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Abstract

We study, via hydrodynamicequations,thegranular temperatureprofile of a granular fluid
under gravity andsubjectedto energy injection from a base. It is found that there exists a
turn-up in the granular temperatureandthat, far from the base,it increaseslinearly with
height. We showthat this phenomenon, observedpreviously in experiments andcomputer
simulations,is adirectconsequenceof theheatflux law, differentform Fourier’s, in granu-
lar fluids.Thepositive granular temperaturegradientis proportional to gravity anda trans-
port coefficient µ0, relating the heatflux to the density gradients, that is characteristic of
granular systems.Our results providea methodto compute thevalueµ0 for differentresti-
tution coefficients.Thetheoreticalpredictionsareverifiedby meansof moleculardynamics
simulations,andthevalueof µ0 is computedfor thetwo dimensionalinelastic hardsphere
model.We provide, also,a boundary condition for the temperature field that is consistent
with themodifiedFourier’s law.
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In a granularsystema small amountof energy is lost at eachcollision between
particles.This energy lossat themicroscopic level leadsto macroscopicdynamics
quite differentfrom thoseof systemswith particlesundergoing elasticcollisions.
Oneof thesurprisingconsequencesof thedissipativedynamicsis thegranulartem-
peratureinversionin fluidizedgranularsystemsundergravity. Thegranulartemper-
ature—thetemperature from now on—is definedproportionalto themeankinetic
energy perparticlein thereferenceframeof thefluid. It hasbeenobservedthatan
opensystemsubjectedto a permanentenergy injection from the base,exhibits a
minimum of temperatureat somedistancefrom the boundary, andfrom thereon
temperatureincreaseswith height.In spiteof theminimumtheenergy flux contin-
uesalwayspointing upwards.This fact confirmsthe existenceof a heatflux law,
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Preprintsubmittedto Elsevier Science 17 July 2002



differentfrom Fourier’s law, in thesegranularfluids. The heatflux is defined,for
granularfluids,asthekineticenergy flux in thereferenceframeof thefluid. Never-
theless,thefactthatthekineticenergy perparticle,thatis thegranulartemperature,
canincreasewith increasingheightfrom thebaseis unexpected,given theinelastic
natureof collisions.

This temperatureturn-upcanbeindirectly observedin experiments. For example,
in [1] theauthorsreporta temperatureincrease30 timesgreaterthanexpecteddue
to theslow convective movementthey observe in their experiments.Their conclu-
sionis thatthiseffectmaynotbeattributedto convectioncurrents,andsuggestthat
it couldbedueto densitygradients.The temperatureminimumhasalsobeenob-
servedin computersimulations[2,3] andarecentarticleaccountsfor thisminimum
with anhydrodynamicapproach[4].

In thisarticle,wededucethepresenceof theminimum.Insteadof solvingthewhole
hydrodynamicequationsfor dilutegranulargasesasin [4], we show, usingsimple
hydrodynamicarguments,thatthetemperatureminimumhasits origin in themod-
ification of the Fourier law for the heatflux in granularfluids [5–8]. Also, unlike
in [4], thesesimplehydrodynamic argumentspredict,far from the base,a linear
increaseof temperaturewith heightwith a slopethatcanbededuceddirectly from
thetheory. This lineardependenceis verifiedusingmoleculardynamicsimulations
of asimplegranularmodel.

Consistently with theseresults,we establishthe appropriateboundarycondition
for thetemperatureof anunboundedsystem,andfor asystemboundedby anupper
adiabaticwall. Finally we provide a methodto measureexperimentallythe trans-
port coefficient associatedwith thenon-Fourierheatflux law. All theseresultsare
comparedwith moleculardynamicssimulationsfor abi-dimensional system.

Hydrodynamic equations(thatis, closedequationsfor areducednumberof macro-
scopicfields), resemblingthoseof elasticsystems, have beenderived for the de-
scriptionof granularfluids [9,10,6].Even thoughthe validity of suchdescription
might becontroversial [11,12],hydrodynamic equationstogetherwith appropriate
constitutiverelationshaveshown to bevalid in quasi-elastic low-density stationary
states.

