time-varying disturbances, whose bounds are known,
entering nonlinearly in the state equations. The design assumes that the undisturbed system is
globally feedback linearizable and that a triangularity condition holds for the uncertain terms.
For the case of stabilizing locally weakly minimum-phase nonlinear systems with relative
degree 1, passivity-based control (PBC) is an important methodology [2-5, 8—10]. This technique
is based on two steps; first, it obtains a C’-passive equivalent nonlinear system via state
feedback, and then a stabilizing controller is applied to the passive system, which is easier to
control than the original system. If the system is already passive the controller can be directly
applied. A synthesis of concepts and conditions under which the nonlinear system with zero
equilibrium point, represented in the normal form, can be rendered C"-passive via smooth non-
adaptive state feedback are presented in [5]. The system considered has the following form:

V() = a(A,y,2) + b(B, y, z)u(t)
2(0) =fo(C, 2) + p(P, y, 2)y(1)

where fo(C, z) is the zero dynamics and all the system parameters are assumed to be known.

Feedback passivity by means of state feedback for systems containing uncertain elements is
studied in [7-10]. This problem is also treated in [14-17] for nonlinear systems with linear
parametric uncertainties. Here, adaptive state feedbacks to obtain C"-passive equivalent systems
were proposed for nonlinear systems considering the same conditions as in [5], but restricted to a
class of nonlinear systems with linear explicit parametric dependence in the normal form
expressed as

¥(t) = Ad' (v, z) + Bb'(y, 2)u(t)
(1) = Cfy(2) + p' (v, 2) Py(1)

where A, B,C and P are unknown parameters. These adaptive techniques assume unknown
parameters and they are robust under parameter variations. For the case where all parameters
of this reduced class of nonlinear systems with linear explicit parametric dependence are
assumed to be known, the non-adaptive solution is a particularization of the adaptive solution.
The results from [14,17] are developed for stabilizing single-input single-output (SISO)
nonlinear systems, using time-varying adaptive gains and also for fixed adaptive gains for
adjusting the adaptive parameters, respectively. The results from [15,16] are extensions for the
stabilization of multi-input multi-output (MIMO) nonlinear systems. The stabilization scheme
shown in Figure 1 has been proposed by Byrnes et al. [5], Duarte-Mermoud et al. [14-16] and
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Figure 1. General PBC scheme for stabilization purposes.
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Castro-Linares and Duarte-Mermoud [17] for the non-adaptive and adaptive cases. Once the
system is rendered C" passive, if it is locally zero-state observable, a controller of the form
u’(f) = —Ky(r) with K € R"™ any positive definite matrix, asymptotically stabilizes the system
around the equilibrium point x = 0.

The equivalence between model reference adaptive control (MRAC) theory [18] and the
adaptive PBC for stabilization purposes [17] has been established in [19]. In [18, 19] it is shown
that obtaining an asymptotically stable error model (by any technique) is the main objective of
the adaptive control theory. Based on the results given in [19] the adaptive state feedback
presented in this paper was developed.

A generalization of the nonlinear non-adaptive [5] and adaptive state feedback [17] proposed
earlier for stabilization is presented in this paper. The new state feedbacks are proposed as part
of a new control scheme, which also considers a controller for tracking an arbitrary
differentiable reference signal, this being the main result of this paper. In this case locally
bounded reference weakly minimum-phase property is needed to achieve tracking.

For completeness, in Section 2 of this paper, the basic concepts of non-adaptive and adaptive
state feedbacks involved in a PBC scheme for stabilization of nonlinear systems are briefly
exposed. In Section 3, a new general PBC scheme for tracking purposes, together with non-
adaptive and adaptive state feedbacks, is proposed. Simulation results of the proposed control
schemes for the non-adaptive and adaptive cases are exposed in Section 4, to verify the
behaviour of the controlled system. Finally, in Section 5 some conclusions are drawn.

2. PBC RELATED CONCEPTS

Basic passivity concepts given in [5] consider a nonlinear system of the form
x(1) =/ (x) + g(x)u(7)
(1) = h(x)

with state space X = R", set of input values on U = R” and set of output values ¥ = R”. The
set U of admissible inputs consist of all piecewise continuous functions R — U = R". Besides,
feR" and g e ™", [ and the m columns of g are smooth vector fields (i.e. /,g € C*®), and
heR™ is a smooth mapping (h e C®). It is supposed that the vector field f/ has at least one
equilibrium point and without loss of generality, after possibly a co-ordinate shift, we can write
that f(0) =0 and A(0) =0 [5]. Next, for completeness we recall some definitions and
assumptions from [5], particularized for systems of the form (1).

()

Definition 2.1 (Byrnes et al. [5])

A system of the form (1) is said to be C’-passive if there exists a C" non-negative function
Vi R" — R, called storage function, with 7(0) = 0, such that for allu € U, for all x(0) = xg € X
and >0, it satisfies

V(x(0) — V()< /0 Y (uls) ds @

where V' is a continuous storage function with continuous r-order derivatives (V e C").
Condition (2) can also be expressed as V < y(¢)"u(z). The system is said to be lossless for the case
when V = y(0)Tu(7).
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Definition 2.2 (Byrnes et al. [5])
A system of the form (1) is locally zero-state detectable if there exists a neighbourhood N of 0
such that for all x, € N we have

h(@(t,%0,0) = 0 for all (>0 = lim ®(z,x,0) =0 (3a)

where ®(z, xy, 0) denotes the state response at time 7 for zero input, starting from the initial state
xo at t = 0. If N = X, then the system is said to be zero-state detectable.

