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High Speed Target Pursuit and Asymptotic
Stability in Mobile Robotics

Martin D. Adams,Associate Member, IEEE

Abstract—Many mobile robot path planning algorithms, pro-  oscillation can occur. The derived theory is used to reach a
duce changing intermediate goal coordinates for a mobile robot target as fast as possible and guarantee that no limit cycle can
to pursue, and provide motoring speed/torque signals based upon oecyr 1t will be demonstrated that internal PID speed/torque
local sensor information and the position of the global target. This e L .
is often done with little or no regard for the low level vehicle control, under a potential field naVIg_atlon algorlthm, does not
dynamics, which, in practice, must be taken into account for allow faster convergence of a mobile robot to its goal than
efficient path planning. Therefore, in this article mobile robot simple proportional or integral control only. The theoretical

path planning parameters are related to the application of a analysis is applied to two mobile vehicles.
correct, general control law. It will be shown that nonlinear con-

trol analysis provides a useful tool for quantifying various path

planning parameters in order that stable asymptotic convergence Il. RELATIONSHIP BETWEEN

of a mobile robot to its target is guaranteed. Contrary to previous NAVIGATION, STABILITY AND CONTROL
work, this analysis allows a deceleration zone to be quantified
which surrounds any mobile robot’s goal. Results show that near A. Control: Energy Considerations
time optimal goal seeking is possible with real vehicles having " '

simple proportional or integral controllers only. The derivation of a relationship between navigation and
Index Terms—Asymptotic stability, dual input describing func- control begins with the use airtificial potential fieldmethods
tion, limit cycle, Lyapunov function, mobile robot, nonlinear [5]-[10]. Consider an unknown potential functioh which
control, potential field. assigns a scalar value to every position within the plane
surrounding a mobile robot observed by its sensor(s), and
vanishes uniquely at the target with position vectqr, i.e.,

¥(x4) = 0. The imaginary potential energy of the mobile
N the past, “low level” control and so called “high level’ropot is+ and its kinetic energy’ is given by
path planning have often been separated in an attempt to

remove the burden of a mobile vehicle’s motor control theory T = lMxTx (1)
from the researcher. The philosophy presented here is that

efficient mobile robot trajectory execution, can only resulwhere/ represents the total mass of the mobile robot and
from a path planning algorithm which takes into account thits velocity vector within the plane. The total energy possessed
“lower level” motor dynamics of the vehicle concerned, &y the robot isn given by

philosophy which has been adopted by few researchers in 1 7.

the past [1]-[4]. Therefore in this article, mobile robot path n=SMxTx 41 2
planning parameters are related to the application of a correct _ . .
control law. Inspiration is taken from the work by Daniel E. All nonco_nservatwe forced e Wh'Ch_aCt on the mobile
Koditschek [5], as a control law for a mobile vehicle is derive(]ObOt are given by the Lagrange equation [11]

from considerations of its total energy, when it moves under d <8(T— z/))) 0T -9 F.. 3)

I. INTRODUCTION

the influence of an artificial potential field. dt 9% 9%

Any real mobile vehicle under the influence of a potential
field navigation technique, automatically inherits a nonlin®
ear control system which can be analyzed for stability and Fo = M% + V. (4)
convergence using Lyapunov functions.

The dual input describing functiomethod is used to deter- Due to the linearity of thév operator in (4), superposition
mine the general equations necessary to form a relationshfd be used to form a single potential force functiop from
between the potential field algorithm parameters, and tHESCrete components. Hence, in general, the potential function

distance of any mobile robot from its target at whicktable is made up of two components, an attractive fi¢lg:, and a
repulsive field which is generated by the sensor data (see for

example [12]) so that
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uniquely at the targek, and grow larger further away from damper, [5]. It will now be shown, that the rate of increase of
Xg4. A linear control law results by using a quadratic Hooke'the mobile robot’s energy is negative by using (2) and (4)
law function, as suggested by Volpe and Khosla }13]

