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birth. Referred to as the Poisson Labeled Multi-Bernoulli (PLMB) filter, results show that, in simulated
environments, it outperforms the Labeled Multi-Bernoulli (LMB), §-Generalized Labeled Multi-Bernoulli
(6-GLMB) and Labeled Multi-Bernoulli Mixtures (LMBM) filters under general target birth scenarios. An
algorithm based on a histogram of Gibbs samples is also proposed which efficiently generates a posterior
labeled Multi-Bernoulli distribution in a simple manner using a histogram of the state-measurement asso-
ciations obtained by a Gibbs sampler. The histogram approach is readily applicable to all Multi-Bernoulli
based filters and is demonstrated in the form of the Histogram-PLMB (HPLMB) filter.
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1. Introduction

Multi-target tracking is a problem of great interest in many
engineering applications, ranging from surveillance to safety en-
forcement and autonomous robotics [1-4]. Different solutions have
been proposed, such as the Multiple Hypothesis Tracking (MHT)
and Joint Probabilistic Data Association (JPDA) filters [5-7]. To for-
mulate the multi-target tracking problem in a Bayesian manner, in
which target cardinality, as well as state, can be jointly estimated,
Mahler used Random Finite Set (RFS) and developed the Finite
Set Statistical (FISST) framework [8,9]. By using RFS and FISST, the
problem of Bayesian multi-object estimation can be expressed in
a rigorous manner. As with all multi-target, multi-object tracking
formulations, a key issue is the combinatorial nature of the prob-
lem, which makes tractable solutions for real-world problems an
ongoing research field.

The recently introduced §-Generalized Labeled Multi-Bernoulli
(5-GLMB) filter proposed by Vo et al. [10,11], which introduces
the notion of labeled RFS, is the first true multi-target tracking,
closed form solution of the Bayes recursion. It is a true tracking
filter in that it uniquely identifies and maintains the track identi-
ties of the targets jointly with the estimates of the states within
the Bayesian recursion. Although the §-GLMB filter is analytically
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exact, it can be intractable due to the combinatorial nature of the
posterior solution, and approximations must often be made. It was
shown that the truncated distribution is a good approximation of
the true posterior distribution using the £; norm [11]. The trunca-
tion process proposed in [11] relied on extracting the k best assign-
ments between tracks and measurements via the use of Murty’s
algorithm [12], which still resulted in a high computational com-
plexity. To reduce this complexity, a §-GLMB filter based on Gibbs-
sampling of the posterior RFS distribution was introduced [13]. As
a result, the multi-target posterior can be approximated with com-
plexity ©(MN?2S), i.e. linear in the number of measurements M,
and quadratic in the number of targets N, for S samples per time
step.

A multi-target density, which is related to the §-GLMB distri-
bution, is the Labeled Multi-Bernoulli (LMB) density [14]. The ad-
vantage of the LMB with respect to the §-GLMB density is that it
requires fewer parameters to model the posterior multi-target dis-
tribution at the expense of the loss of information related to the
correlations between the target association maps. However the
gain in computational tractability due to this reduction of the pa-
rameters has been shown to outweigh the loss in multi-target state
estimation accuracy in many applications. Based on this distribu-
tion, Reuter et al. first proposed the LMB filter based on Murty’s
algorithm [14], and later based on Gibbs-sampling [15]. An imple-
mentation of the LMB filter, which utilized Loopy Belief Propaga-
tion (LBP) was introduced in [16] with linear computational com-
plexity O(MNI) with respect to the numbers of measurements M,
targets N and LBP iterations I.
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Nomenclature

X,Y,B,Z,®, £ Random Finite Sets (RFSs) modeling the

multi-object state, multi-object state of de-

tected targets, appearance of new targets,
observations, clutter measurements and tar-
get labels (identities), respectively.

Realizations of the RFS representing the

multi-object state, multi-object state of de-

tected targets, multi-object state of birth
targets, measurement set and target label
set, respectively.

Z1: ¢ Collection of set-valued observations up to
and including time step t.

X, Z Vector representations of a single-target

state and observation.

Matrices representing the linear transition

model, transition noise, linear observation

model and observation noise.

Probability Generating Functional of the RFS

X.

First moment, or intensity function, of the

RFS X.

Ps, Pp Probabilities of target survival and detection.

Iy, I, State transition and observation likelihood

functions.

Target label.

X Labeled state X = (X, £).

Wo Weight of a component of a multi-Bernoulli
(MB) mixture (MBM) density, representing
target set partition o. wy, wy, wp repre-
sent the weights of new, misdetected and
detected targets respectively.

r Probability of existence of an element of a
MB based RFS.

f Probability density function of a target.

“¢N» - eD» - oM Variables (-) corresponding to new, detected
and misdetected targets, with label ¢.

XYBZL

F,Q H R

Gx[h]

Dy (x)

&~

py Variable () corresponding to target ¢ for
partition o of a MBM density. (-) can be r
or f.

St Predicted and updated variable. Variable (-)

can ber, for G.

Recently in the RFS multi-target tracking literature, multi-
Bernoulli filters that utilize a Poisson process birth model have
been proposed [17-20]. However, in the article [21], Mahler spec-
ified the properties necessary for the distribution of a labeled RFS
(LRFS), and stated that a Poisson RFS does not have the necessary
properties to be considered to be a true LRFS. In [10, p.4], Vo et al.
defined a labeled Poisson RFS and a procedure to generate a fi-
nite set of augmented states with distinct labels, but noted that
the set of labeled states is not a Poisson RFS. Mahler [21] stated
that label-augmented-Poisson Multi-Bernoulli Mixture (PMBM) and
hybrid-unlabeled-labeled-PMBM filters are theoretically and phys-
ically questionable, because of conflicts between the simultaneous
existence of the undetected-density component and the detected-
density component. Therefore, this article adopts an unlabeled
Poisson RFS distribution which models birth targets (not unde-
tected targets) without identities and a labeled Multi-Bernoulli
(MB) distribution which models target tracks - i.e. target identi-
ties. It demonstrates that it is possible to design a labeled Bayesian
filter based on these concepts, which forbids state-sets with non-
distinct labels.

The advantages of using a Poisson process birth model within
LMB filters include:

e The ability to model the birth of any number of targets at a
given time step, whereas an LMB birth density can only model
a number, which is limited by the cardinality of the LMB birth
density’.

e The ability to model a birth rate, thus allowing filter pre-
dictions with varying time steps. This was used in [23] for
a multi-sensor scenario where sensor measurements arrived
asynchronously.

This article therefore derives a Poisson Labeled Multi-Bernoulli
(PLMB) filter based on a Poisson birth model (with unlabeled tar-
get state) and an LMB target model (with labeled target state). A
motivation for using a Poisson birth distribution is based on [18],
where it was shown that a MB distribution naturally results when
applying Bayes theorem to a Poisson prior distribution with the
standard measurement model defined in [8, p.311]. The PLMB filter
assumes a prior LMB density, and after the prediction stage incor-
porates a Poisson birth model, yielding a PLMB density. Note that
in contrast to [18], the Poisson component models birth, but not
undetected targets. After update, the filter again yields a posterior
which is purely an LMB density. The article offers the following
contributions:

1. It is shown that a labeled multi-Bernoulli mixture density can
be approximated by an LMB density in a manner similar to
which an LMB density has been used to approximate a §-GLMB
density [15]. This maintains the same advantage that the LMB
filter has over its -GLMB counterpart, in that the number of
parameters necessary to model the posterior distribution in the
PLMB filter is significantly reduced compared to those neces-
sary in a fully labeled multi-Bernoulli mixture filter. Despite
the theoretical loss of correlation information, it is shown that
the PLMB filter has multi-target errors similar to the multi-
Bernoulli mixture based §-GLMB and LMB mixture filters, while
achieving lower computational times, similar to the LMB filter.
An explicit derivation of the MB parameters is given together
with two implementation techniques in Sections 4.4 and 4.5.