System (1) is locally zero-state observable if there exists a neighbourhood N of 0 such that for
all xo € N we have

h(®(t,x0,0)) =0 for all 10 = x=0 (3b)

If N = X, then the system is said to be zero-state observable.

Assumption 2.1 (Byrnes et al. [5])

Let us assume that system (1) has relative degree {1,1,1,...,1} at x =0, the matrix
Loh(x) = (0h(x)/0x)g(x) is non-singular in a neighbourhood of x =0, and the distribution
spanned by vector fields g(x),. .., gn(x) is involutive.

Definition 2.3 (Byrnes et al. [5])

It is shown in [5] that for a system (1) under Assumption 2.1, it is possible to find a new set of
local co-ordinates z(x) € R"™", m<n, defined around x = 0 and vanishing at x = 0, under which
this system, together with the m components of the output map y = h(x), can be represented in
the normal form as follows:

(1) = a4, y,2) + b(B, y, 2)ult)
A0 =c(C,y,2)

where a(A, y,z) € Rm, b(B,y,z) € R, ¢(C,y,z) e R and b(B, y, z) is invertible for all (y, z)
around (0,0). The zero dynamics of system (4), denoted as z = ¢(C,0,z) = fo(C,z) e R"™", is
defined [5] as those internal dynamics which are consistent with the external constraint y = 0.
Thus, system (4) can be represented as

(1) = a4, y,2) + b(B, y, 2)ull)
20 =/o(C,2) + p(P, y, 2)y(1)

where f5(C,z) € R"™" and p(P,y,z) € R"™*" 4 B, C and P are symbolic representations of
the system parameters. Note that ¢(C, y,z) = fo(C, z) + p(P, y, z)y(t) € R"".

4)

(%)

Definition 2.4 (Byrnes et al. [5])
Let us assume that L,/(0) is non-singular. System (5) is said to be locally weakly minimum phase
if there exists a positive definite C"-function W(z), defined near 0, with r>2 and W(0) =0,
satisfying

oW (z)
LyycnyW(z) = -

for all C and all z in the neighbourhood of z(7) = 0.

So(C,2)<0 (6)
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Definition 2.5 (Byrnes et al. [5])

System (1) is said to be locally equivalent via feedback to a C"—passive system, if there exists a
state feedback u(¢) such that the resulting closed-loop system is passive with a proper C"-storage
function V/, according to Definition 2.1.

Assumption 2.2 (Byrnes et al. [5])
Let us assume that system (2) is locally weakly minimum phase, according to Definition 2.4.

Assumption 2.3 (Byrnes et al. [5])
Let us assume that system (4) has a matrix b(B, y, z) which is invertible for all (y,z) (globally
invertible).

For a system of form (1) under Assumptions 2.1-2.3 the following stabilization scheme shown
in Figure 1 has been proposed [5, 14-17] for the non-adaptive and adaptive cases.

2.1. Non-adaptive stabilization using PBC

Let us consider system (1) under Assumptions 2.1-2.3. We will first assume that plant
parameters and vector fields of its normal form (5) are completely known. To make system (5)
equivalent via feedback to a C"-passive system, in [5] it is chosen a state feedback of the form

(1) = b(B,y,z) ' bo(1) ()

where 0 =[~1, — 1L, I,)e R, o =[a"(4,9,2) (Lyp,yyWo(2)" @ ()']" € ™ and
u’(r) € W™ is a new control input. b(B,y,z) € R, a(4,y,z) € " and Lyp,.-)Wo(z) € R are
smooth functions defined locally near x = 0 and (B, y, z) are invertible for all (y, z) around (0, 0),
(Assumption 2.3). I, denotes the identity matrix of dimension m. For the resultant closed-loop
system we can write

oV (y,z)

9y

+ Lyycoy Wo(@) + (Lyepyy Wo(2)) 'y
where V' is a positive C'-storage function defined as V(y,z) = (1/2)y"y + Wy(z), with Wy(2)
satisfying (6) and V' (0) = 0. Since 0V (y,z)/dy = y, we will have the following:
V(y,2) = y'a(4, y,2) + 00(D)] + Liyic.oy Wo(2) + (Lppyy Wo(2) 'y
Replacing 6 and w in (7) we get
V(y,2) = y (O (1) + Lyycn Wo(2) < y' (0 (1) (®)

where in the previous expression we have used Assumption 2.2.

According to Definition 2.5, the system has been turned passive from u”(¢) to y(¢) via the state

feedback (7) and if it is zero-state observable, according to Definition 2.2, then this system can
be stabilized using the results contained in Theorem 2.1 stated next.