! W I (x4 V)x=Fox  (12)
Vi = SEK1(x — xa)' (x — x4) (6) X
which from (8) gives
Yrep 1S to provide a field to control the influence of the . . ‘ .
environment upon the path of the vehicle, a detailed analyses V(x,x) =n=-Kx x. (13)
of which can be found in [12] and [14]. . . .
Hence if the total energy of the mobile robot is used as a
From (5) and (6) ) ) . .
Lyapunov function—i.eV(x,x) = 7 in the theorem stated
Vip = K1(X — Xaq) + Vifrep. (7) above, the condition that the function is positive definite will

, . . _ o be met only if the right hand side of (11) is always positive
From Lagrange’s equation (BEext In (4) is by definition o, 4 position and velocity states and x within the phase
dissipative. Therefore let plane. Therefore

Fext = _KQX (8) MX + Kl(x — Xd) > _V1/)re1)- (14)

the negative sign indicatindissipation x the velocity vector
of the mobile robot and{, a positive constant. Equation (4)
can be used to derive a control law for a mobile vehicl
By substituting forvi [see (7)] andF.y [see (8)] in the
equilibrium force (4)

must be obeyed in order fdr'(x,x) to be positive definite.
This inequality imposes an upper limit on the magnitude of
1rep. If the constraint is introduced that the velocity vector
x may never reacl® until x = x4, the desired position of
the mobile robot, then-7 [from (13)] will be positive definite

— Kok = M% + K1 (X — X4) + Vifrep- (9) also.
By using the speed controller given in (10) and shown in
By using the operatos = % and rearranging (9) Fig. 1, the convergence of a mobile robot to a desired position
K M 1 X4 can be guaranteed, provided the following conditions are
- 1 2
X = 7 |:Xd - <1 + s f>x - sz/)rep} . (10) met.
2 ' ' Condition 1 The local minimum ofy is atx = x4. Upon
Hence by considering the total energy of a mobile robot, receipt of a scan of the local environment,
when under the influence of an artificial potential field, a it must be arranged that the attractive force
control law can be derived, namely that the desired velocity towardx, plus the inertial force of the robot
signal to the motors should be dependent upon both position is always greater than the repulsive force,
and accelerationfeedback of the robot. Equation (10) is a Virep, generated from the sensor data [12],
general control law since no assumptions have been made [14].
about the vehicle’s dynamics, in terms of transferringnto Condition 2 Global Asymptotic Stabilityk never reaches
its position vectorx.? zero untilx = xg.

Following the derivation of the control laws given in (10), |n order to navigate a vehicle safely, it intuitively seems

the question: “Can the stability and hence convergence of it the repulsive force fieldy+).., would need the power
mobile robot to the desired position vectay be guaranteed?” 15 cancel or even reverse the overall force acting on it. In

must be answered. this case condition 1 would be violated. By allowiliy,; to
3 _ reach zero or reverse, the well known problem gicgential
B. Stability—Lyapunov’s Direct Method minimumwill be reached as the mobile robot’s velocity state

The use of Lyapunov functions can be useful for asymptotieWill reach zero beforex = x4, and its energy will no longer
stability analysis (see for example [16]). A candidate Lyapundie decreasing.
function V (x, %), for stability analysis, is the total energy of The rest of this section discusses further the control aspects

the mobile vehicle where, from (2), (5), and (6) of the proposed system, since this forms the basis of the safe
1 1 response of a real mobile vehicle to variable step inputs
V(x,x)=n= §M5<T5<+ 5}(1 (x — x4)7 (% — X4) + Prep- The velocity signalx in Fig. 1 can assume any values,

dictated byx,, x andVi..p,. In reality of course, a real vehicle
cannot travel at any speed and will be limitectt®J m/s say.

BecauseF.; represents a dissipative force in (8) the mobil@his is taken into account, in Fig. 1, by replacing the linear
robot's total energy must decrease for all non zero veloci§mplifier having gaink’; /K>, with a nonlinear ideal saturation
states, as it pursues the targeixat The dissipative force can with the same gain but saturation levelstJ. Examination
be thought of, in mechanical terms, as an imaginary Raylei§h(11) and (13) will reveal that the total energy is still positive

LNote that Khosla and Voloe show that all oth b - _definite (the kinetic energy term is now simply bounded), and
ote that Khosla and Volpe show that all other possible potential attracti . ot . _
laws reduce to quadratic attraction for small displacements anyway [13]. tat the rate of increase of energy is still negative definite (but

T .
2Note that under a similar analysis, (9) can be rearranged to producngunded between 0 ardK>; U U) under the same conditions
desiredtorque signal, often used to drive motors [12], [15]. 1 and 2.

