Temperature inversion in granular fluids under
gravity
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Abstract

We study, via hydradynamicequatons,the grarular tempegtureprofile of agrarular fluid

unde gravity andsubgctedto enegy injection from abas. It is found that there exists a
turn-up in the grandar tempeatureandthat, far from the base,it increaseslineady with

height. We showthatthis pheromenon obseved previously in experimers andcompuer
simulaions,is adirectconsequaceof the heatflux law, differentform Fourier’s,in granu-
lar fluids. The postive grarulartempenturegradientis proportional to gravity andatrans-
port codficient L, relating the heatflux to the densty gradients, that is characterstic of

grarular systens.Our resuls provide a methodto comput the value i for differentresti-

tution coeficients. Thetheaeticalpredictionsareverifiedby meansof molecubrdynamics
simulaions, andthe valueof 14, is computdfor thetwo dimersionalinelagic hardsprere
model.We provide, also,a bourdary condition for the temperatire field thatis congstent
with the modifiedFourier’s law.
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In a granularsystema small amountof enegy is lost at eachcollision between
particles.This enepgy lossatthe microscopt level leadsto macroscopiaynamics
quite differentfrom thoseof systemswith particlesundegoing elasticcollisions.
Oneof thesurprisng consequenceas thedissipative dynamicds thegranulartem-
peraturanverspnin fluidizedgranularsystemaindergravity. Thegranulatemper
ature—thetempeature from now on—is definedproportionalto the meankinetic
enegy perparticlein thereferencdrameof thefluid. It hasbeenobseredthatan
opensystemsubjectedo a permanenenegy injection from the base exhibits a
minimum of temperatureat somedistancefrom the boundary andfrom thereon
temperaturencreasesvith height.In spiteof the minimumthe enegy flux contin-
uesalways pointing upwards.This fact confirmsthe existenceof a heatflux law,
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differentfrom Fourier’s law, in thesegranularfluids. The heatflux is defined,for
granularfluids, asthekinetic enepgy flux in thereferencdrameof thefluid. Never-
thelessthefactthatthekineticenepgy perparticle,thatis thegranulattemperature,
canincreasavith increasindheightfrom thebaseis unexpectedgiven theinelastc
natureof collisions.

This temperaturdurn-upcanbe indirectly obsenedin experimentsFor example,
in [1] theauthorsreportatemperaturéncrease30 timesgreaterthanexpecteddue
to the slow corvectve movementthey obsenre in their experimentsTheir conclu-
sionis thatthis effect maynotbeattributedto convectioncurrentsandsuggesthat
it could be dueto densitygradients.The temperatureninimum hasalsobeenob-
senedin computesimulatians[2,3] andarecentarticleaccountgor thisminimum
with anhydrodyramicapproacH4].

In thisarticle,we deduceahepresencef theminimum.Insteadf solvingthewhole
hydrodyramic equationdor dilute granulargasesasin [4], we shaw, usingsimple
hydrodyramicargumentsthatthetemperatureninimum hasits origin in themod-
ification of the Fourierlaw for the heatflux in granularfluids [5-8]. Also, unlike
in [4], thesesimple hydrodyramic argumentspredict, far from the base,a linear
increaseof temperaturevith heightwith a slopethatcanbe deducedlirectly from
thetheory Thislineardependences verifiedusingmoleculardynamicsimulatons
of asimplegranularmodel.

Consistentl with theseresults,we establishthe appropriateboundarycondition
for thetemperaturef anunboun@dsystemandfor asystenboundedyy anupper
adiabaticwall. Finally we provide a methodto measuresxperimentallythe trans-
port coeficient associatedavith the non-Fourier heatflux law. All theseresultsare
comparedvith moleculardynamicssimulationsfor a bi-dimensimal system.

Hydrodynamt equationgthatis, closedequationgor areducechumberof macro-
scopicfields), resemblingthoseof elasticsystemshave beenderived for the de-

scriptionof granularfluids [9,10,6]. Even thoughthe validity of suchdescription
might be controversal [11,12], hydrodynant equationdogethemwith appropriate
constitutve relationshave shavn to bevalid in quasi-elast low-densiy statiorary

states.