T
Vy,2) = ( ) [a(A4,y,2) + b(B,y, 2)b(B, y,2) " 0e(0)]

Theorem 2.1 (Byrnes et al. [5])
Let us consider a passive system of the form (5) satisfying Assumptions 2.1-2.3, with a C", (r>=1)
proper storage function ¥, which is positive definite. Suppose the system is locally zero-state
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observable, according to Definition 2.2. Then the controller
() = —Ky(1) )

with K € R™" any positive definite matrix, asymptotically stabilizes the system around the
equilibrium point x = 0.

Proof
Replacing the control law given by (9) in inequality (8), we can obtain the following:

V(y,2)< — p(0) Ky(D) (10)

which is negative semi-definite, assuring stability of the equilibrium x = 0, and therefore y,z €
[*. Integrating both sides of Equation (10) we obtain

/ h ydr< — / N y(1) Ky(r) dt
0 0

or equivalently
Voo - o< - [ 0K
0

Therefore, we can conclude that y(¢) € /2. From the controller definition given in (7) and since
u(t) € [*°, we conclude that u(¢) € [*°. From (5) we can write y € [*°. Using the Barbalat Lemma
[18], since y(7) € > and y(f) € [, then lim,_ ¥(f) = 0. Since the system is locally zero-state
observable and additionally lim,_, o, y(¢) = 0 then we can conclude that lim,_,, z(¢) = 0. O

From the above result we can conclude that the system is asymptotically stable around the
equilibrium point x = 0. The resulting PBC scheme is shown in Figure 1, where the state
feedback is fixed, since the parameters are assumed to be known.

If system (1) is zero-state observable and V is proper, controller (9) globally asymptotically
stabilizes the equilibrium point x = 0.

2.2. Adaptive stabilization using PBC

Let us consider system (1) under Assumptions 2.1-2.3, unknown and constant plant parameters,
and with linear explicit parametric dependence of the form

(1) = Ad'(y,2) + Bb'(y, 2)u(t)
21) =fo(C,2) + P/, 2)Py(0)

where d'(y,2) € R, b'(y,2) € R, fo(C,z) € R"™, p/(y,z) € RO™™>" and b/(y,z) are inver-
tible for all (y,z) (Assumption 2.4). 4 € R"*7, Be R"™™ P e R™" are the parameters of the
plant, and B is invertible (Assumption 2.4). For system (11), under the new Assumption 2.4
stated below, we choose the following adaptive state feedback [5, 16]

W) = b'(,2)" 0D (0) (12)

where o = [d'(y,z)" Ly, Wo2)" w(1)"]" € R, wP(r) e R™ is the new control input and
0(t) = [01(¢) 0>(7) 05(1)] € R™ P2 are adjustable parameters with 0;(7) € R™?, 0,(f) € R™"

(11)
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and 05(7) € R™™". These parameters are updated using the adaptive law
0(1) = —sign(B)y(x(1)" 13)

In the above expression, matrix B has been assumed to be diagonal and sign(B) represents a
diagonal matrix in whose diagonal are located the sign of the elements of the diagonal matrix B,
which are assumed to be known (see Remark 2.1 for more general forms of B).

Assumption 2.4 (Castro-Linares and Duarte-Mermoud [17])
Let us assume that B is a diagonal matrix and that matrices B and b/(y, z) are invertible for all
(v, z) (globally invertible).

Let us consider the storage function V(y,z,®) = 1yTy + Wy(z) + 1 Trace(|B[®"®). For the
resultant closed-loop system the following equality is satisfied

V()
oy

+ Lo Wo(2) + (L. Wo(2)" Py + Trace(|B|®(1) ®(1))

where ®(7) = 0(¢) — 0% € R"™ P+ s the parameter error with the ideal parameters
0* =[0% 0% 03]1=B'[-4 — P [1e R™¥™ 1 is a ('-storage function with ¥(0) = 0. |B|
represents a diagonal matrix in whose diagonal are located the magnitude of the elements of the
diagonal matrix B, which are assumed to be unknown. Since oV (y, z, ®)/dy = y, we can write
the following:

V(y,z,0) = y'[4d (y,2) + BO(1) ()]
+ Lyyic Wo(2) + (L Wo(2)) Py + Trace(|B| (1) ®(1))
Replacing 6 and w in (12) we have
V(y,2,0) = y'[Ad (y,2) + BOWD)d (3, 2) + BOHO) L) Wol2) + BO3 (03 (1) — ()]

3TW(0) + Lica Wo(2) + (L Wo(2)' Py + Trace(|Bl&() ®(1)

Since 0% is constant then we replace ®(7) = () given by (13) to obtain the following:
V(y,z,®) = y (00 (1) + L.y Wo(2)
From Definition 2.4 and Assumption 2.2, Ly c,-)Wo(z) <0 and we have
V(y,2,®) <y (0 (1) (14)

According to Definition 2.5, the original system is equivalent via feedback to a passive one.

Furthermore, if the resulting system is zero-state observable according to Definition 2.2, then,
the controller given in (9) asymptotically stabilizes the system around the equilibrium point
x = 0. The proof is similar to that given for Theorem 2.1 in Section 2.1 and therefore it is
omitted. The reader is referred to [15, 16] for more details on the proof. The resulting adaptive
PBC scheme is shown in Figure 1, where the state feedback block is now adaptive.