2. It will be shown that, in the PLMB filter, it is possible to identify
each component with a unique track identifier (label) allowing
track identities to be initialized and maintained.

3. An efficient PLMB filter, which creates the posterior LMB den-
sity based on a histogram of the samples obtained by applying
a Gibbs sampler to a cost matrix, as in the sense of [13], is pro-
posed. This is referred to as the Histogram PLMB (HPLMB) filter.
In contrast to state of the art LMB filter implementations, the
LMB density of the HPLMB filter does not require the approxi-
mation of the posterior labeled multi-Bernoulli mixture distri-
bution component. Instead it computes the parameters of the
posterior LMB distribution directly from the prior distribution.

4. The proposed histogram based procedure of the PLMB filter
uses all the LMB components generated by the Gibbs sam-
pler, circumventing the necessity of identifying and removing
repeated components.

Section 2 presents the theoretical background necessary for
deriving Bayesian RFS filters. The PLMB filter is derived in
Section 3 with two implementation methods being described in
Section 4. In Section 5 simulated results are presented giving com-
parisons with the LMB, §-GLMB, Labeled Multi-Bernoulli Mixture
(LMBM), PMBM and the LBP-PLMB filters. Finally, in Section 6 con-
clusions are drawn.

T Note that versions of the §-GLMB and LMB filters exist, which create LMB birth
densities according to an adaptive birth model based on applying inverse measure-
ment models to the measurements from previous time steps [22].
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2. Theoretical background: bayesian recursion with random
finite sets

This section reviews the basic RFS concepts and introduces how
filter prediction and correction steps are implemented using RFS
for multi-target tracking. For a complete description, the reader is
referred to [8]. This serves as a prerequisite for the derivation of
the PLMB filter given in Section 3.

2.1. Random Finite Sets Overview

An RFS, X, is a random variable, which has instantiations as
finite sets X = {Xq,...,Xp}, with n > 0, n = 0 indicating the empty
set. Two sources of uncertainty are present in an RFS, namely the
unknown number of elements and the uncertainty in the value of
each element in the set. An RFS can be described by its probability
density function (pdf) f{lX; ®) with ® being the parameters of the
pdf, or alternatively by its Probability Generating Functional (PGFl)
Gy[h] defined as:

Gulh] = / £ (X)8X. (1)

The integration is carried out using the set-integral®> and hX is de-
fined as:

ifX=¢
otherwise,

1

hX = 2

i @
with 0 < h(x) < 1 being a function defined in the space of the
individual elements. The PGFIl can also be used to calculate the ex-
pected value (or first moment) Dy (Xx) of the multi-target distribu-
tion:
Dx(x) =

Gx[h]| . (3)

h=1

L

§{x}

where %G;{[h] is the functional derivative of Gy[h] [8].
Commonly used distributions in RFS approaches are the Poisson

and Bernoulli densities. The Poisson density is given by:

fP(X) = e Pr@ VD (x) ¥, (4)

where its first moment Dy (X) =Af(X), A represents the ex-
pected number of targets and f(x) represents the spatial density.
(fx),g(x)) = [ f(x)g(x)dx represents the inner product between
functions f(x) and g(x). Its PGFI is given by

G®[h] = ePxlh-11, (5)
A Bernoulli density models random sets in such a way that an

element is present with probability r or not present with probabil-
ity 1—r. Its density fP(-) is given by:

1-r ifX=90
P =1rfx) if X ={x} (6)
0 otherwise.

A multi-Bernoulli density with N;, components models random
sets such that an element of index i is present with probability r;
or not present with probability 1 —r;. When present, each element
is distributed according to a probability density function f;(x). The
multi-Bernoulli density f™(X) is given by the disjoint union of in-
dependent Bernoulli processes fjb(X,-):

Ny
o) S TR0 (7)
X19...wXy i=1

2 The set integral is defined as follows:

where X, .., X; are all possible disjoint subsets of X, i.e. @ is the
disjoint union operator. The PGFI of a multi-Bernoulli density is:

Ny
G[hl =T (1 = ri + r{fL ). h(x))). (8)
i=1
The multi-Bernoulli density is usually parameterized with the set
of parameters Q = {(r1. f)..... (ry,. fiy,)}-

2.2. Labeled Random Finite Sets

A Labeled Random Finite Set is composed of labeled states X =
(X, £) € X = X x L. Therefore, a multi-target state of n elements is
given by X = {(X1,¢1),.... (Xn. £,)} in which, for the set X, with
kinematic state X, its corresponding labels are L = {¢q, ..., £n}.

For a function f(X), its integral is defined as:

[ rGoax=3" [ sex.ax 9)

el

and its PGFI G/%[il] is defined as:
Gl =/fle()°()5)°(, (10)

where the integration is carried out using the labeled set-integral?,
with 0 < hi(x, ¢) < 1.

A labeled multi-Bernoulli density is characterized by its
PGFI [9, p. 456], [24]:

Gioth] = [ (1= re + redfi G0, k) ). (11)

tel

where f; is the single target density of a target with label ¢. Note
that (11) has the same form as the MB PGFI (8).

2.3. The Standard Bayesian Recursive Filter for RFS

Bayesian filtering is composed of two steps. First, the system'’s
state is predicted one time step ahead using only the state transi-
tion model of the system:

F(X|Z1g) = / L(XIX0) f (X Z1:0)8Xe. (12)

where X; and X represent the (multi-target) state at time steps t
and the state at t + 1, respectively, Z;. ; represents all the observa-
tions received until time step t, [y(X|X;) represents the state transi-
tion model of the system, f{-) represents the prior density at time
step t, and f/(-) represents the predicted density at time step t + 1.
Second is the correction step, where the most recent observation is
used to correct the predicted value of the state. Under Bayes theo-
rem:

fFrX1Zye01) o LEZIX) f'(X1Z1:0). (13)

where f*(.) is the updated target state density at time step t + 1,
Z is the observation set at time step t + 1 and [,(Z|X) is the obser-
vation model.

To solve Egs. (12) and (13), the multi-target transition model
and the multi-target observation model have to be defined. In this
article, the “standard” multi-target transition and observation mod-
els [8, p.313] are adopted. For simplifying the notation, the inner
product between single target hypotheses is defined as (f,g) =

3 The labeled set-integral is defined as follows:

[1008% =10+ 3 15 3 [ £, xaddxa
n=1 "

tel



4 L. Cament, J. Correa and M. Adams et al./Signal Processing 176 (2020) 107714

J f(x)g(x)dx. Using PGFl, Mahler showed that under this “stan-
dard” multi-target transition model, the resulting distribution of
the prediction step fiX'|Z;. () has a PGFI of the form [8]:

Gz, [h] = Gulh]Gyyz, [T = Ps + Ps(l(x]-), h)]. (14)

where Gglh] and Gy|z,,[h] are the PGFl of the birth process and
the previously estimated state distribution, respectively. It should
be noted that in the PGFI and inner product expressions, X is omit-
ted or replaced by a “

Mabhler also showed that using the “standard” multi-target ob-
servation model (or “standard” multi-target likelihood), the distri-
bution of the corrected state, has the following PGFl [8, p.311]:

S F[h,
doz [h] = (S‘Szl—g”g:()’ (15)
. 67F[h’g”h:1.g:o
where
Flh, g] = GolglGy 2, [h(1 = P + Po(L:(z]x), g)]. (16)

where Gg[g] and Gx|z [h] are the PGFI of the clutter process and
the predicted state dlstrlbutlon respectively, and Pp(x) and [;(z|x)
are the probability of detection and the measurement likelihood
function for single targets, respectively. From (14) and (15), a PGFI
formulation of a Bayesian filter using the “standard” multi-target
transition and observation models can be derived. In the following
section, the value of Gy[h] will be determined and substituted into
Egs. (14) and (15) to derive the equations of the PLMB filter.

