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Abstract—1In this paper, coupled dynamics are presented
for two cooperating mobile robotic manipulators manipulating
an object with relative motion in the presence of system
dynamics uncertainty and external disturbances. Centralized
robust adaptive controls are introduced to guarantee the motion
and force trajectories of the constrained object converge to the
desired manifolds with prescribed performance. The stability
of the closed-loop system and the boundedness of tracking
errors are proved using Lyapunov stability synthesis. The
tracking of the constraint trajectory/force up to an ultimately
bounded error is achieved. The proposed adaptive controls
are robust against relative motion disturbances and parametric
uncertainties and validated by simulation studies.

I. INTRODUCTION

The controls of multiple mobile manipulators present a
significant increase in complexity over the single mobile
manipulator case [1], [2], [3], [4], [5]. The difficulties of
the control problem lie in the fact that, when multiple
mobile manipulators coordinate each other, they form a
closed kinematic chain mechanism. This will impose a set
of kinematic and dynamic constraints on the position and
velocity of coordinated mobile manipulators. As a result,
the degrees of freedom of the whole system decrease, and
internal forces are generated which need to be controlled.

Thus far, there are two categories of coordination schemes
for multiple mobile manipulators reported in the literature.
These methods can be classified into two categories as: (i)
hybrid position force control by decentralized/centralized
scheme, where the position of the object is controlled in
a certain direction of the workspace, and the internal force
of the object is controlled in a small range of the origin
[1], [4]; (i1) leader-follower control for mobile manipulator,
where one or a group of mobile manipulators or robotic
manipulator play the role of the leader or master, which
track a preplanned trajectory, and the rest of the mobile
manipulators form the follow group which are moved in
conjunction with the leader mobile manipulators [2], [6].

However, in the hybrid position force control of con-
strained coordinated multiple mobile manipulator, such as
[1], [4], although the constraint object is moving, it is usually
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assumed, for the ease of analysis, to be held tightly and
thus has no relative motion with respect to the end effectors
of the mobile manipulators. These works have focused on
dynamics based on pre-defined, fixed constraints among
them. The assumption of these works are not applicable
to some applications which require both the motion of the
object and its relative motion with respect to the end effectors
of the manipulators, such as sweeping tasks and cooperating
assembly tasks by two or multiple mobile manipulators. The
object/tool is required to move with respect to not only the
world coordinates but also the end effectors of the mobile
manipulators. The motion of the object with respect to the
mobile manipulators can also be utilized to cope with the
limited operational space and to increase task efficiency.
Such tasks need simultaneously control of position and force
in the given direction, therefore, the impedance control like
[2], [6] may not be applicable.

Model-based and neural-network-based adaptive control
were developed for a class of constrained robots where one
robotic manipulator (manipulator I) performs constrained
motion on the surface of an object which is held tightly by
another robotic manipulator (manipulator II) [7]. Motivated
by the results, we investigate, in this paper, a similar class of
system where manipulators I and II are mobile manipulators.
Mobile manipulator II is to be controlled such that the
constraint object follows the planned trajectory, while mobile
manipulator I is to be controlled such that its end effector
follows a planned trajectory on the surface with the desired
contact force. We first present the dynamics of two mobile
robotic manipulators manipulating an object with relative
motion. This will be followed by centralized robust adaptive
control to guarantee the converge of of the motion/force
trajectories tracking of the constraint object under the pa-
rameters uncertainties and the external disturbances.

II. DESCRIPTION OF INTERCONNECTED SYSTEM

The system under study is schematically shown in Fig.
1. The object is held tightly by the end effector of mobile
manipulator II and can be moved as required in space. The
end effector of mobile manipulator I follows a trajectory on
the surface of the object, and at the same time exerts a certain
desired force on the object. The dynamics of the constrained
mobile manipulators can be described as