T
V(y,z,®) = < ) [4d (. z) + BH (v, 2)b' (v, 2) " 0(t) ()]

Remark 2.1
The solution given in (12) and (13) corresponds to the case when matrix B is diagonal. Solutions
for the cases, when B is positive definite and for B general, can be found in [15, 16].
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Remark 2.2

For the class of nonlinear system (11) studied, with linear explicit parametric dependence, the
adaptive solution is a generalization of the non-adaptive one. The particular solution for the
non-adaptive case considers a static state feedback with the controller parameter known, fixed
and equal to the ideal parameters 6 = 0* and w(¢) = [d'(y,2)" Ly Woz) w ()",

3. PBC FOR TRACKING PURPOSES

In this section a PBC scheme, which is valid for tracking purposes, is discussed. In what follows
it will be assumed that the reference signal y*(r) and its first time derivative y*(¢) are available to
the designer (Assumption 3.1). It is studied that a class of nonlinear systems (1), satisfying
Assumptions 2.1-2.3 (or 2.4), which according to Definition 2.3, can be represented as

J(0) = a(A4, 7+ y*,2) + b(B, § + y*, Du(t) — ¥*

1) =c(C, 7+ )%, 2)
where 7(f) = y(t) — ¥(1)*. A, B and C are symbolic representations of the system parameters. The
zero dynamics of system (15), can be identified as z = ¢(C,0 + y*,z) = fo(C, y*,z) € R"". Thus,
system (15) can be represented as

f(t) :a(A’ﬁ +y*az) + b(B:j; JFy*»Z)u(f) - y*

) =fo(C, )%, 2) +d(D, 7 + y*, 2)y
where d(D, 7 + y*,z) € R~ Similar to the robust minimum-phase definition given in [7] we
introduce the following definition.

(15)

(16)

Definition 3.1
System (16) is said to be locally bounded reference weakly minimum phase, if there exists a
positive definite C"-function W(z), defined near z = 0, with r>2 and W,(0) = 0, satisfying
oWy(2)
Lic.a Wo(2) = =2 f(C.y*,2)<0 (17)

for all z in the neighbourhood of z = 0, all bounded reference signals y*(¢), and all values of
parameters C.

Now we will assume that system (16) satisfies the following assumptions.

Assumption 3.1
Let us assume that system reference signal y*(¢) is bounded and its time derivative exists and it is
also bounded and known.

Assumption 3.2
Let us assume that system (16) is locally bounded reference weakly minimum phase, in the sense of
Definition 3.1.

For systems of the form (16) under the Assumptions 3.1, 3.2 and 2.3 (or 2.4) the following
general PBC scheme shown in Figure 2 is proposed. It is valid for the non-adaptive and the
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Controlled system (y(f) — y (£) )
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Figure 2. General PBC scheme for tracking purposes. Non-adaptive and adaptive cases.

adaptive cases by suitably choosing the state feedback. This scheme is a generalization of the
schemes proposed earlier in [5, 14-17] and presented in Figure 1.

3.1. Non-adaptive PBC scheme

If we assume that the parameters 4, B, C and D are completely known, then we can state the
following theorem regarding the tracking problem for systems that can be represented as in (16).

Theorem 3.1
Let us consider the system defined in (16) and suppose that Assumptions 3.1, 3.2 and 2.3 are
satisfied, where a(A4,y,z) e R", b(B,y,z) € R d(D,y,z) e R"™™ and fy(C,y,z)e R"".
A, B, C and D represent the system parameters, which are assumed to be known. The following
non-adaptive state feedback

u(t) = b(B,y,z) '0c(t) (18)

with 0 = [~1, I,]€ R and o(1) = [a(4,1,2)" @ (1) — Lap sy Wo(2) + 7*@)']" € R
makes system (16) equivalent to a passive system with a C>-storage function. Furthermore, if we
suppose that the system is locally zero-state observable, then applying the controller

w(1) = —Ki(1) (19)

with K € R™" any positive definite matrix and j(7) = y(t) — y(¢)* € R”, the resulting overall
system has bounded trajectories and lim,_,«, j(t) = (1) — y(¢)* = 0.

Proof

After applying the state feedback (18) to system (16), it is as follows:
J(1) = a(4,7 + ¥, 2) + 0o(1) — 7*(1)
20 =fo(C,y%,2) + d(D, 7 + y*, 2)7
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and considering the definition of 6 and w(#) given in (18) it can be written as
WO = (1) = Lap 714 Wo(2)
(20)
20 =/o(C,y* 2) +d(D, 7 + y*,2)y

Let us consider the positive definite storage function defined as V(j,z) = % F(O) (1) + Wo(z).
The first time derivative is

V(@,z2) = 71 (03@) + Wo(2) e2))

Substituting j(r) from Equation (20) in the previous expression we obtain

T
G:2) = T80 = T OLaosena e + (T2 ) 20 )

Replacing Z(¢) from Equation (20) in the previous expression and using Assumption 3.1 we get
V(#,2) =71 (00l (1) — 5T (O Lap jy%.2) Wo(2)

T T
+ (W;O(Z)> So(C,y%,2) + (8W0(2)> d(D.y +y*,2)7
- 0z

= J(0" (1) + Lyycyry Wo(2)

<O (1) (23)

In the previous expression we have used Assumption 3.1. Therefore, from Definition 2.5, we can
conclude that the resultant system is passive from u”(f) to ji(f) with a C? storage function V (7, z).
Replacing the controller «”(f) = —Kj(¢) in Equation (23) we get

V(@,2)< — 7 (K0 24

which is negative semi-definite, assuring global boundedness of all trajectories of the adaptive
system.