The differencebetweerthe elasticandthe granularhydrodynant equationss an
extra sinktermin the enepgy balanceequationwhich accountdor the enegy dis-
sipation.Also, constituive relationsarequite differentin granularmaterialsandin
elasticsystemsFourier’'s Law, as mentiored, doesnot hold for thesedisspative
systemsbut ratherthe heatflux follows alaw in theform [5-8]

J=—kOT — uOn, (1)

J beingtheheatflux, k andu thetransportcoeficients, T thegranulatemperature,



and n the numberdensity For small dissipation and low density kinetic theory
predictsthatk andu mustbe of the form

k= ko\/fv
T3/2
U= NoTa (2)

wherek, and 1, dependonly on the dissipatve coeficient and i, vanishesn the
elasticlimit. In quasi-elastisystemsp, < k, [8].

Experimentallyfluidized stationarystatescanbe achiezed by meansof avibrating
basewith someamplitude andfrequeng. In thelow amplitude andhigh frequeng
limit, quasi-elasticsystemsreachnon-equilbrium stationarystatesin which the
vibrating baseplaysthe role of a stationaryboundary A thermalwall is a useful
theoreticalmodelto describethis kind of boundary:eachtime a particle collides
with the wall, it comesout with a velocity sortedout from a Maxwelliandistribu-
tion.

While theresultspresentedhereshouldnot dependon the particularmechanisnof
the enegy injection, for simplcity, we will focuson an opensystemfluidized by
a thermalbaseat the bottom The systemis keptboundedby a gravitational field
pointing downwardswith intensity g.

Sucha systemmayexhibit differentregimes.If density gravity anddissipaion are
not too large, the systemreachesa stationary state:the conductve regime. This
stateis characterizedy a vanishing velocity field and density temperatureand
heatflux fieldsdependingnly onthevertical coordinatez. For increasingdensity
dissipaton and/orgravity the systemstartsdevelopirg differentinstabilities such
asRayleighBenard-like cornvectionandsolidification[13].

In theconductve regime,theenegy dissipatonatcollisionsinducesaverticaltem-
peraturegradientEnegy is injectedthroughthebaseanddisspatedin thevolume,
with the correspondinglecreasef the temperaturavith height. A snapshobf a
typical configurationin theconductve regimeis shavnin Fig. 1.

Closeto the base we canstatethat the temperaturalecreasesvith heightdueto
thehighdissipatonrate.Dependingnthegravity acceleréion andtheinelasticit ,
thenegatve temperaturgradientjs sometimegccompanietdy adensityincrease
which, at someextremeconditions,canleadto clusteringandsolidfication.

Far from the base,on the otherhand,we know that the densitydecreasesgy the
actionof gravity. Indeed,if the heightis large enough(z > 45in Fig. 1) we find

justafew particlesmoving mainly in freeflight, sothatwe cansafelyconsideithat
thereis aheightabore whichthepressurés givenby theidealgasequatiorof state,
p=nT.
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Fig. 1. Snapshbof an opengrandar systen obtanedin a bi-dimensioml molecubr dy-
namicssimulaionsof theinelagic hard sphee model. The systemis fluidizedby athermal
injection baseandit is keptboundedby the gravity field pointing downwards.

Themomentunbalancesquationstateshatthe pressurabeys the barometridaw
%’ = —ng, sothattogethemwith theidealgasexpressiorfor p we obtain,

dT dn
nE +TE = —ng 3)

Insertingthe expressiorfor thedensitygradientderivedfrom (3) into (1) andusing
thedilute limits for the transportcoeficients(2), the heatflux far from the baseis
givenby

J=—(ko—uo)ﬁ%—£+uogﬁ- (4)

As thedensitygoesto zerowith increasingheight,the heatflux mustconsequently
vanishastherearebasicallyno particlesto transporenengy. It canbeassumedhen
thatthereis a heightwhereJ <« /Jogﬁ. Above this heightthe heatflux in Eq. (4)



canbeneglectedlieadingto thefollowing relationfor thetemperaturgradientasz
goesto infinity

d_T: Ho9
dz - ko—Ho

(5)

Thatis, the temperaturgradientis a constantat high positions so that, far from
the heatingbase we canpredictthatthe temperaturdield increasesinearly with
heightwith aslopeproportionalto g and .