(11)
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Fig. 1. Controller proposed by energy considerations of a mobile robot moving within an artificial potential field. The disturbancgl,—lsimabpulsion
represents the effect of the sensor data upon a vehicle’s path.
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Fig. 2. Realistic control system for any vehicle with its own speed controller, under the influence of an artificial potential field.

The energy considerations have provided no insight intoto Fig. 2. This figure shows the full control system derived
the possible numerical values df; and K. (other than so far, for any vehicle with its owspeedcontroller N (s) and
that they must both be positive) nor have they provided raotor dynamicsD(s). Particular transfer functions faV(s)
method for relating the sensor data to the valueVaf..,. andD(s) will be examined later in Section IV, but at present,
A quantitative analysis of conditions 1 and 2 is necessatlye general effect of the saturation upon the speed sighal
to provide the limiting values fot<;, K, and V,,. The input into a vehicle’s speed controller, is considered.
guantitative application of condition 1 involves the sensor dataTo simplify the analysis of the complete control system in
estimateVi.., and is explained in [12]. Fig. 2, the closed loop vehicle’s speed controller and dynamics

It will be shown in Section llI, that values fak; and K, are replaced with their open loop equivaldiits)—i.e.,
depend upon the application of condition 2 under a nonlinear
control system analysis. H(s) = N(s)D(s)

S
14+ sPN(s)D(s)

(15)

[lIl. NONLINEAR POTENTIAL
ATTRACTION FOR A MOBILE VEHICLE where P is the velocity feedback gairf (s) will be referred

. . . o later in this section.
In previous literature, Khatib [8], Volpe and Khosia [13] anémm order not to obtain a limit cycle within the system, condi-

Warr.en [17] havg suggestled that, in pracupe, the influence 1ons must be imposed updi; and K. If these conditions are
the linear potential attraction law surrounding a target shou i : .

_ . ! violated, an oscillation with known amplitude and frequency
be limited so that a mobile robot can travel at maximum spee : o

S L L . - _Will be observed as the vehicle performs oscillations about the
until this limiting region is reached. Once inside this region, ..~ . ; L L

. . . : équilibrium point, thus violating condition 2. The effect of the
the linear potential attractive force law should come into effect’ .. L . .
|n<tart|al term within the feedback loop of Fig. 2 will also be

so that the mobile robot decelerates to a stand still at the tar%&e'monstrated This term allows the gradiéhtto be increased
. R0

The necessary size of this limiting region, beyond which th —_— o i ; )
: . almost to the limiting condition of the nonlinearity becoming
potential attraction saturates to a constant, has however, to our . : I X
a perfect relay without observing oscillations, meaning that

knowledge, never been quantified. The smaller this region Is, : . . :
) . ) : mobile vehicle could theoretically approach its target at
the less time the mobile robot will take to reach its target [18], . I .
aximum speed until it is reached. This means that the

It will b.e shown in t.his.section th?t the app!ication of condition onlinearity could almost supply the motors with time optimal

2. p_rpwdes a quantitative analysis of the size necessary for tﬁla?ng bangcontrol. Limit cycle analysis is possible using

limiting region. . - B&ndixson’s theorem [19], multiple model approaches [20] or
Under the more realistic restrictions of saturated spe

inputs’ to the motors driving a vehicle, Fig. 1 is transformes’esc“b"”|g _funct|ons [.2.1]' Sl.n.ce the system in Fig. 2. Is split
into a nonlinear amplifier driving linear motor dynamics, the

3or equivalently saturated torque inputs. describing function method is applied.
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a: Non-linearity K=K/, b: Output waveform

Fig. 3. Output waveform produced by the nonlinear saturation in response to thewsighat a sin wt + ¢ for a > l;\I—‘lz + ¢. In the figureK = K1 /K.