In particular, we can conclude that J,z € /*® and since y* € /*® by hypothesis, then y € [,
Integrating both sides of Equation (24) we obtain the following:

o0 . [0 ¢]
/ Vdi< — / O SO
0 0
or equivalently
[0.¢]
Voo - o< - [ 0Tk dr
0
Therefore, we can conclude that ji(¢) € /2. From Equation (19) #”(¢) € [°, and from (20) we can
write 7 € [°°. Using the Barbalat Lemma [18], since j(¢) € /> and j(¢) € [ then lim,_,, () = 0,
which means that y(f) — y(¢)*. O

To illustrate the previous result, we will consider the following example.
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Example 3.1
Let us consider the second-order system of form (1) defined as

—3x2(f) —
X(Z):[ 3x3(0) xz(t)] . ll]u(t)

x1(1) — 5x3(7) 0 (25)
(1) = x1(1)
where we can identify
-3x} — x3 1
S(x) = , |- &)= , o h(x) =x (26)
X1 — 5x3 0

with x = [x; x2]T € R? and y,u € R are scalar functions.

We can readily check that the system has an equilibrium point at (0,0), relative degree
Loh(x) = (0h(x)/0x)g(x) = 1#0 and the distribution spanned by g(x) =[I 0]" is involutive.
Since Assumption 2.1 is satisfied, then the system can be represented in form (16) by choosing

¥ =x1eR, z()=x2eR, FO)=y10)—y"()eR
a(A,y,z) = =3y —zeR, bBy,z)=1eR (27)

Jo(Coy*2) = =522 + )" e R, d(D,y,2)=1€R

It can also be checked that system (25) is locally bounded reference weakly minimum phase
according to Definition 3.1. It has associated a positive definite storage function W, = %22, with
Wo(0) = 0, such that L c - Wo(z) = (0Wo(2)/02)f0(C, y*,2) <0 [20].

Since all the assumptions of Theorem 3.1 are satisfied, then there exists a state feedback of the
form (18) with

o) =[Gy +2) @) —z+3*0)]" e R
(28)
0=[-1 1" e R?

which applied to system (25) makes it locally feedback equivalent to a passive system of the form
() = (1) - =(1)
(D) = = 52(0) + y* (1) + 3(1)

with storage function V(7,z) = 1 #(1)* + Wy (z), with Wy(z) = 1 z(z)*. Since the system is locally
zero-state observable, applying a controller of the form (19) it is guaranteed that lim,_,, () = 0
for any desired bounded trajectory y*(¢) € R whose first time derivative is also known. The
block diagram of the control scheme for Example 3.1 is shown in Figure 3.

(29)

3.2. Adaptive PBC scheme
We will consider now the same problem as in Section 3.1 but for the nonlinear system defined as
W) = Ad (7 + y*,2) + BV (7 + y*, 2)u(t) — y*

(30)
20) =(C, 7+ y*,2) = fo(C,y*,2) + d(D, 5 + y*, 2)f
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¥ (t)i Controlled system ( y() = y" ()
E d Passive System, from u” (z) to y(r)
v odr
w o, u(r)

y(@®) i p(t)=-3y> —z+u k
—> K )y G a7 :
! Ht)==5+y

A
@) |z

Figure 3. Control scheme for Example 3.1.

which can be written as
J(1) = Ad (7 + y*,2) + BY'(F + y*, 2)u(r) — y*
20 =/o(C,y*,2) + d'(F+ y*,2)D"p

Here, we have assumed that system parameters have a linear explicit dependence for a(4, y, z),
b(B,y,z) and d(D, y, z), and they are unknown. In this case the following theorem can be stated
for asymptotic tracking, for the simple case when B is a diagonal matrix. For more general cases
see Remark 3.3.

(1)

Theorem 3.2

Let us consider the system defined in (31) and that Assumptions 3.1, 3.2 and 2.4 are satisfied,
where d'(y,z) € K2,V (y,z) € R™" fo(C,y*,2) e R"™ and d'(y,z) e R""™" 4 R™P Be
R CeR? and D e R are the unknown system parameters and matrix B is assumed
to be diagonal. Then, the following adaptive state feedback

() = b'(y,2)” (1)

0(r) =[0:(1) 0x(r) 03(0)] € R™PH2™  with 0,(1) € R™L, 05(1) € R™™, 05(t) € R™"
(32)
o) =[d(1,2)"  LagaroWo@)"T @@+ y*e)']" e RO
with the adaptive law
0(1) = —sign(B)j(Nw" (1) 33)

makes system (31) equivalent to a passive one with a C? storage function. sign(B) represents a
diagonal matrix in whose diagonal are located the sign of the elements of the diagonal matrix B,
which are assumed to be known. Furthermore, if we suppose that the system is locally
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zero- state observable, then applying the controller
W (1) = —Kj(1) (34

with K € R any positive definite matrix and j(f) = y(f) — y(1)* € ", the resulting overall
system has bounded trajectories and lim,_,~, 7(¢) = y(¢) — y(¢)* = 0.