Thedifferencebetweentheelasticandthegranularhydrodynamic equationsis an
extra sink termin theenergy balanceequationwhich accountsfor theenergy dis-
sipation.Also, constitutive relationsarequitedifferentin granularmaterialsandin
elasticsystems.Fourier’s Law, asmentioned, doesnot hold for thesedissipative
systems,but rathertheheatflux followsa law in theform [5–8]

J ��� k∇T � µ∇n � (1)

J beingtheheatflux, k andµ thetransportcoefficients,T thegranulartemperature,
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and n the numberdensity. For small dissipation and low density, kinetic theory
predictsthatk andµ mustbeof theform

k � k0

�
T �

µ � µ0
T3� 2

n
� (2)

wherek0 andµ0 dependonly on thedissipative coefficient andµ0 vanishesin the
elasticlimit. In quasi-elasticsystems,µ0 � k0 [8].

Experimentally, fluidizedstationarystatescanbeachievedby meansof avibrating
basewith someamplitudeandfrequency. In thelow amplitudeandhigh frequency
limit , quasi-elasticsystemsreachnon-equilibrium stationarystatesin which the
vibrating baseplaysthe role of a stationaryboundary. A thermalwall is a useful
theoreticalmodelto describethis kind of boundary:eachtime a particlecollides
with thewall, it comesout with a velocity sortedout from a Maxwelliandistribu-
tion.

While theresultspresentedhereshouldnotdependontheparticularmechanismof
theenergy injection,for simplicity, we will focuson anopensystemfluidizedby
a thermalbaseat thebottom. The systemis keptboundedby a gravitational field
pointing downwardswith intensity g.

Suchasystemmayexhibit differentregimes.If density, gravity anddissipation are
not too large, the systemreachesa stationary state:the conductive regime. This
stateis characterizedby a vanishing velocity field anddensity, temperature,and
heatflux fieldsdependingonly on theverticalcoordinatez. For increasingdensity,
dissipation and/orgravity the systemstartsdeveloping different instabilities such
asRayleighBenard-likeconvectionandsolidification[13].

In theconductiveregime,theenergy dissipationatcollisionsinducesaverticaltem-
peraturegradient.Energy is injectedthroughthebaseanddissipatedin thevolume,
with the correspondingdecreaseof the temperaturewith height.A snapshotof a
typicalconfigurationin theconductiveregimeis shown in Fig. 1.

Closeto the base,we canstatethat the temperaturedecreaseswith heightdueto
thehighdissipationrate.Dependingonthegravity accelerationandtheinelasticity ,
thenegative temperaturegradient,is sometimesaccompaniedby adensityincrease
which,at someextremeconditions,canleadto clusteringandsolidification.

Far from the base,on the otherhand,we know that the densitydecreasesby the
actionof gravity. Indeed,if the height is large enough(z � 45 in Fig. 1) we find
justa few particlesmovingmainly in freeflight, sothatwecansafelyconsiderthat
thereis aheightabovewhichthepressureis givenby theidealgasequationof state,
p � nT.
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Fig. 1. Snapshot of an opengranular system obtained in a bi-dimensional molecular dy-
namicssimulationsof theinelastic hard spheremodel.Thesystemis fluidizedby athermal
injection baseandit is keptboundedby thegravity field pointing downwards.

Themomentumbalanceequationstatesthatthepressureobeys thebarometriclaw
dp
dz
��� ng, sothattogetherwith theidealgasexpressionfor p weobtain,

n
dT
dz
	

T
dn
dz
�
� ng� (3)

Insertingtheexpressionfor thedensitygradientderivedfrom (3) into (1) andusing
thedilute limits for thetransportcoefficients(2), theheatflux far from thebaseis
givenby

J ���
� k0
� µ0 � � T

dT
dz
	 µ0g

�
T � (4)

As thedensitygoesto zerowith increasingheight,theheatflux mustconsequently
vanishastherearebasicallynoparticlesto transportenergy. It canbeassumedthen
thatthereis a heightwhereJ � µ0g

�
T. Above this heighttheheatflux in Eq. (4)
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canbeneglectedleadingto thefollowing relationfor thetemperaturegradientasz
goesto infinity

dT
dz
� µ0g

k0
� µ0

� (5)

That is, the temperaturegradientis a constantat high positionsso that, far from
the heatingbase,we canpredictthat the temperaturefield increaseslinearly with
heightwith aslopeproportionalto g andµ0.

Furthermore,asthetemperaturenearthebasedecreaseswith height,it canbede-
duced,by continuity, that the temperaturefield hasa minimum. Above the mini-
mum,the temperatureincreasesuntil it reachesthe linearasymptotic dependence
givenby Eq.(5).