3. Bayesian Recursion of a Labeled Multi-Bernoulli Density
with Poisson Birth Model

This section shows that a Poisson birth process yields an MB
distribution after the application of Bayes theorem. It will be fur-
ther shown that, under Bayes theorem, adding distinct labels to
the new targets produced by the Poisson state-measurement asso-
ciations naturally yields an LMB distribution. Consequently, under
Bayes theorem, an LMB density prior yields a PLMB density under
prediction when a Poisson birth model is used. Bayesian update
then yields a mixture of labeled multi-Bernoulli densities.

3.1. Multi-Bernoulli Density Prediction

For a prior LMB density with parameters (r,, f;), where ¢ € L,
the prediction of the LMB density is r, =1 (P, f;) and f)(x) =

w This prediction step is efficient and equivalent to the

Labeled Probability Hypothesis Density (LPHD) filter prediction
step in [24] and [20]. It does not need to convert the LMB den-
sity into a §-GLMB density, and reduce it again to an LMB density
as in the LMB filter [14].

3.2. Poisson Birth Process

The Poisson birth intensity is given by D (X) = Apfz(X), where
Ap is the expected number of targets to be born with spatial distri-
bution fg(x). The union of Poisson and LMB densities in PGFI form
is:
GR™[h] = G3[hIGY™[h], (17)
where G‘Z’;[h] is a Poisson PGFl (Eq. 5) and Gljfjnb[h] an LMB PGFI
(Eq. (11)).

3.3. Posterior Density

The Bayesian update of the Poisson multi-Bernoulli PGFI given
n (17) yields the following expression (see the Appendix for the

direct derivation of the PLMB posterior PGFI):
Gyzlh] o Zwa SR AT FAmP A (18)

The weights of the labeled multi-Bernoulli density are given
by ws = wy x wy x wp, where w, appears to depend on the
three weights wy, wy, and wp. Three components are identified,
wy f,{,mb[h] corresponding to the new targets resulting from the up-
date of the Poisson component (to be given in Section 3.4). The
other two components arise from the update of the LMB prior
component, with wy f,l\/‘,“b[h] corresponding to misdetected targets
and wp f[l)mb[h] corresponding to detected targets (both components
will be given in Section 3.5). Note that the PGFl of the posterior is
of the form:
Nimp,
Giylh = Zwa [T = o+ rolfoes b)), (19)
tely

which corresponds to the PGFl of a LMBM density, where o rep-
resents the oth LMB component. Two approximations for the re-
sulting LMBM posterior parameters, which yield the LMB posterior
parameters, are given in Sections 4.4 and 4.5.

3.4. Poisson Intensity Update

Suppose that a set of measurements ZV is received at time step
t. Using the “standard” observation model I,(z| - ), the PGFl of the
posterior of the Poisson birth component is given by the following
expression (see the first of the product terms corresponding to the
birth targets in (57) in the Appendix):

Gzlhl o« [] Do (z)) + (Dsl:(z;]-). h). (20)
zjeZN

Using the normalization given in (58), the posterior Poisson PGFl
component can be expressed as:

Ghzlhlocon [T (1=rfy+rin{fin: b)) (21)
zjeZN
where
N = l_[ Dg(z;j) + (Dgl;(zj|). 1), (22)
zjeZN
. (Dgl;(z;]-), 1) Dp(X)L;(z|x)

) = (23)

"N = Do(z)) + Dsk([). 1) Dz, 1)
Eq. (21) can be interpreted as a multi-Bernoulli density composed
of target hypotheses born from each measurement z; € ZN. Labels
are defined as ¢; = (t, j) based on the time t at which they are
assigned and the jth measurement used to assign the label. If we
assume that measurements are distinct and produced by unique
targets, it is possible to establish a mapping between new tar-
gets identified by label ¢ e L={(t,1),... (t.m=|Z¥|)} and mea-
surements - i.e. ¢; = (t, 1) — z1,..., &m = (t, M) — zp. In implemen-
tation, the LMB density can be constructed by including the Kro-
necker delta function 841. (¢) into the measurement likelihood:

1 ¢=y¢,
0 otherwise.
(24)

Let B be the labeled target set resulting directly from the Pois-
son birth set B after update, with LN = £(B) being subsets of the
labels L corresponding to new targets. Then, the posterior MB PGFl
can be expressed as:

Gl ccon [T (1 =17y +riu(fins 1), (25)

LelN

(251, £) = ;(z;|Xx)d,,(¢), where §,(¢) = {

fielh]



L. Cament, J. Correa and M. Adams et al./Signal Processing 176 (2020) 107714 5

where
wy = l_[ De(zj,) + (Dsl:(z;,|-), 1), (26)
LelN
" (Dsly(z;,]), 1) Dy (X)L.(z;,|X, £)

s f;N(X) =

"N~ Do(z;) + (Dsk(z;,]). 1) (Dsl(z;,]), 1)

(27)
By cgnstruction, the labels are distinct. Mathematically, ﬂwhen
fmb(X) is evaluated with a label ¢ &L, 8¢;(£) =0, thus fmb(X) =0.
Therefore the resulting MB density is a true LMB density.

3.5. Labeled Multi-Bernoulli Density Update

The update of the prior LMB component in (17) corresponds to
a sum of LMB terms composed of wy fi®[h] and wp fP[h], as was
shown in Eq. (18). The parameters of the LMB component repre-
senting misdetected targets are given by:

ou= [T (1=ri+ 1l =Po) fu. 1)). (28)
MM
I{;’nb[h] = l_[ (l — rZ;,,,O + 1”Z'M,0< 2;,,»0, h>), (29)
(Me[M

(1 =P (X))} (%)
+ _ ¢ +
0% = By 1) 0

(1 =Pp) flu. 1)
=1y + 101 =Po) f. 1)
(30)

and the parameters of the LMB component representing detected
targets are given by:

wp = [ rio{Pol(z;) fp. 1), o
¢DelD
fgethy = [T (1=ri; +15 (55 5. h). G2
DelP

P (X)L (2;X) f, (X)
: T
(Polz(z|) flp, 1) 7 0
where IM = £(YM) represents the labels of the target hypotheses

that were misdetected, and LP = £(YD) represents the labels of the
detected target hypotheses, corresponding to measurements Z°.

~1, (33)

2E,j()() =

3.6. Target Track Propagation

Each multi-Bernoulli component in the mixture of (19) can be
interpreted as a possible configuration of the multi-target state.
Each target hypothesis is identified with a unique label which has
the following properties P1 and P2:

P1: Within a multi-Bernoulli component, all labels are unique.
P2: A track identity is maintained between different multi-
Bernoulli components and different time-steps.

Given the observation model described in Section 2.3, since
each target can generate at most one observation at a time, if |Z|
observations correspond to targets (they do not correspond to clut-
ter), then |Z| different targets are assumed to have generated those
observations. The proposed algorithm identifies an observation as
(potentially) coming from a target on two occasions: 1) When a
new MB component is created from the birth model or; 2) When
the state of an existing LMB component is corrected.