A. Describing Function Analysis linear elements from Fig. 2, which can be represented as a

Assume that there exists a stable limit cycle oscillatiofindle linear transfer functiotr(jw) given by
within the system. As the difference in the desired signal
X4, the outputx and any disturbance produced by the on
board sensor approaches the steady state (i.e. the mobile
moves toward convergence upon the target), there will be other

signals superimposed onto the stable limit cycle oscillation. The condition for sustained oscillations within the system
AssumingH (s) has low pass frequency characteristics (as j§ that the oscillation propagates around the system without
the case with all motoring systems), the signals appearingg@dtortion. This condition is met if the amplitude and the
the input of the nonlinearity will be of the form frequencyw of the oscillation are such théi(jw) = ﬁ The
general result can therefore be noted, that the intersection of
G(jw) and = on a Nyquist Diagram indicates an oscillation.
Small perturbations in the amplitudeshows this oscillation to
be stable for this describing functidi{a) [21]. The amplitude
a will itself be a function of the frequency.

Determining the maximum value oj;(—;) which can be

magnitude tham, assumptions which are certainly true nea(f’er've.d fro_”f (18).’ gives the reg_|on,_W|th|_n the Nqust plane,
hich == exists. The function is at its maximum when

the steady state (when the oscillations occur) as the model A L F(a)
process outputs are similar. Sing@) varies slowly it can be ¢ = 7 and then has value
approximated by a constant in the above equation [22], so that

Gljw) = Hjw) [1 n %uwﬂ . (19)

w(t) = asinwt + ¢(t) (16)

where asinwt denotes the limit cycle oscillation ang(?)
represents the superimposed signals. g&g will primarily
be caused by the error signa; — x), it can be assumed that
it varies much more slowly thasin wt and that it is smaller in

_ -1 o7 . 4 (U—-Kgq T U—-Kyq
w(t) & asinwt + q. (17) F(a) .. A U+ Kgq + 2 + U+ Kq
-1
If such a signal existed within the system, the output from the % COS <Sin_1 <U — Kq))} ] (20)
nonlinearity would appear as in Fig. 3(b). U+ Kq

The output waveformx(¢) can be represented as a Fourier
Series. In most real motoring control systems, the harmonigge function exists for all values af in the regionYKe <
of the signalz(¢) will be greatly attenuated by (jw). z(t) is  , « . t
therefore approximated by its fundamental component only. The effect of using this function will now be considered
The nonlinearity presents different transfer properties {gith different controllers forN(s), and the particular vehicle
the oscillationa sinwt and the “d.c. signal’q. The describ- dynamics D(s) (see Fig. 2), along with their effect upon a

ing function with which the nonlinearity is modeled, Wherbossible intersection of the resulting(jw) and —1/F(a)
considering oscillations, is given by [21] curves.

K
F(a) ~ —[sin™' 6 +sin™' 76 + 6(cos(sin™' )
7r
+ Tcos(sin_l TH))] (18) IV. APPLICATION TO REAL VEHICLES

In this section, conditions upal; and K, for two different
where K = %, T = (U+ Kq)/(U — Kq) and & = mobile robots, with position control systems as in Fig. 2 are
(U-Kq)/Ka. It has been assumed thafa) is approximately derived. The first of these (named Eric) weighs only 4.8 kg
real valued, since the phase shift caused by the d.c. offsetisd was built using two permanent magnet d.c. motors [23],
small. and is controlled by aimntegral speed controller. The second

F(a) in (18) is used to describe the nonlinearity in furthevehicle is tracked and was initially built for military purposes
analysis. The system presented to the sustained oscillatiord weighs 62 kg. Again, it is driven by d.c. motors, but its
consists of a closed loop containid¢(a) and the remaining speed controller is @roportional one.
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Fig. 4. Nyquist plots foiG(jw), whenN(s) is a P.I.D. controller, for various conditions on the time constantsI¥ayly, Tho > Ts, T, (b) Ts, Ty, Tho
are slightly larger thafs, 7%, (c) Is, To, Tho = Ts, T7, and (d)Tx, Ty, T10 K Ts, T¢. The arrow heads show the directions of increasing frequency.