Proof
After applying the state feedback (32) to system (31) we can obtain the following:

(1) = Ad' (7 + y*, 2) + BO(H) (1)
20 = fo(C. 7+ 5 2) + d G+ Y5, 2D
which considering the definition of 0(¢) and w(¢) given in (32) is equal to
)7(1) = Aa’()? + y*,Z) + 39161/()7 + y*, z) + BHQL(]/@_,_y*’Z) Wo(z) + BOzuP + BH3)>* - y*

(35)
1) =fo(C,y*,2) + d' (F+ y*,2)D'F
Adding and subtracting the term u?(¢), the previous expression can be written as
J(1) = (A + BOA (G + ¥*,2) + BOrLag1ye)Wo(2) + (BOs — Du + (BO; — D)yj* + o 3
(1) =fo(C. 1%, 2) + d'(F + 1%,2)DT7 G0
We define the ideal passivator parameters as
A+BOf =1 = 0f=—-B'4 with 0F e R
D+BOs =1 = 05=-B'D with 05eR"" (37)
BOf —1=0 = 05=B" with 05 e R™"
Then we can define the parameter error matrix as
(1) = 0(1) — 0* = [D1()) Dr(1) D3(r)] € RV
with
0 =[01(1) 62(1) 63(1)] € RV
0* =[0F 0% 0% e Rt (9
Let us consider the following storage function:
V@, z,®) = L5T(0)7(1) + Wo(2) + L Trace(|B|®() D(1)) (39)

where |B| represents a diagonal matrix in whose diagonal are located the absolute values of the
diagonal elements of matrix B, which are assumed to be unknown. The first time derivative of I
is equal to

V(F,2,®) = 5(1)' 5 (1) + Wo + Trace(|B| D) ©(1))
Substituting #(7) from Equation (36) in the previous expression and regrouping we obtain
V@A@=ﬂ@M+me+f@+f@%ﬂwmm%@+f®w%—Mf

0()

+ 3T(0)(BO; — I)y* + 7T (0 + 2(¢) + Trace(|B| (1) T ®(7))
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Replacing Z(¢) from (36) and using definitions (37) we get
V(§,z,®) =5 (0 (1) + 7 (1)(BO, — BOY)d (5 + %, 2) + 3T () BO Ly yr ) Wi (2)

T
e
z

+ 7T (t)(BO; — BOH (1) + (BO3 — BO)y*(1) + <

. (aWo(Z)

T
o ) d(F + y*,2)D (¢) + Trace(|B| (1) D(¢))

or equivalently
V(@,2,®) =51 Ow (1) + Licn Wo(2) + 71 (B0 — 07)d (7 + ¥, 2)
+ 71 (B0 La 1y Wo(2) + 7 () B(0s — 05 + B(05 — 05)57%(2)
+ (LaG4y+.2) Wo(2)) ' D" (1) + Trace(| B|D(1)" ®(1))
Regrouping terms we obtain
V(F,2,0) =71 (0 (1) + Lyycpo Wo(2) + 7 ()B®1d (F + V¥, 2) + 71D + BO2) Larg1y Wo(2)
+ 71 (OB 4 (1) + (1) + Trace(|B|&(1) D(1))
Using the definition of 0% given by (37) we have the following:
V(3,2 ®) = 1 (00 (1) + Ly Wo(2) + 7T () BO1d (7 + ¥, 2)
+ J1(1)(BOy — BOY) L34y Wo(2)
+ 71 (0) B3 (u (1) + (1)) + Trace(|B| (1) ©(1))
In a more compact form we write
V(F,2®) = 510w () + Lycx.o Wol(2) + 5T (1)) BO(1)eo(1) + Trace(| B (1) (1))

Using the property of two vectors that a'h = bTa = Trace(ba') = Trace(ab?) and regrouping
terms we get

V(@,2,®) = 7 (0u’ (1) + Lycyt-Wo(z) + Trace{[B 5(t)(0)" + |B|d(r) ]} d(r)

Substituting now the adaptive law defined in Equation (33), expressed as ®(r) = 0(r) =
—sign(B)j(t)w" (1) and considering BT = B = |BJsign(B), we finally obtain the following:

V(. 2,®) = 710 (1) + Lyycpv.Wo(2)
Using Assumption 3.2 we can finally write
V(3,2 0) <7 (0 (1) (40)

Thus, from Definition 2.1, the resultant system is passive from u”(f) to j(¢). Following the same
reasoning as in Theorem 3.1 and considering again the controller #”(¢) = —Kj(f), together with
Assumptions 3.1 and 3.2, we can assure that trajectories of the adaptive system are bounded
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and also we can guarantee that lim,. 7(f) = 0, provided the system is locally zero-state
observable. |

Remark 3.1

In the previous development, unity adaptive gains were used. It can be shown [14-17] that the
same results hold if, positive scalar, positive definite constant matrix and positive definite time-
varying matrix adaptive gains are introduced.

Remark 3.2

In the proposed scheme, parametric convergence to the ideal controller parameters is not
guaranteed. This is only achieved if persistently exciting conditions of some signal vectors are
satisfied [14-17].