Proposition 1. A target identified by the pair (t, j), where j is the in-
dex of the j-th measurement used to initialize the component at time-
step t (using Eq. (24)), has properties P1 and P2.

Proof of Proposition 1. Property P2 can be guaranteed since the
proposed definition of the identity of tracks makes reference to
the time and measurement index in which the track was created.
Therefore the identity of a track is always maintained.

By induction, at time-step 1, when no prior target existed, the
PGFI after the filter is executed is of the form of Eq. (21), identi-
fying every created target with the pair (t = 1, j), which has prop-
erty P1. Assuming that properties P1 and P2 are maintained af-
ter T iterations of the filter, when a single iteration of the filter is
then applied, multiple Bernoulli components are created. Note that,
from Eq. (18), the different components of the mixture are cre-
ated using disjoint subsets of prior components and disjoint sub-
sets of the newly received measurements to either update prior
components or create new components. Since these partitions are
disjoint, a prior component cannot be repeated within a mixture
component. Taking into consideration the newly created targets,
which differ in the time t component, property P1 is maintained.

Since the track identification makes reference to the time the
track was initialized, they maintain track identity between time-
steps and in different components of the mixture, thus having
property P2. O

4. Histogram Poisson Labeled Multi-Bernoulli (HPLMB) Filter
Implementation

In this work, in order to achieve faster computing times, a
single LMB density is used as an approximation of the posterior
LMBM density.

4.1. Weight Simplification

In order to reduce the number of weight components, wy is
defined as

Wy = l_[ D@(Zj) + (DsPpl,(z]-). 1). (34)
zeZP

The simplification of weight w, is then obtained by multiplying
and dividing it by wg:

_ _ wp /
wo = (N x wf) xwy x - ) xouxop,
S—— N

constant Yo —
@p
=[] Q=rw+rm((1="P)fm, 1))

(MeyM
rzD<PDlz(ZjéD [) feo, 1)

X gﬂgn D@)(Zﬂp) + (DBIZ(Z].[D |)7 1) , (35)

where the term wy x wy = [Dg(z) + (DpPpl;(z|"), 1)]Z is constant
for any partition set. Therefore it can be omitted in the weight cal-
culation. The term w}, can be considered to represent the detected
target likelihood.

4.2. Ranked Assignment

The posterior density given by its PGFl in Eq. (19), with weight
wg given by Eq. (35), is composed of all possible partitions o. The
partition o is equivalent to an assignment of the matrix C, where
the assignment is defined as the set of pairs (i, j) for all rows i,
such that there is a bijective function £(-), in which ¢ = £(i) and
columns j, which represent the target-measurement assignment or
misdetections. C is given by

C=(Cr Cm). (36)

where, Cp is an n x m matrix representing the cost of associat-
ing m = |Z| measurements to n = |Y| existing targets (the second
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product term in Eq. (35)). Cy is an n x n diagonal matrix repre-
senting the cost of misdetecting a known target (the first product
term in Eq. (35)). Thus, the specific elements (i, j) in each of these
matrices are:

ri<PDlz(Zj|')fi, 1)
De(z)) + (Dpl,(zj]-), 1)’

{ —1i+1((1=Pp) fi, 1)

Coli. j] = (37)

. 1 i=j

Culi. j1=1¢ otherwise” (38)
Given an assignment o of the C matrix at the current time step,
the weight can be obtained as:

ws = ] cli. jl. (39)
(i.j)eo

It should be noted that, since Cy is a diagonal matrix, the only
possible valid associations of a row i within Cy is a single value
located on its diagonal, which corresponds to the target being mis-
detected. Note also that all measurements j with no assignment in
o produce a new target with parameters (r, f) given by Eq. (27).
Thus, the resulting LMB component will model n + m possible tar-
gets (all existing targets plus all possible new targets).

Due to the intractability of maintaining the huge number of
posterior components, only a limited number of assignments with
the highest weights w, from C are obtained. State of the art meth-
ods to find the highest weights ws, and therefore the associated
assignment o, are Murty’s algorithm [12], which solves the k-best
assignment problem for the cost matrix —log(C), and Gibbs sam-
pling used in [13] that samples the assignments o from the poste-
rior distribution. In this article, the Gibbs sampling method is used
because of its linear complexity compared to the cubic complex-
ity of Murty’s algorithm with respect to the number of measure-
ments. To further improve the computational efficiency however,
a histogram posterior approximation is also introduced. First, the
Gibbs sampling process is explained in Section 4.3 followed by the
classical posterior approximation in Section 4.4, which yields the
PLMB filter, and finally the proposed histogram posterior approxi-
mation is given in Section 4.5, yielding the HPLMB filter.

4.3. Gibbs Sampling Procedure for the Update Process

Following [13], it is possible to define a Markov Chain to sample
associations from the C matrix as follows:

n

wo o 1r (o) [ [ (o), (40)
i=1

where, in general, an indicator function 1y(X) is defined by:

1 XcCY,
0 otherwise,

CM[i, l] o = 0
Cpli, 0;] otherwise,

(41)

where o is a realization of fMP and I' is the set of positive 1-1
vectors in {0: m}".

The number of repeated samples produced by the Gibbs sam-
pler is proportional to the weight w, and Vo et al. proved that it
converges exponentially, guaranteeing that after only a few itera-
tions, the sampled MB components will be those with the highest
weights [13]. The Gibbs sampler must be initialized with a valid
realization o(©). Two simple valid realizations for the initialization
0 could be:

1. All targets correspond to misdetections and all measurements
to new targets, or

2. A one-time solution to the optimal ranked assignment ex-
plained in Section 4.2, which could be obtained with the Hun-
garian algorithm [25].

Iy(X) = { and n;(0;) = {

The Gibbs sampling procedure for the PLMB filter is similar to
that used in the LMB and §-GLMB filters. The difference is that T,
for the LMB and §-GLMB filters, is a set of 1-1 vectors in {-1:
m}" and represented by separate weights 1 —r and r((1 —Pp)f, 1).
However in the PLMB filter, I' is a set of 1-1 vectors in {0: m}",
because the non-surviving and misdetected target likelihoods are
combined and represented by a single weight (Eq. (38)). Gibbs
sampling is explained in detail in [13].

4.4. Classical Posterior Approximation

Iterating the Gibbs sampler S times yields S possible assign-
ments (9, 1 < s < S. Many of these assignments will be repeated.
After the removal of the repeated assignments, Nj,;, unique as-
signments remain. The posterior labeled Multi-Bernoulli Mixture
(MBM) is then represented by the mixture weights in Eq. (39) and
the set {(r4 ¢, f5.¢)} corresponding to each assignment o. Finally the
approximated LMB density is represented by:

Nimp Nimp
Ty = Zwong (Ors¢ and f, = Zwﬁ]La (E)fg»l' (42)
o=1 o=1

Note that w1y, (¢) =0 if £¢Ly, where L, are the target labels of
partition o.

4.5. Histogram Posterior Approximation

The proposed histogram based procedure uses all the sampled
MB components, while avoiding the removal of components, which
is necessary in the traditional procedure given in Section 4.4. It
proceeds by sampling possible assignments from Eq. (40) and then
using these assignments, it calculates the expected value of each
hypothesized target’s probability of existence and spatial distribu-
tion parameters.

To achieve this, the creation of a histogram of the Gibbs sam-
ples o®®) is useful, since the number of times an assignment o is
sampled is proportional to the weight of its posterior MB compo-
nent. The 2D histogram’s elements (i, j), where i represents the ith
prior target hypothesis and j represents the jth measurement, are
given by H;j, which are defined as the number of times that ele-
ment (i, j) was sampled. Note that j = 0 corresponds to a misde-
tected target hypothesis.