A. Avoiding Limit Cycles With Various integral speed control alofieTo demonstrate this, goal seeking
Combinations of P.1.D. Control results are presented using various values for the attractive
force constank(; and the dissipative force constakit. Eric’s
integral only, speed control system is considered first (see [12]
-1 ) for an analysis of motor parameter estimation techniques).
F(a) > ~|G(jwo)] (21) 1) Goal Seeking Using EricEntering the numerical mo-
toring parameters for Eric into inequality 21, gives the fol-
for all values ofg asq — 0. This condition, under full P.I.D. lowing condition for no oscillations, ag — 0°
control, is now examined. In a full P.1.D. systef#(;jw) would

The prevention of limit cycle oscillation occurs if

max

be of the form K1 < 330K, +2072. (23)
) ) In the first experiment, a position vectay; was injected
1+ jwTs)(1 + jwTr) (1 — o2 . . : : .
G(jw) = Q( +de 6)( +de ) Iflw ) (22) into the system of Fig. 2 at time= 0. This vector required
Jw(l+ jwTs)(1 + jwlo)(1 + jwlio) the mobile robot to rotate through approximately’ 24uring

the initial part of its trajectory, in order to face the targekat

The mobile was able to rotate at a maximum angular speed of

; . . 36.4/s and values foK; and K were initially chosen, which
The frequency response ﬁ(]_w) for various cond|t|0n_s violate inequality 23. For a perfect system, the input voltage to

upon the time constant to Ty, in (22) can be observed " the motor controller ¥ in Fig. 2) would be expected to vary

Fig. 4. It can be seen, without the use of further algebra, trwﬁh time as in the top left hand graph in Fig. 5. A ‘perfect’

P'l.'D' Nqugt curves may havg nggatwe real axis Cross'?@sponse to this input would vary with time as in the bottom
points, meaning that stable oscillations are possible.

If the i tants to Tre in thi i fth left hand curve.
€ ime constantsis 0 £10 1N thiS equation are ot € 1o iont hand curves show the actual response of the
same order of magnitude, th&rjw) becomes an “all pass

. . . vehicle, for the chosen values af; and K. When the mobile
transfer function meaning that, unleks is large,z(¢) can no

| b imated by its fund al ¢ {aces its target (after about 0.7 seconds), the chosen values
onger be approxmae y Its “T‘ amen al component oniyg K, and K, cause oscillation. Note that the frequency is
Under these conditions the combination of full P.I.D. contr

d th d leration feedback ¢ Id Eé)roximately 3.8 Hz which is close to that suggested by the
and the proposed acceleration feedback system would reqy cribing function analysis. The lower right hand graph also
a more in depth analysis into higher order oscillations.

It will now be shown, that full P.I.D. control is unnecessary 41t should of course be noted that although not theoretically necessary for

e " P . lime optimal convergence, integral action can be beneficial to a system’s
within the overall position servo loop. This is because the tmiglsponse in the presence of unmodeled effects such as stiction [24].

op'umal bang bang QQHUQK/Kz _> OO) '$ almost att'a'nable 5Note that this inequality is the result of an approximate analysis and it can
without the possibility of oscillation with proportional ortherefore be expected to only approximately prediigtand K» at oscillation.

where the time constants; to 1770 and @ are related to the
motoring and control parameters M(s) and D(s).
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Fig. 5. Graphs showing the speed signals produced by the nonlinearity and the output angular position of the mobile when pursuing its targendhe left-
graphs show the results expected for a perfect system when using a high valtg/fii, so that the nonlinearity approximates a perfect relay. The right-hand
graphs show the actual response whénp = 20000 and K2 = 10 thus providing a high gain which violates inequality 23.
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Fig. 6. Left-hand graphs show results usihg = 2000 andi> = 40 thus obeying the conditions for no oscillations. Note the slow response as the
vehicle moves toward the correct angle. The right-hand graphs show the nonlinearity output and positidii;wke®0 and K> = 0.01 thus obeying the

above conditions for no oscillationsy; /K> = 2000 thus allowing convergence to the correct angle in the same time as the oscillatory response in the
first experiment of approximately 0.8 s. The same start and goal coordinates were used in each case.

