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Introduction of supercritical bifurcation and supercritical spatial bifurcation

Lorenz pendulum,�
Phys. Rev. Lett. 83, 3820 (1999).

Bifurcation: "Qualitative change of the dynamic 
behavior of the system under study, when one parameter 
is changed". 

Supercritical instability: "Appearance of fixed points 
from another one"

eq eq

Universal behavior, the fixed point increase as function of 
bifurcation parameter

eq



Supercritical pattern bifurcation 

Patterns formation
Rayleigh-Benard Convection

Set up

Experiments
Pomeau et. al., Rev. Mod. Phys. 49, 581(1997) 



Supercritical pattern bifurcation 

Taylor-Coutte instability

Set up
Experiments



Supercritical pattern bifurcation 

Faraday instability

Set up

Experiment

F=ACos(Ωt)
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Supercritical pattern bifurcation 

Liquid
crystal 
with
optical
feedback

G.Agez, C.Szwaj, E.Louvergneaux, and P.Glorieux, Phys. Rev.A 66, 063805 (2002).
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    Whole the previous systems exhibit
pattern formation from a uniform state 
and the amplitude of the pattern close to
 bifurcation increases with the square 
root of the bifurcation parameter.  

Universal Behavior close to bifurcation

|Aeq| |Aeq|

ε
    Prototype model of patterm formation, 
Swift-Hohemberg equation

ε

ueq

pattern 
state



Universal Behavior close to bifurcation

In order to understand the universal 
behavior exhibits by the previous 
systems, we consider the ansatz

Imposing the solvability condition 
one deduces (real GL equation)

 

0.2 0.4 0.6 0.8 1 1.2

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

       The spectrum as function 
  of wave number (                            ).

k

σ(k)

kc=q

|Aeq| |Aeq|

ε

Bifurcation 
Diagram



Outline
Introduction of supercritical bifurcation and supercritical spatial bifurcation

Universal Behavior close to bifurcation,

Supercritical bifurcation in presence of noise,
Experimental observations,

Problem,

Unified description: Stationary probability, expectation value and 

bifurcation criterium,

Experimental study,

Conclusions,

Outlook.



Supercritical bifurcation in presence of noise
   The description of macroscopic matter is usually done using a small number of 
coarse-grained or macroscopic field. This reduction is possible due to a separation of
time scales, which allows a description in terms of the slowly varying macroscopic va-
riables, which are in fact fluctuating variables due to the elimination of a large number 
of fast variables whose effect can be modelized including suitable stochastic terms 
(noise) in the PDE.

|Aeq| |Aeq|

ε

Stochastic protoype model

where ζ(x,t) is a guassian white 
noise with



Supercritical bifurcation in presence of noise

Below bifurcation Above bifurcation
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Supercritical bifurcation in presence of noise
The origin of precursor is noise excites all spatial modes, 
but the slowest mode leads the dynamics 
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Supercritical bifurcation in presence of noise
From the recognition of critical wave number, one can deduce the 
bifurcation diagram
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Experimental observations
Thermally induced hydrodynamic fluctuations below the onset 
of electroconvection

Linear theory

below 

above
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G. Ahlers et. al. Physical Review Letters 67, 596 (1991)



Experimental observations
Noise, coherent fluctuations, and the onset  of order in an oscillated granular 

H. Swinney, Physical Review Letters 92, 174302 (2004)
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Problem
From different theoretical and experimental studies, the supercritical  
bifurcation in presence of noise
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Problem
From different theoretical and experimental studies, the supercritical  
bifurcation in presence of noise
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the linear approach is 
a good approximation



Problem
From different theoretical and experimental studies, the supercritical  
bifurcation in presence of noise
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|Akc| Above the bifurcation,
the deterministic des-
cription is a good 
approximation! 



Problem
From different theoretical and experimental studies, the supercritical  
bifurcation in presence of noise
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There is not a adequate universal description of the supercritical
spatial bifurcation close to the instability!
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Unified description

Let us consider a one-dimensional extended system that exhibits a 
supercritical spatial bifurcation described by

close to the spatial instability, we can introduce the ansatz

the envelope satisfies a Langevin equation

where ξ(x,t) is a complex gaussian white noise



Unified description

Introducing the global amplitude

which satisfies (Langevin equation)

where                                       is a complex gaussian white noise with
correlation   

From the above langevine equation, one has the corresponding Fokker-
Plank equation

This equation has the stationary probability
where



Unified description
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Unified description

                                               From the stationary probability density, we can 
compute the average of the critical amplitude (|Akc|), the expectation value 
(amax) and neglecting the higher order term we deduce the liner behavior of 
the average of the critical amplitude.

|Akc|
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Experimental study



Experimental study
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W.J. Firth, J. Mod. Opt. 37, 151 (1990).
 G. D'Alessandro and W.J. Firth, Phys. Rev. Lett. 66, 2597 (1991)
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fluidized granular system

Po+P1 sin(wt)

Oscillating air flow

Carlos Orellana, Nicolas Mujica 



fluidized granular system

Po+P1 sin(wt)

Oscillating air flow
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Conclusions
Auniversal description on the effect of additive noise on supercritical 
spatial bifurcation in one dimension is theoretically and experimentally 
studied.

A stationary distribution for spatial mode is derived (Ps). From this
distribution, we characterized the shape of the noisy bifurcation for the
mean value and the most probable value.

We propose a criterium for the determination of bifurcation point.

Comparison with numerical simulation and experimental results obtain in 
a Kerr-like slice subjected to optical feedback are quite good agreement.