Table 1 shows an example of three target hypotheses and four
measurements and how each iteration of the Gibbs sampler (left
tables) increases the histogram values H(i, j) (center tables). When
an element (i, j) € o is sampled, a cross (x) is shown. The left
tables show sampled assignments and the center tables show the
corresponding histograms at that iteration of the Gibbs sampler.
The rows beginning with 8 represent measurements assigned to
new targets. Note that when a sample contains an element (i,
j) € o ( x in the left tables), the corresponding element (i, j) in H
(center tables) is incremented by one - i.e. H(i, j)+ =1, V(i j) €
0®). The first row shows iteration s =0, where no samples (as-
signments) yet exist, thus the histogram values are all 0. The sec-
ond row shows iteration s =1, where the sample (assignment)
o is initialized with all target hypotheses as misdetections and
all measurements as birth target hypotheses (row f), which cor-
responds to a unit increment in each corresponding cell in the
histogram table H. Finally, after s =S iterations (Gibbs samples),
the normalized histogram (or weight) h; j = H %‘J) can be calculated
(lower right table). In the example of Table 1, S = 5.

Hence, the value of each element (i, j) of h;j, is proportional
to the importance of the corresponding single target hypothesis.
Then the posterior LMB density component for target ¢ = £(i) is
a weighted sum of all single-target densities over the i-th row of
h;;. It can be seen that all columns and all rows sum to unity, ex-
cept column ¢, because there is no restriction on the number of
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Table 1
Example procedure for calculating the histogram for the HPLMB Filter.
c© 0|2z | 2o Z3 | Z4 H |0 |2z |22 23|24
153 B8 0 0 010
X1 —|x1 |00 0 010
X2 x2 | 0] 0 0 010
X3 x3 0] 0 0 010
o 0|2z | 2o Z3 | Z4 H 0|z |2 Z3 | Z4
8 x | x| x| % 153 11111
X1 X —|x1 |10 0 0 0
Xo X xo | 110 0 0 0
X3 X x3 | 1] 0 0 0 0
U(2> @ Z Y Z3 Z4 H (A VAl Zy Z3 Zy
8 X X 153 1121112
X1 X —| x| 1|1 0 0 0
Xo X X2 0 0 0 0
X3 X x3 | 110 0 1 0
U(3> @ Zy Zo Z3 Zy H @ Zy Zo Z3 Zy
154 X 153 1 2 1 3
X1 X — x| 1| 2 0 010
X9 X X2 0 1 010
X3 X x3 | 1] 0 0 2 0
U(4> @ Zy Zo Z3 Zy H @ Zy Zo Z3 Zy
15} X 153 1 3 1 3
X1 X — x| 1| 2 0 0 1
X9 X xo | 2] 1 1 0 0
X3 X x3 | 1] 0 0 310
0'(5> @ Z Zo Z3 Z4 H @ VAl Zo Z3 Z4 h @ VAl Zo Z3 Z4
154 X | X X 153 2 4 1 4 153 2/5 1 4/5|1/5|4/5
X1 X —|x1 ]2 2 0 0 1 |—=|x1|2/5]2/5 0 0 1/5
Xo X X2 1 1 0 0 xo [ 3/5 | 1/5|1/5 0 0
X3 X x3 | 1] 0 0 410 x5 | 1/5 0 0 4/5 0
targets which can be misdetected, and row f, because there is no —h r((1—="P)f], 1) 1_h
restriction on the number of measurements that can be assigned Ty r,4+1{(1-P)f. 1) *+ i0):
to birth targets or clutter. However a target must be assigned to h ( 1_ r/)
either a measurement or a misdetection and a measurement must —1— 0 ¢ (43)

be assigned to either a target, birth target, or clutter.

Note that by definition h;o =1 —Z’}L h; ;, which represents
the proportion of samples for which target ¢ was misdetected, or
equivalently, the proportion of assignments using entry i,n+1i of
the cost matrix C. Similarly, ho j =1—3iL; h; ;, which represents
the proportion of samples in which measurement j was not asso-
ciated with any target.

In the posterior MBM distribution, when a target is assigned
to a measurement, the probability of existence is r = 1, and when
the target is misdetected its probability of existence is given by
Eq. (30). Therefore, for the PLMB filter, the expected probability of
existence for target ¢ = £(i) is calculated as the weighted average
using the weights h;; as:

S THA =P ) ",
T _;h'vlrl,]_h"o]—Té-l—Té((]—PD)f/s])+ ;hl'] ’

1-r,+r((A=P)f].1)

Similarly, when target i is assigned to measurement j, its up-
dated spatial distribution is given by Eq. (33), while when the
target is misdetected its updated spatial distribution is given by
Eq. (30). Again, the expected spatial distribution is calculated as
the weighted average of these expressions:

(A =BENLE | §~, POOLEL )

= _R)IR) 1 . (44
(EE S S VD P TN NeHR Y R

fE®) =hio

Finally, new targets arise from measurements that were not as-
sociated with any targets, captured by hy;. From Eq. (23), for each
measurement, a new Bernoulli component with label ¢ = (t, j), is
created with probability of existence and spatial distribution equal
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to:
by \Pskzl) 1) D)L (z;1%)
~ "%Dg(2) + (Dsl(z;]), 1) (DL (z;]), 1)’

respectively. This posterior approximation results in the HPLMB fil-
ter to be demonstrated in the results.

(45)

"
T

i) =

4.6. Discussion

It was shown that each component of the mixture is a PGFI of
a LMB distribution, thus the full mixture and its truncated versions
are both mixtures of labeled multi-Bernoulli PGFI.

The methodology used in the LMB filter [15] needs to use the
Gibbs sampler S times, and the resulting posterior labeled MBM
is composed of repeated LMB components that must be identi-
fied and removed, obtaining a total of N'™ < S LMB components.
The proposed histogram based procedure uses all the sampled LMB
components, circumventing the necessity of identifying and re-
moving components, thus providing an efficient implementation
method.

It can be seen that the probability of existence rZ - in the first
row of (43) is equivalent to the LMB updated probability of exis-

tence in [15, Eq. 19], except for the term rzo.

5. Experimental Results

In this section simulated results using the proposed Gibbs sam-
pled PLMB (Section 4.4) and HPLMB (Section 4.5) filters are shown
and comparisons are made with the Gibbs sampled versions of
the LMB [15], 8-GLMB [13,26], LMBM [24], PMBM [20] filters, as
well as an LBP implementation of the PLMB filter. This is car-
ried out in a manner similar to [27], except that in [27], sev-
eral Murty’s algorithm based MB filters were compared. The re-
sults here are compared using the Optimal Sub-Pattern Assignment
(OSPA) [28] and OSPA(?) [29] metrics and the Multi Object Track-
ing Precision (MOTP) and Multi Object Tracking Accuracy (MOTA)
CLEAR MOT metrics [30]. Both the OSPA and OSPA(?) metrics mea-
sure the precision and cardinality of two sets of targets (ground
truth and estimates in this case). The MOTP metric gives the es-
timated target location errors, when correctly detected, and the
MOTA metric gives the accuracy in tracking targets, taking into ac-
count misdetections, false alarms and label switching.

5.1. Multi-Target State Extraction

5.1.1. State Extraction for the LMB, PLMB, LBP-PLMB & HPLMB Filters

The final position estimates of the LMB, PLMB, LBP-PLMB and
HPLMB filters are obtained via Maximum A Posteriori (MAP) esti-
mation using the following procedure: 1) The cardinality distribu-
tion p(n) of the LMB component of the filters is calculated; 2) The
most probable cardinality is chosen as the number of targets Ny;
3) The target hypotheses f; with the highest N, probabilities of ex-
istence are selected as targets; 4) Individual target hypotheses are

8
modeled as a Gaussian mixture f,(X) =Zfi‘l W N (X; Mgy, Lo y).
For each target f;, ¢ € L, the final target estimate is selected as the
mean value of the Gaussian distribution with the highest weight,

1.e., Xy = m[.argmax(wu).