shows that the amplitude of the input oscillatifi. (produced becomes independent df; and under these conditions in-
by the nonlinearity) is indeed much greater than the d.c. offseuality 23 would become

K g since once the oscillatory mode begins, its average value

does not appear to change. The initial assumptiondhat q Ky < 330K> (24)

in (18) seems to be justified. using Eric’s motor parameters. To measure the acceleration
The left hand graphs in Fig. 6 show the motor input spe@yrectly, either inertial sensors or accelerometers should be
signal and angular position versus time for the same initigked. In the experiments carried out here, the odometer outputs
and target positions of the robot when the individual values Qfere S|mp|y numerica"y differentiated twice using a Lagrange
K; and K obey inequality 23. In addition, the slope of thejve-point formula, to produce somewhat noisy but adequate
linear section within the nonlinearity; /K> is much lower acceleration estimates [25].
than before. No oscillation results as the mobile asymptotically Equation (24) would impose an upper limit on the gradient
positions itself on target for its goal. It can also be seen froof the speed controllef’; /K> of approximately 330. How-
the graphs however that the time taken to reach the requikegkr, with the acceleration term, inequality 23 suggests that
angle is significantly increased because of the low gradientthe value of K; /K, can be increased beyond 330 without
It is in response to this effect that the acceleration feedbagkcillation, meaning that maximum speed can be maintained
term, derived from energy considerations, shows its advashiring a higher percentage of a mobile robot’s trajectory to
tage over position feedback only. Without this tef@(jw)| its target.



236 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 15, NO. 2, APRIL 1999

= input/volt. 7 input/volt.
) S
T si 1 i
1] | time/s 1571‘ “;:TLHM L
AT i Me
3 3 il
-5 E‘ -5 = | i
24 3 angle/deg. 263 angle/deg.
203 - 243
16 ?g A
s 2]
43 41 .
X A 1113 0 ot s eSS
o} 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

Fig. 7. Response of the tracked vehicle to target vector inpldts.was set to 50000 and’> was set to 1.0 in order to violate inequality 25 and
observe oscillations.
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Fig. 8. Slow and fast asymptotically stable response of the tracked mobile robot. The left hand graphs show the reskilt wh&80 and/X> = 1.0.
The vehicle asymptotically approaches its target but the response speed is slow. The right hand curves demonstrate the advantage offeredraiyaime accel
feedback as the response speed is increased by seldciing 350 andis = 1.0, satisfying inequality 25.

The right hand graphs in Fig. 6 show the results of the inputNote once again, that if individual values df; and
voltage supplied by the nonlinearity to the motors and outpéf, satisfy inequality 25, andk; /K> is much larger than
angular position. The correct angular position is reached timat allowed without acceleration feedback, stable asymptotic
the same time (approximately 0.8 seconds) as that showncomvergence results at a much higher rate.

Fig. 5, but this time without oscillation.

2) Goal Seeking Using a Tracked Vehicl®sing the esti-
mated motoring parameters for the proportional only, speed
controlled, tracked vehicle (see [12]), the following condition V. CONCLUSIONS
for no oscillations results: A link has been established between the aspects of naviga-

Ky < 235K, + 32194 (25) tion, in the form of ggal segking and obstacle repulsion, and
the control of a mobile vehicle.
Once again it can be seen that the acceleration feedback terrrtificial potential fields provide a useful tool for deriving
provides a constant in the above inequality which allows us ¢ontrol laws which are naturally suited to any vehicle, since
increase the gradierdt; /K> well beyond 235, the maximum its total energy provides a single function which incorporates
permissible value without acceleration feedback. the local goal seeking parameters. The ‘energy function’

Figs. 7 and 8 show the results of similar experiments &ssociated with a mobile robot under the influence of an
those in Section IV-A1l, this time using the tracked vehicle.imaginary potential field, can be used to assess the conditions
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