This predictionis fully corroboratedin our MD simulations,asobservedin Fig. 2
wherethemeasuredtemperatureprofilehasbeenplottedfor two differentsystems.
In bothof themwe clearlyobserve theminimumandthefurtherlinearincreaseof
thetemperature.

In our MD simulations, the inelastichardspheremodel(IHS) in two dimensions
is usedasthemicroscopicmodelfor theparticles.Grainsaremodeledassmooth
harddisksthatdissipateenergy at eachcollision throughaconstantdissipativeco-
efficient q, relatedto the normal restitution coefficient r � 1 � 2q, so that q � 0
representstheelasticcase.Thesimulatedsystemsarecomposedof N inelastichard
disks.In thehorizontaldirectionx, we setperiodicboundaryconditions.Thebox
width is L. At thebottomwe imposeda thermalwall at temperatureT0. Dueto the
absenceof an intrinsic energy scalein the IHS model,we fix the temperatureT0
to unity. Resultsfor othertemperaturesareobtainedby simple dimensional analy-
sis.Also, unitsarechosensuchthat thedisksdiametersσ andmassesm aresetto
one.In theseunitsthedimensionlessgravity is ĝ � mgσ � T0. Thesystemis com-
pletely definedgiving the valuesof N, L, ĝ, andthe dissipative coefficient q. For
eachvalueof theparameterswe thermalizethesystemafterwhichwemeasurethe
macroscopicfields,averagingovera longsimulationtime.

In Fig. 2 we presentthe resultsfor: systemA (dashedline) with parametersN �
1120,L � 89� 44,q � 0 � 01,andĝ � 0 � 02;andsystemB (solidcurve)with N � 560,
L � 44� 72, q � 0 � 01, andĝ � 0 � 03. Thesnapshotpresentedin Fig. 1 corresponds
to the systemA. Comparingboth figuresit canbe observed that the temperature
minimum (at z � 45σ ) lies closeto the free surfaceof the systembut still into
thebulk. Thesystemsize,underwhich 99%of theparticleslie, is 60σ sothat the
observedlineardependenceof thetemperatureremainsupto twicethesystemsize,
proving to betherealasymptotic behavior. Similar behavior is observedin system
B, thathasaneffectiveheightof z � 45σ andthetemperatureminimum is located
at z � 35σ . For higherpositions, thedensityis very low implying largestatistical
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Fig.2.Temperatureprofileobtainedfrom MD simulations.SystemA (dashed curve)corre-
spondsto N � 1120, L � 89� 44, q � 0 � 01,andĝ � 0 � 02. SystemB (solid curve)corresponds
to N � 560,L � 44� 72, q � 0 � 01, andĝ � 0 � 03.

errors.

To testany possiblefinite sizedependenceonthetemperatureslope,weperformed
simulations for differentnumberof particlesN, keepingfixed the ratio N � L. We
foundthatevenif theprofilesn � z� andT � z� maysuffer variations,theasymptotic
temperaturesloperemainsindependentof N for N � 280.

We coulddeducefrom theseresultsthat the temperaturecouldachieve arbitrarily
largevaluesasheightincreases.However, ourhydrodynamicdescriptionis limited
becauseof thezerodensity, or infinite Knudsennumber, limit at theseheights.Our
predictionathighpositionsis,nevertheless,physicallymeaningfulasthecombined
effect of the temperatureincrease(linear) andthe densitydecrease(almostexpo-
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nential)is a netdecreaseof theenergy densitywith height.So,evenif theaverage
kineticenergy perparticleincreases,thetotalenergy of thesystemremainsalways
finite. In summary, the predictionof the linear regime is valid up to someheight
afterwhich thestartingequations(hydrodynamics)arenot valid, but anyway give
physically meaningfulpredictions.

A systemboundedbyanupperadiabaticwall (thatis,grainsarereflectedelasticaly)
is a similar, althoughnot identical,problemto that of the unboundedsystem. At
an adiabaticboundary, the heatflux is exactly zero so that Eq. (5) is the exact
expressionfor the temperaturegradientat the wall if the densityat the wall is
low enough.Thetemperaturegradientat theelasticwall is thenpositive,provided
µ0 � k0. This ensurestheexistenceof a minimum, asthe temperaturegradientis
negativeat thebase.Theminimumof temperatureinducedby anupperelasticwall
hasbeenobservedin onedimensional simulations [14].