5.1.2. State Extraction for the LMBM and PMBM Filters

For final state extraction, the MBM component of the PMBM
density is converted to a MB density as shown in Eqs. (42). In the
same manner, the LMBM density is reduced to an LMB density, and
the same multi-target state extraction method used for the LMB
filter is adopted.

5.1.3. State Extraction for the §-GLMB Filter

The final target estimates in the §-GLMB filter are extracted as
follows: 1) The cardinality distribution p(n) of the MB component
of the filters is calculated; 2) The most probable cardinality is cho-
sen as the number of targets N,; 3) All the MB components with
cardinality N, are selected; 4) The MB component with the high-
est weight is selected; 5) For each target f, ¢ € L, its final estimate
is given by & = My argmax(wy,)*

5.2. Simulated Results

As a proof of concept, Fig. 1 shows a simulated scenario com-
posed of 20 independent tracks, which initiated and terminated
at different times. The time steps for the appearance of new tar-
gets are t =1 (5 targets), t = 20 (9 targets), t = 40, 60, 80 (2 targets
each).

The states of the moving targets are composed of their posi-
tions and velocities in 2-dimensional space, X; = [X¢, V¢, Xt, Ve]- A
single-target state for target ¢ is modeled by a Gaussian mixture

with Nf components, f;(X) = Zi\i we N (X; mgy, Xp,). A constant
velocity model is assumed as the motion model and the observa-
tion model measures the Cartesian position of targets in the en-
vironment. Both models can be written in linear form using the
following motion (F) and observation (H) matrices:

10 At 0
01 0 At 1.0 0 0

F=100 1 o H:[o 1 0 o]’ (46)
00 0 1

where At =1 [s] is the sampling time, and the covariance matri-
ces of the motion noise Q and the measurement noise R are as
follows:

e ) r_ | 0.5At? 0 At 0
Q— 5.0 aq’, R =10.0°Lrx2, qQ = |: 0 0.5At2 0 At |
(47)

with I being the identity matrix.

All filters have the following parameters: Probability of sur-
vival: P; = 0.99; Probability of detection: P, = 0.98; Uniformly dis-
tributed clutter with average rate A. = 30 per scan; The region of

1000 Measurements & object trajectories

8oy G\

600 |-

Y [m]

-400 |

-600

-800

-1000 : 1 - 1 1 4 1 1 i ]
-1000  -800 -600 -400 -200 0 200 400 600 800 1000

X [m]

Fig. 1. Ground truth trajectories, starting at positions marked with the symbol “o”,
and ending at positions marked with symbol “ x ”. The gray dots show the super-
imposed measurements (including clutter) acquired during the 100 time steps.



L. Cament, J. Correa and M. Adams et al./Signal Processing 176 (2020) 107714 9

Table 2
Filter parameters used in the experiments.

Parameter

Applicable to filters:

Number of iterations of Gibbs sampler

Limit on number of posterior components
Pruning threshold for components

Maximum number of tracks

Threshold to prune tracks

Max. no. Gaussian components in each track
Pruning threshold for Gaussian comps. per track
Merging threshold for Gaussian comps. per track

S=1,000 All, except LBP-PLMB

Nmb < 1,000 8-GLMB, LMBM & PMBM

w, > 1071 §-GLMB, LMBM & PMBM

NP <100 LMB, PLMB, LBP-PLMB & HPLMB
re>1073 All, except §-GLMB

N <10 All

wy, > 107° All

4 All

interest is between the bounds [-1000, 1000][m] for the x and y
axes.

To demonstrate the possible advantages and disadvantages of
the Poisson and MB birth models, the simulations are executed
with three different birth configurations:

1. A single Gaussian in the whole interest space. In the case of the
filters with LMB birth distributions, this can produce at most
one new track per time step. The single Gaussian distribution
that covers the whole region of interest is given by pg)(x) =
N(X: 041, ), where X = diag([7072, 7072, 102, 102]). The rea-
son for using this birth configuration is to show that using a
Poisson distribution for the birth process enables the PMBM,
PLMB and HPLMB filters to converge to the correct target state
faster than the LMB and §-GLMB filters when there are insuf-
ficient labeled Gaussian components comprising the LMB birth
density.

2. An array of 5 x 5 Gaussian distributions in the interest space.
This is equivalent to 25 labels in the case of LMB birth distribu-
tions (for the LMB and 6-GLMB filters), and a sum of Gaussians
in the case of the Poisson birth distributions (for the PMBM,
PLMB and HPLMB filters). The Gaussian distributions that cover
the whole region of interest are given by pg) x)=Nxm;, X),
where ¥ = diag([235.52,235.52,102,10%]) and {my, .., mys5} =
g x g, where g = [-666, —333, 0, 333, 666]7, all units being [m].
Under this birth configuration, a similar performance of all the
tested filters is expected, since the Gaussian distributions cover
the whole space, and the number of new targets frame by
frame in the experiments never exceeds 25.

3. To provide a birth configuration that favors the use of an LMB
birth model, 20 Gaussian distributions pg)(x) =NX m;, X;)
are located at the positions where the ground truth targets ini-
tially appeared, i.e. the position components of m; are located
at the circles “o” in Fig. 1. The covariance matrix is diagonal
with standard deviations of 10[m] for positions and 10[ms~1]
for the velocities. Therefore, ¥; = diag([10%, 102,102, 102]) Vi e
{1, ..., 20}. Under this artificial* configuration it is expected that
the §-GLMB and LMB filters should perform better than with
birth configurations 1 and 2.

For all the three configurations, the Poisson birth intensity is
given by Dg(X) = Ap Zi.\g NLB pg) (x), where the average target birth
rate Ag =0.15 per scan, and Np is the number of corresponding
Gaussian distributions. The single target state of the LMB distribu-
tion is given by pé’) x,0) = pg)(x)&i (¢) with probability of exis-
tence rg = 0.15 for all birth targets, where for label ¢; = (t, ), t is
the time step and i is the index of the Gaussian distribution. Other
parameters used in the filters are given in Table 2.

Although requiring a significant increase in computational time,
a version of the §-GLMB filter, referred to as §-GLMB,, is also
tested with parameters: Number of iterations of the Gibbs sampler:
S=10,000; Limit on number of posterior components: N™b <

4 Since the ground truth initial location of the targets would not usually be
known.

100, 000. This is to demonstrate that higher accuracy results are
possible with the §-GLMB filter, when the truncation of the pos-
terior density is reduced, at the expense of greatly increased com-
putational time. In the results, the processing time in this case is
increased on average by a factor of 3 (see Fig. 5).

To account for the randomness of the system and measurement
noises and the Gibbs sampling procedure, ten different measure-
ment sets were randomly generated, and the filters where run ten
times per measurement configuration. The results are the mean
(and standard deviation) of these 100 tests.

As a proof of concept, Fig. 2a shows the resulting trajectories
of one realization for the LMB filter (2a,c,e) and the HPLMB filter
(2b,d,f), for birth configurations 1 to 3, respectively. In the Figure,
different colors represent unique labels. In a qualitative sense, it
can be seen that both the LMB and HPLMB filters show similar
performances in terms of both label and trajectory estimation.