Furthermoreasthe temperaturaearthe basedecreasewith height,it canbe de-
duced,by continuity, thatthe temperaturdield hasa minimum. Above the mini-
mum, the temperaturencreasesntil it reacheghe linearasymptoic dependence
givenby Eq. (5).

This predictionis fully corroboratedn our MD simulatons,asobseredin Fig. 2
wherethe measuredemperaturgrofile hasbeenplottedfor two differentsystems.
In both of themwe clearly obsene the minimumandthe furtherlinearincreaseof
thetemperature.

In our MD simulatias, the inelastichardspheremodel (IHS) in two dimensons
is usedasthe microscopicmodelfor the particles.Grainsare modeledassmooth
harddisksthatdisspateenegy at eachcollision througha constantissipative co-
efficient g, relatedto the normalrestituton coeficientr = 1 —2q, sothatq= 0
representtheelasticcase Thesimulatedsystens arecompogdof N inelastichard
disks.In the horizontaldirectionx, we setperiodicboundaryconditions. The box
widthis L. At thebottomwe imposeda thermalwall attemperaturd,. Dueto the
absenceof anintrinsic enegy scalein the IHS model,we fix the temperatureTl,
to unity. Resultsfor othertemperatureareobtainedoy simple dimensimal analy-
sis.Also, unitsarechosersuchthatthe disksdiameterss andmassesn aresetto
one.In theseunitsthe dimensiomessgravity is § = mgo/ T,. The systemis com-
pletely definedgiving the valuesof N, L, §, andthe disspative coeficient q. For
eachvalueof the parametersve thermalizethe systemafterwhich we measureghe
macroscopidields,averagingover along simulationtime.

In Fig. 2 we presenthe resultsfor: systemA (dashedine) with parameterdN =
1120,L =89.44,q=0.01,andg = 0.02; andsystenmB (solid curve) with N = 560,
L =4472,q=0.01,and§ = 0.03. The snapshopresentedn Fig. 1 corresponds
to the systemA. Comparingboth figuresit canbe obsered thatthe temperature
minimum (at z &~ 450) lies closeto the free surface of the systembut still into
thebulk. The systemsize,underwhich 99% of the particleslie, is 600 sothatthe
obseredlineardependencef thetemperatureemainsupto twice thesystensize,
proving to be therealasymptatc behaior. Similar behaior is obsenedin system
B, thathasaneffective heightof z= 450 andthetemperatureninimum s located
atz= 350. For higherpositions the densityis very low implying large statistical
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Fig. 2. Temperatue profile obtanedfrom MD simulations.SystemA (dashe curve) corre-
spordstoN = 1120 L = 89.44,q=0.01,andg = 0.02. SystenB (sdid curve)cormrespors
toN =560,L = 44.72,q= 0.01, and§ = 0.03.

errors.

To testary possble finite sizedependencenthetemperaturslope ,we performed
simulatons for differentnumberof particlesN, keepingfixed the ratio N/L. We
foundthatevenif the profilesn(z) and T (z) may suffer variations the asymptott
temperatureloperemainsndependendf N for N > 280.

We could deducefrom theseresultsthat the temperatureould achieve arbitrarily
largevaluesasheightincreasesHowever, our hydrodyramicdescriptionis limited

becaus®f the zerodensity or infinite Knudsemumber limit attheseheights.Our
predictionathighpositionsis, neverthelessphysicallymeaningfulasthecombined
effect of the temperaturencrease(linear) andthe densitydecreasalmostexpo-



nential)is anetdecreasef theenegy densitywith height.So,evenif theaverage
kinetic enegy perparticleincreasesthetotal enegy of the systenremainsalways
finite. In summary, the predictionof the linear regime is valid up to someheight
afterwhich the startingequationghydrodyhamics)arenot valid, but anyway give
phystcally meaningfulpredictions

A systenboundedy anupperadiabatiovall (thatis, grainsarereflectecelasticaly)
is a similar, althoughnot identical, problemto that of the unboundedsystem At

an adiabaticboundary the heatflux is exactly zero so that Eq. (5) is the exact
expressionfor the temperaturegradientat the wall if the densityat the wall is

low enough.Thetemperaturgradientat the elasticwall is thenpositve, provided
Hy < K. This ensureghe existenceof a minimum, asthe temperaturgradientis

negative atthe base The minimum of temperaturénducedby anupperelasticwall

hasbeenobsenedin onedimensimal simulations [14].