Remark 3.3

For easy exposition the results of Theorem 3.2 were derived assuming that B is a diagonal
matrix. However, it is possible to show that the same results can be achieved for the cases when
B is a positive definite matrix and when B is a general matrix [14-17].

To illustrate the previous result we will apply the results of Theorem 3.2 to the same system
used in Example 3.1.

Example 3.2
Let us control the same system of Example 3.1 but this time we will assume that the parameters
are unknown. Since system (25) satisfies Assumption 2.1 it can be expressed in form (31) as
follows:

¥ (1)

=3 -1 l +u(t) — y*(1)

=(t (41)
D)= = 52°() + y*(0) + 3(1)
by choosing

) =x1eR, 2()=x2eR, FH(0)=p(1) - ") eR

2
Y
A=[-3 —1]1eR% a'(y,z)[ ]G‘RZ
z
B=1eR, Hypz2=1eR
fo(Cy%2) = =522+ 1* e R, d(,z2)=1€R, D=1eR

Parameters 4 =[—3 —1]e R>, B=1€eR and D =1 € R are assumed to be unknown. The
state feedback (27) is now defined as

u(t) = b'(y,2)”"' 0" (Do(2) (42)
with 0(r) = [07(2) 0x(r) 03(5)]" € R, 0,(r) = [01(r) O3 (D)]" € W2, 02(r) e R, 03(r) € R and (1) =
D2 z z W(r) + y*(1)]" e R
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: Y (@) Controlled System, y(f) — y'(¢) E
i E l Passive System, from u”(¢) to y(¢) i E
E : E v~ E it E
i : LY@
: E >
50) ol | u(| - <“+ HLoho
K +( ) " (Naxt) |, y(O)=-3y* —z+u . > >
o | . 2(t)==5z"+y ' !
L 6) =—sign(B)F(H(r)" RONEED) Pl
Hew=[y = = (wo+io)] o
Figure 4. Adaptive control scheme for Example 3.2.
The ideal controller parameters are defined as 9}* =3, (9%* =1, 0f=—1and 65 =1.1If we

apply the state feedback (42) to system (41) we will have the following:
W0 = = 710w (1) + Bo(Do(0)
()= =52 +)y* + 7
where ¢(t) = 0(2) — 0* = [01(r) 07(2) 02(0) 03(0)]T — [0 07 0% 0%]T € R*. The adaptive law to
adjust the state feedback parameter is given by (33) and has the form
0() = —F(D” z z @)+ *O)]" (44)

This guarantees that system (43) is passive from w”(f) to j(¢), with storage function
V@, z,¢) = 3720 + Wo(z) + L |Blp()" ¢(1) and Woy(z) = 12%(r). Furthermore, if we choose
u(¢) as in (34), then lim,_,, (¢) = 0 for all bounded desired trajectory y*(¢) € R with bounded
continuous first time derivative, while all the signals remain bounded. The block diagram of the
control scheme is shown in Figure 4.

(43)

4. SIMULATION RESULTS AND TRANSIENT BEHAVIOUR

In this section we present the simulation results corresponding to Examples 3.1 and 3.2. All the
simulations were done in Matlab 6.5 using variable-step, ode45 (Dorman—Prince) method for
solving the differential equations with relative and absolute tolerance of 107°.

We first consider the system of Example 3.1 with u(¢) = 0, to study its natural behaviour for
further comparison purposes. Figure 5 shows the evolution of the state of the system when no
control is applied and initial conditions y(0) = 0 and z(0) = —0.25 are selected.

It can be secen that the system exhibits oscillations and a stable internal dynamic z(f).

Two different reference signals will be applied to this system, as shown in Figures 6(a) and (b).
The first reference signal is used to study the behaviour of the system under tracking control,
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and the second one is for regulation purposes. In Section 4.1, the simulation results of the
control schemes applied to the system of Example 3.1 are presented and in Section 4.2 the
corresponding results for the system of Example 3.2 are discussed.

0.5 ‘ ‘ ‘ 0.5
§ O “VA ﬂu“u“u“un‘lﬂum Mﬂ ‘lﬂ“h“ﬂv I A § O V“VAVHU'\YHVA\I"M"\JW
-0.5 -0.5
0 100 200 300 400 0 100 200 300 400
tin seconds tin seconds

Figure 5. Natural behaviour of the system of Example 3.1.

1 T T T 1 T
05| 05|
S of S oo p—-
Y g 0
051 -0.5 1
-1 -1
0 100 200 300 400 0 100 200 300 400
(a) tin seconds (b) tin seconds

Figure 6. Reference signals applied to the system of Example 3.1 and Example 3.2: (a) sine wave of
amplitude 1 and frequency 0.03 rad/s; and (b) step signal of amplitude 0.1 applied at r = 100.