Comparing birth configuration 1 with 2 and 3, we observe that
the LMB filter requires more time to estimate targets, particularly
under birth configuration 1 (note the increased distances between
the o and the trajectory initializations). However this does not oc-
cur with the HPLMB filter, which is able to initiate target tracks
very close to the beginning of their true trajectories under all
three birth models. The performance of each filter under each birth
scenario can also be quantified in terms of track deviation from
ground truth. Therefore, Fig. 3 shows the OSPA and OSPA(2) met-
rics (cut-off ¢ = 100[m], power p =2 and for OSPA(), the window
L = 10[time steps]) and Fig. 4 shows the CLEAR MOT metrics for all
birth configurations.

5.3. Filter Processing Times

Fig. 5 shows the average processing time of the filters for the
three birth configurations. It is important to note that all filters
were implemented in MATLAB, with the implementations of the
LMB and §-GLMB filters taken from [26]. The computational hard-
ware characteristics are: Operating system Ubuntu 18.04; Processor
Intel Core i7-4790; Memory 7.7 GB.

5.4. Analysis of the Results

It is important to note that, as expected, the LMB filter is faster
than the §-GLMB filter, and similarly the PLMB and HPLMB fil-
ters are faster than PMBM filter under all three birth scenarios.
This is because the LMB, PLMB and HPLMB filters are single MB-
component filters, while the 6-GLMB and PMBM filters are based
on mixtures of MB components.

Birth Configuration 1: As expected, under birth configuration 1,
the PLMB, HPLMB, LBP-PLMB and PMBM filters yield the best OSPA
and OSPA(?) results. The Poisson birth based algorithms perform
better than their LMB based counterparts because there is less de-
lay in the number of time steps required to initialize new multiple
tracks. In contrast, when the birth model is composed of a single
Gaussian component, the LMB, LMBM and §-GLMB filters can at
most create one new target per time step. For example, at time
step 20 when 9 new targets appear, the rate of reduction in the
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(a) Resulting trajectories using the LMB filter for birth
model 1.
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(b) Resulting trajectories using the HPLMB filter for
birth model 1.
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Fig. 2. Estimated trajectories for all the different tested birth models.

OSPA metric (Fig. 3) is significantly slower than that for the Pois-
son birth based filters. It should also be noted however that, for
the LMB and §-GLMB filters, since this birth configuration results
in at most one new target per time step, they have lower com-
putational times than the PLMB, HPLMB filters and PMBM filters,

respectively. This is because the cost matrices, in the LMB and
S§-GLMB filters, generate only one new hypothesis per time step.
This is significantly less than the number generated in the PLMB,
HPLMB and PMBM filters, in which one new hypothesis is cre-
ated by each measurement per time step (i.e. more than 30 clutter
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Fig. 3. OSPA (left) and OSPA® (right) metrics for all three birth configurations (1 to 3 from top to bottom respectively).

and true target based measurements per time step in this simula-
tion). The new target hypotheses created as a result of clutter by
the PLMB, HPLMB and PMBM filters will be updated but discarded
rapidly because their probabilities of existence quickly reduce to a
value lower than a threshold (“Threshold to prune tracks” in the
list of parameters in Table 2).

Birth Configuration 2: In birth configuration 2, the LMB, LMBM
and 8-GLMB filters improved with respect to configuration 1. The
LMB filter achieved the same performance as the PMBM, PLMB,
LBP-PLMB and HPLMB filters, and the MOTA metric value in-
creased by 7% compared to configuration 1, which gives an in-
dication of the fraction of total targets being tracked. This im-
provement is expected because the LMB filter uses 25 compo-
nents for the birth process. This however makes the filter slower
than under birth configuration 1. The PMBM, PLMB, LBP-PLMB
and HPLMB filters performed similarly under a single Gaussian
birth or with 25 Gaussian birth components covering the whole
space.

The performance of the 3-GLMB filter under birth configura-
tion 2 increased by 2% over that of birth configuration 1, with re-
spect to the MOTA metric, however its performance is still below
that of the other filters, by approximately 9%. A similar improve-
ment is apparent in terms of the OSPA metric values. Comparing
the performance of the 6-GLMB filter and §-GLMB, filter (which
uses more MB components), clear improvements in terms of the
OSPA, MOTA and MOTP metrics are evident in Figs. 3 and 4. Note
that to obtain comparable OSPA, OSPA(), MOTA and MOTP perfor-
mance values for the §-GLMB filter and all the other tested filters,
the higher number of MB components used in the §-GLMB, filter
were necessary. This comes at the expense of a significant increase
in processing time, as shown in Fig. 5.

Birth Configuration 3: In birth configuration 3, where the birth
Gaussians are artificially located in the positions at which the tar-
gets initially appear, all filters yield a more similar performance
than under birth configurations 1 and 2 as expected. Surprisingly
however, under this birth configuration, although the performance
of each filter with respect to the OSPA metric appears similar, the
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Fig. 4. CLEAR MOT metrics (MOTP and MOTA) for the three birth configurations. The graphs show the average (red stars) + one standard deviation (black lines) of the 100

tests performed by each filter.
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OSPA®) and CLEAR MOTA metrics show higher performance of the
Poisson birth model based filters.

5.4.1. Comparison of the different implementations of the PLMB Filter

The PLMB and HPLMB filters show very similar performances
under all birth configurations. However, as shown in Fig. 5 the
HPLMB filter is slightly faster than the PLMB filter due to the sim-
pler implementation procedure of the HPLMB filter. This is because
the HPLMB posterior is constructed directly from the histogram
of Gibbs samples in Eqs. (43) to (45). However in the PLMB fil-

ter, the construction of the posterior requires each Gibbs sample
to be stored, followed by the removal of repeated samples, before
the resulting samples can be used to form the posterior given by
Eqs. (42). This is at the expense of a very slight performance loss
in terms of the MOTA metric.

Note that the LBP-PLMB filter is faster and more accurate than
the Gibbs sampling based PLMB filter. It is faster because it has
linear complexity in the number of measurements and targets,
and needs fewer iterations to converge to the solution. It is more
accurate because it is an optimization-based method that con-
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Fig. 6. CLEAR MOT metric values for all tested filters under birth configuration 2 (composed of an equally spaced Gaussian mixture), based on the following clutter rates:
10, 20, 30, 40, 50, 60, 70, 80, 90 and 100 false alarms per scan. The left figure shows the MOTA metric, and the right figure the MOTP metric.

verges to the importance value of the contribution of each prior-
hypothesis and measurement association h;;. In contrast, Gibbs
based sampling methods, truncate the posterior density. Gibbs
sampling based target-measurement assignment methods however
can be used in the PMBM, 6-GLMB, LMBM and other similar filters
based on mixtures of MB densities.

5.4.2. Performance under different clutter rates

An experiment to measure the performance of the filters un-
der different clutter rates is shown in Fig. 6, in terms of the CLEAR
MOT metric. This is based on birth configuration 2, the configura-
tion expected to result in the most equal performance of all filters.

As expected, all filters achieve a lower performance at higher
clutter rates. In general, the §-GLMB and LMBM filters perform
worse than the other filters, all of which exhibit similar results.
The proposed PLMB based filters (PLMB, LBP-PLMB and HPLMB fil-
ters) as well as the PMBM filter all create a new target hypothe-
ses per measurement that could intuitively give rise to false track
hypotheses. However if, over time, there are no new measure-
ments to substantiate these hypotheses, they are discarded during
the pruning process. Therefore, target hypotheses born from clutter
measurements are rarely selected as target tracks by the state ex-
traction method, which calculates the most likely cardinality N 4 of
the posterior density and selects the N4 target tracks with higher
probabilities of existence.