It is clearthat theseresultsconcernclosely the boundarycondition for the tem-
peraturefield that mustbe usedto solve the hydrodynamicequationsn granular
systemsln an unboun@d systemundergravity, Eq. (5) mustbe imposedasthe
boundaryconditionfor the temperaturet infinity. The sameboundarycondition
appliesto ary adiabaticwall, contraryto the usualconditiondT /dz = O thathas
traditionally beenusedin computatbnsof granularsystems.

Thoseexperimentaherethestationarytemperaturénversionhasbeenobsened[1],
have the normallack of statisticsat high positions andthe linear increaseof tem-

peraturecannot be easilydetectedspeciallyif this is not the final purposeof the

experiment.We wantto stressthatthe measurementf the temperatureslope,ei-

ther experimenally or in simdations, provides a methodto obtainthe transport
coeficient 1, for smalldissipaton coeficients.

As anexample,we have calculatedhevalueof L, atthelowestorderin thedissi-
pative coeficient g, for thetwo dimensionainelastichardspheremodel.We con-
sidersystemsvith N = 560andL = 44.72.In orderto avoid instabilties—especially
the corvection describedn Ref. [13]- systemswith low disspative coeficients
andlow gravity valueshave to beconsideredOur simulatbnshave beendonewith
g=0.01andg = 0.02,and0.002< g < 0.02.

For thesesmall valuesof g, we canuse (k, — L) = K, to first orderin q . Also,
in the sameorderof approximatbn, k, canbe setto that of the elastichard disk
systemk, = 2/+/T, neglectingthelinearcorrectionin g. Then, i, is givenby

2 dT

uo:ﬁd_y’ (6)

expressiorthatis valid only up to orderq.



In Fig. 3, we presentesultsfor (i, obtainedin the simulations.It canbe obsened
thatthetwo setswith differentvaluesof g, collapsento thesamecurve,confirming
thelinearity with § of thetemperaturgradient.
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Fig. 3. Computedvaluesof 1, asa function of q obtanedin two seriesof simulatons.
Solid trianglescorrespondto § = 0.01 andopensquaesto § = 0.02. The solid curve is a
guadatic fit in q of theobtaineddata

As expected,p, goesto zeroin the elasticlimit. The compued valuesof the two
seriesarefitted to asinglequadraticfunctionin g whereit is imposedhat pt; must
vanishfor g = 0. The obtainedit is

Ho = 0.64q + 1067 (7)

notingthatonly the lineartermin the lastfit is consistentvith the approxination
done.In Ref. [8] the authorscomputedy, usinga differentmethodfrom thatde-
scribedin here,with the result i, = 0.7q which agreeswith the resultfoundin
the presentpaper Neverthelesswe wantto point out that the presentmethodfor
computirg U, usesthetemperaturgrofile over a wide range(the region whereT
increasefinearly)insteadf usingtheinformationoverjustonepointasin Ref.[8].
Thereforethis methodof computingp, is moreaccuraten thedilute case.

In the highly fluidizedregime, the particularenegy injection mechanisnbecomes
irrelevantfar from the enegeticboundary This impliesthatevenin a systemon a
vibratingbase the methodpresentedereshouldbefully valid. Also, eventhough



our predictionsarevalid in the dilute case we expectthatin denseregimesthere
shouldbealsoatemperaturéurn-upandatemperaturencreasevith height(though
maybenot linear).In this case thereareexplicit densitydependenceis the equa-
tion of stateandtransportcoeficients,giving rise to a more comple differential
equationfor T comparedo (5). Neverthelessaslong asthereis a non-vanishng
coeficient u, theequationis nottrivial andatemperaturgradientis predicted.

In summarywe have shavn thatthe granulartemperaturéurn-upobsenedin vi-
brofluidizedgranularsystemshasits origin in the modificationof the Fourier law
for the granularheatflux. The vanishng enegy flux far from the basetogether
with the densitygradientproducedby the gravity impossa positive andconstant
temperaturgradient.Carefulmeasurementsf this gradientprovide a methodto
computethetransportcoeficient L, eitherexperimenally or in simulatons.
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