It is clear that theseresultsconcernclosely the boundarycondition for the tem-
peraturefield that mustbe usedto solve the hydrodynamicequationsin granular
systems.In an unbounded systemundergravity, Eq. (5) mustbe imposedasthe
boundaryconditionfor the temperatureat infinity. The sameboundarycondition
appliesto any adiabaticwall, contraryto the usualconditiondT � dz � 0 that has
traditionally beenusedin computationsof granularsystems.

Thoseexperimentswherethestationarytemperatureinversionhasbeenobserved[1],
have thenormallack of statisticsat high positionsandthe linear increaseof tem-
peraturecannot beeasilydetected,speciallyif this is not thefinal purposeof the
experiment.We want to stressthat the measurementof the temperatureslope,ei-
ther experimentally or in simulations,provides a methodto obtain the transport
coefficient µ0 for smalldissipationcoefficients.

As anexample,wehavecalculatedthevalueof µ0, at thelowestorderin thedissi-
pative coefficient q, for thetwo dimensionalinelastichardspheremodel.We con-
sidersystemswith N � 560andL � 44� 72.In ordertoavoid instabilities–especially
the convectiondescribedin Ref. [13]– systemswith low dissipative coefficients
andlow gravity valueshaveto beconsidered.Oursimulationshavebeendonewith
ĝ � 0 � 01andĝ � 0 � 02,and0 � 002 � q � 0 � 02.

For thesesmall valuesof q, we canuse � k0
� µ0 ��� k0 to first order in q . Also,

in the sameorderof approximation, k0 canbe set to that of the elasticharddisk
system,k0

� 2� � π, neglectingthelinearcorrectionin q. Then,µ0 is givenby

µ0
� 2�

π g

dT
dy
� (6)

expressionthatis valid only up to orderq.
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In Fig. 3, we presentresultsfor µ0 obtainedin thesimulations.It canbeobserved
thatthetwosets,with differentvaluesof ĝ, collapseinto thesamecurve,confirming
thelinearitywith ĝ of thetemperaturegradient.
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Fig. 3. Computedvaluesof µ0 as a function of q obtained in two seriesof simulations.
Solid trianglescorrespondto ĝ � 0 � 01 andopensquaresto ĝ � 0 � 02. Thesolid curve is a
quadratic fit in q of theobtaineddata.

As expected,µ0 goesto zeroin theelasticlimit. Thecomputedvaluesof the two
seriesarefitted to asinglequadraticfunctionin q whereit is imposedthatµ0 must
vanishfor q � 0. Theobtainedfit is

µ0
� 0 � 64q

	
106q2 (7)

notingthatonly the linear termin the lastfit is consistentwith theapproximation
done.In Ref. [8] theauthorscomputedµ0 usinga differentmethodfrom thatde-
scribedin here,with the result µ0

� 0 � 7q which agreeswith the result found in
the presentpaper. Nevertheless, we want to point out that the presentmethodfor
computing µ0 usesthe temperatureprofile over a wide range(theregion whereT
increaseslinearly)insteadof usingtheinformationoverjustonepointasin Ref.[8].
Thereforethismethodof computingµ0 is moreaccuratein thedilutecase.

In thehighly fluidizedregime,theparticularenergy injection mechanismbecomes
irrelevantfar from theenergeticboundary. This impliesthatevenin a systemon a
vibratingbase,themethodpresentedhereshouldbefully valid. Also, eventhough

8



our predictionsarevalid in thedilute case,we expectthat in denserregimesthere
shouldbealsoatemperatureturn-upandatemperatureincreasewith height(though
maybenot linear).In this case,thereareexplicit densitydependencesin theequa-
tion of stateandtransportcoefficients,giving rise to a morecomplex differential
equationfor T comparedto (5). Nevertheless,aslong asthereis a non-vanishing
coefficient µ, theequationis not trivial anda temperaturegradientis predicted.

In summary, we have shown that thegranulartemperatureturn-upobservedin vi-
brofluidizedgranularsystemshasits origin in themodificationof theFourier law
for the granularheatflux. The vanishing energy flux far from the basetogether
with thedensitygradientproducedby thegravity imposesa positive andconstant
temperaturegradient.Carefulmeasurementsof this gradientprovide a methodto
computethetransportcoefficient µ0, eitherexperimentally or in simulations.
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