6. Conclusions

This article introduced a sample based PLMB filter. The LMB
density naturally results when applying Bayes theorem to a Pois-
son prior. The only assumption necessary when defining a Poisson
prior is the expected number of targets in the region of interest.
The PLMB filter is also intuitive since it models the existence prob-
ability of targets in a single MB density. It was also demonstrated
that the PLMB filter approximates the PMBM filter in a manner
analogous to the way the LMB filter approximates the §-GLMB fil-
ter maintaining the same advantages and disadvantages. It was
also shown that the PLMB filter is capable of tracking targets as
accurately as the LMB filter, with comparable computational com-
plexity, when the PHD of the LMB birth model is equal to that of
the Poisson birth model. The PLMB filter demonstrates a superior
performance over its LMB filter counterpart, when the birth model
cardinality hypothesis is less than the number of measurements.
The PLMB filter has a more consistent performance under differ-
ent birth distribution configurations compared to the LMB filter. A
histogram based Gibbs sampling method was also proposed, that
directly calculates the posterior PLMB distribution. Using the Gibbs
sampling approach, the weight based PLMB filter requires the re-
moval of repeated sampled MB components, whereas the HPLMB
filter does not.

Results show that the LBP method performs faster and with
higher accuracy than the Gibbs-based implementation of the pro-
posed PLMB filter since the Gibbs-based target-measurement as-
signment truncates the posterior density whereas the LBP algo-
rithm iterates until to an acceptable error is reached. In contrast to
the LBP approach, the histogram-Gibbs sampling approach demon-
strated in the HPLMB filter, can also be implemented in other MB-
based filters and it is of interest to apply it in the §-GLMB, LMBM,
PMBM and LMB filters.
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Appendix A

Derivation of Equation (18). The PGFl of the prior distribution
(after prediction), is of the form:

Gyzlh] = 20010 5 [T1 =1 + 1 £ (0, h(x)), (48)
tel
Gaclh]
.t

where Y is the set of existing targets, B the set of new targets, and
Gp)zlh] and Gaz|z[h] their respective PGFL

The Poisson distribution models new targets such that no de-
tection probability, Pp, is needed (equivalent to setting P, = 1). By
using the standard observation model, the joint PGFI is defined as

follows:

Flg. h] = GolglGuz[h({lz(|-). 8)1GY 5 [h(1 = Po + Po(lz(:|-). 8))]
— o(Da.g-1) (D h(:(1).8)-1)

x [T1 =10 +7((0 = Po+ Po(L:(1-). 8) fi' ). (49)
Lel

Differentiating with respect to Z gives:

) 6
el — = ) o{Do.g=1)+(Dp,h{l:(|).8)-1)
szhehl=75z1¢
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x [T1=ri+r(Q =P+ Po(LC1). 8N S, h)}- (50)

tel

This can be evaluated using the product rule for set derivatives
(8, p.395]:

8 n
wla= ¥ [1xn g8

XWXy =X i

resulting in:

5 5
K _ 8 [ (Deg-1)+Dsh(L1)g-1)
szFlehl=" > Szo{e ’ }

209 6Zy=2

x ]‘[82 {1=r + 70 =Py + Po(L(-]). ) f. b }.
tel Je

(52)

with Zy wZ; W ... W Z, being a partition of the observation set Z.
The derivative of the exponential term can be calculated as fol-
lows:

) )
m{} = Do (z1) + (D, hlz(z1]-) — 1) x m{}
— ¢(Do.g-1)+(Da.r{l:(1).8)-1)
x [ Do (@) + (Ds. hl,(z]-) - 1). (53)

zeZy

Using the fact that the derivative of a linear operator has non-
zero values only for the empty set and a singleton (see [8, p.395]),
sets Z; to Z, can have zero or one element only. Thus, it is possi-
ble to identify the derivatives with respect to singletons and with
respect to the empty set:

)

Hsz l;[(s{zj}{l_

lel
x 5[ %{1
=[Trio(Pole(z;]) flo. h)
0

réu +réo((1 _PD+PD(IZ('|')vg))f[,Dﬂ h)}

— T + T (1= Po + Po(L(-[), ) fu, 1)}

X 1_[1 — TQM
lM
+ 1w {(1 = Po + Po(L(:|). &) fju. h), (54)

where ¢P e P are subsets of the label set L that are paired with
measurements, whereas ¢M ¢ [M are subsets of L that are not as-
signed any measurement (misdetected). This yields F[g, h] as fol-
lows:

D<I> 8-1) h{L:(]-).g)-1)

)
ﬁF[g, h]=

x <1-[ Do (2) + (Dsl:(2]-). h>)

zeZy

¢DelD

l_[ T (Ppl, (Z]| )fkn, ))

/\/_\

(MM

[T 1= riw+ 1 =Po+Po(l(]-). ) fom- h)).

Evaluating at g = 0 results in:

8
s7Flehl| = elo Pl 3 T T Do (2) + (Dl (2]). h)
g=0 0 zely
filh]
X l_[ r2D<PDlZ(Zj|')fe,Dsh> X l_[ 1 _T/QM +rém<(1 _PD)f(:Msh>»
tPelP (Me[M
fslh] flhl
(56)

where the terms fY[h] are unnormalized MB components. The un-
normalized MB components can be rewritten as MB distributions
multiplied by a weighting factor as follows:

a+b<gh>=w(l—-r+r<fh>), with f= (ggl)’
_ gnb
= ar @b w=a+ (g 1)b, (57)

where a and b are the parameters of the unnormalized MB com-
ponent, and w and r are the parameters of the equivalent MB dis-
tribution.

Distinct labels ¢N e IN are added to hypotheses arising from
each measurement z € Zy by using a likelihood function I,(z|x, ¢) =
lz(z|x)$, (¢), corresponding to measurement z; producing new tar-
get label ¢N = (¢, j).

Using Eq. (58), fylh] can be expressed in terms of the param-

eters of the posterior density flp and r;rN N s follows:

filhl = [T Do (z)) + (Dsl(zj-), 1) [T 1=rf y + 1y fi g h):
¢NeIN (N[N
wN fIleb[h]
(58)
o) 2 DOL@IOS @ L (Del(zl). 1)
Y (Dgl;(z]-),1) N Dg(z;) + (Dsl(zj), 1)
(59)
Similarly, fi[h] can be expressed in terms of fJr and rJr , for a
label ¢P detected by the measurement j:
fathl = [T rio(Pole(zl) flo. 1) T 1 - o {fb i h). (60)
¢PelD ¢DelP
wp f’l?mb[h]
Py(Xx, 0)l,(z;|x, ) f/, (X, £
s < PEOEEGROLED 61)
J (Polz(z;]-) f)5, 1) 4

Finally, f;[h] can be expressed in terms of the posterior MB den-

i + .
sity parameters f[,v,. and rzM 0 3st
fulhl =TT 1 =1+ =Po) fu 1) T 1 =150+ o Fii 00 1),
MM Me[M
o fire(h]
(62)
(A -Pox O) (X 0) (1 =Po) s 1)
f"”O(xz)i / ’rZM(J: / / ;
(1 =Po)f}u.1) O =1y (= Po) fly 1)1
(63)
Thus, Eq. (56) can be rewritten as:
iF[g, hl| = ePe D401 o N oyawpwy [ [RIF[R] AT [h]. (64)
5Z o .
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Remembering that:
3 Flehl|
sFle | o,y

which acts as a normalization constant, the final form of the PGFl
for the corrected labeled multi-Bernoulli mixture posterior is:

Gpolh] = & X onoeon [ AL (LA h), (65)

Gislhl =

with C being a normalization constant such that all weights sum
to unity. O
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