1 T T T 1
05 | 0.5}
T o7 X O
05| / 0.5¢
-1 -1
0 100 200 300 400 0 100 200 300 400
(a) tin seconds (b)
5 T 0.6
/AVaVAVE IS
= =
5 0 © 02
0
-5 -0.2
0 100 200 300 400 0 100 200 300 400
(c) tin seconds (d) 0.6 tin seconds

Figure 7. Simulation results for tracking control scheme of Example 3.1. Non-adaptive case.
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4.1. Simulation results for Example 3.1

The evolution of the state, as well as the control input applied to the plant of Example 3.1 and
the tracking error, are shown in Figure 7 when a feedback gain K = —40 is chosen and a
sinusoidal reference signal like the one shown in Figure 6(a) is considered. The initial conditions
were chosen as y(0) = 0 and z(0) = —0.25.

It is observed from Figure 7(d) that the tracking error is zero for all ¢. This is due to the exact
cancellation, and the zero initial condition of the output y(¢). The same results are presented in
Figure 8 but for the case when the reference signal is the constant shown in Figure 6(b).

0.2 T T T 0.5
0.1
X 0.1 Y o0
0.0
0 -0.5
(a) 0 100 200 300 400 (p) 0 100 200 300 400
5 0.6
= 0.4
= >
S o © 02
0 |
-5 -0.2
0 100 200 300 400 0 100 200 300 400
(©) tin seconds (d) t in seconds

Figure 8. Simulation results for the regulation control scheme of Example 3.1. Non-adaptive case.

1 : : : 1
0.5} 05}
[ 0
0.5} -0.5}
B 100 200 300 4

v
o
z(t)

(a) 0 00 (b) 0 100 200 300 400
57 T T T 0.6
/\/\/\/\ ol
S0 5 02f
0 f——
-5 -0.2
0 100 200 300 400 0 100 200 300 400
(©) tin seconds (d) tin seconds

Figure 9. Simulation results for the tracking adaptive control scheme of Example 3.2.
Evolution of the main variables.
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A similar behaviour to that exhibited in the previous case is observed here under regulation.
The tracking error is zero except at t = 100. It is important to note that when applying a step
reference signal at ¢+ = 100, its derivative is undefined at the moment the step is applied. So in
this case a practical solution could be implemented using a saturation block.

4.2. Simulation results for Example 3.2

We now consider the system defined in Example 3.2, with the assumption that the parameters
are unknown. In Figure 9 the evolution of the state, the control input and the tracking error, is
shown when the sinusoidal reference signal depicted in Figure 6(a) is applied, and a feedback
gain K = —40 was selected. The initial conditions were chosen again as »(0) =0 and
z(0) = —0.25.

As expected, the tracking error shown in Figure 9(d) goes to zero as ¢ goes to infinity so the
output of the plant asymptotically tracks the reference signal. This adaptive control scheme is a
bit slower than the non-adaptive scheme. In Figure 10 the evolution of the state feedback
parameters 0(f) can be seen when the following initial conditions were chosen 0{(0) =0,
03(0) = 0.5, 05(0) = 0 and 03(0) = 0.

4
3.
2

o)

o:'(t
02 (t)= 6a(t

0 100 200 300 400
t in seconds

Figure 10. Simulation results for the tracking adaptive control scheme of Example 3.2.
Evolution of the state feedback parameter.

0.2 T T 0.5
0.1}
SECAl: X Of
0.0t
ob— -0.5
(a) 0 100 200 300 400 (b) 0 100 200 300 400
5 0.6
0.4
$ o - 02
or |
-5 -0.2
0 100 200 300 400 0 100 200 300 400
(c) tin seconds (d) tin seconds

Figure 11. Simulation results for the adaptive regulation control scheme of Example 3.2.
Evolution of the main variables.
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15
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0 011(0
0 100 200 300 400

tin seconds

Figure 12. Simulation results for the adaptive regulation control scheme of Example 3.2. Evolution
of the state feedback parameters.

As it is shown in [19] the state feedback parameter 0(z) is adjusted in such a way that zero
control error is guaranteed, minimizing at the same time an energy function. For this adaptive
case, the transient behaviour depends on the adaptive law used and on the adaptive gains that
one introduces. Different adaptive laws can be used, depending on the control purpose [19].

The same study as in the previous case was done using a feedback gain K = —40, when the
constant reference signal depicted in Figure 6(b) is applied. In Figure 11 it is shown the
evolution of the state, the control input and the tracking error, observing from Figure 11(d)
that the tracking error is driven to zero, with a jump at the instant when the step is applied. The
parameters’ evolution is shown in Figure 12.

5. CONCLUSIONS

In this paper, a new passivity-based control (PBC) scheme, which considers a controller and a
state feedback, is proposed in order to solve tracking, regulation and stabilization problems for
a class of nonlinear system. Besides, two different state feedbacks are proposed which work
properly with a simple proportional controller. A non-adaptive state feedback is presented when
all system parameters are known, while the adaptive state feedback is for the case when system
parameters are unknown. The class of nonlinear systems studied corresponds to time-invariant
MIMO systems with relative degree 1 and locally bounded reference weakly minimum phase.
The resultant scheme guarantees that the overall system is stable (all the signals remain
bounded) and lim,_,, j(¢) = y(¢) — y(t)* = 0, where y(¢)* is a bounded arbitrary trajectory. Two
examples were studied under simulations to verify the theoretical results, considering first the
case when all parameters are known, and then the case of unknown parameters. All the
simulation results are in complete agreement with the theoretical results presented in Sections
3 and 4.
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