Mi(q1)d + Ci(q1,1)dr + Gi(qu) + di(t) = Bimy

+J A ()
M>(g2)da + Ca(q2,42)G2 + G2(g2) + da(t) = Bam
+J3 A ()
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M;(¢;) € R™>*™ is the symmetric bounded positive

definite inertia matrix, C;(¢,q)¢ € R™ denote the
Centripetal and Coriolis forces; G;(¢) € R™ are the
gravitational forces; 7, € RP¢ is the vector of control inputs;
B; € R™*Pi ig a full rank input transformation matrix and
is assumed to be known because it is a function of the fixed
geometry of the system; d;(t) € R™ is the disturbance
vector; ¢; = [qip, Gia)T € R™, and g; € R™v describe the
generalized coordinates for the mobile platform; ¢;, € R™
are the coordinates of the manipulator, and n; = n;, + N
F, = JZ-T i € R™ denotes the vector of constraint
forces; AiT)\m = 0 satisfies the nonholonomic constraint;
Ai = [Nin,AeJT € RPi with );, being the Lagrangian
multipliers with the nonholonomic constraints.

Assumption 2.1: The mobile manipulator is subject to
known nonholonomic constraints.

Remark 2.1: In actual implementation, we can adopt the
methods of producing enough friction between the wheels of
the mobile platform and the ground such that this assumption
holds.

Since A; € R(™i»=™)X" it is always realizable to find
an m rank matrix S; € R"~*™ formed by a set of smooth
and linearly independent vector fields spanning the null
space of A;, i.e. STAT = 0. Since S; = [s;1, -+, Sim] is
formed by a set of smooth and linearly independent vector
fields spanning the null space of A;, define an auxiliary
time function vy, = [vip1, -+, Viem|T € R™ such that
Giv = SiVip = Si1Vip1 ++ + - + SimVibm, Which is the so-called
the kinematics of nonholonomic system. Let v;, = ¢;,. One
can obtain

gi = Ri(qi)v; 3
where v; = [V, vi0) T, and R;(q;) = diag[S;, In,, xnia)-
Differentiating equation (3) yields
Gi = Ri(qi)vi + Ri(qi)v; 4

Substituting (4) into (1) and (2), and multiplying both sides
with RT (¢;) to eliminate \;,,, yields:

M;1(qi)0; + Cin(qis di)vi + Gir(qi) + din (t) = Bii(qi)T

+JEN (5)
where  M;1(q;)) = RIMi(¢:)Ri. Calg,é) =
RT(¢;)M;(q;)Ri(q:) + RZTOi(Q’iv(ji)Ri(Qi)a Gi(q) =
RT(%)G (@), dia(t) = RI(¢:)di(t), Bix = R}(qi)Bi(ai)s
Jh =R ()5, Xi = A

There exist a coordinate transformation and a state feed-
back

G =[G Gal” =T1(q:)
- [Tll (qib)v qilav T12 (Qiln qg-a)]T
Wity Via)T = To(gi)wi = [To1(qiv)wiv, wia)”

(6)
)
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with Ty(q) = diag[T21(qiv), I] and u = [wp, Uia)” s Uia =
Gia, SO that the kinematic system (3) could be locally or
globally converted to the chained form [8], [9]

C:ibl = Uj51
Gibj = wirGin(j+1)(2 < J < ny — 1) ®)
C_ibm, = U;52

Cia = (ia = Uia
Consider the above transformations, the dynamic system
(1) and (2) could be correspondingly converted into the
following canonical transformation

Mia(G) i+ Cia(Giy Gi) i + Gia(Gi) + dia(t) = BioTi+ T\

©))
Mip(G) = T3 (a)Mir(0)T2(a)] g o () Ci2 (G Gi) =
T (@) [Min (@) To(a:)  +  Cin(ai, 40)T2(a0)]l g g2 ¢,
Gio(G) = T3 (@)Gu(@i)lyr1(cy dia(t) =
T3 ()81 (g —r1cy» Biz = Td (@) Bia(@i)l gy )
T =T4 (QI)J11| ~1(¢)"

Assumption 22 TJhe Jacobian matrix J;5 is uniformly
bounded and uniformly continuous, if ¢; is uniformly
bounded and uniformly continuous.

Assumption 2.3: Each manipulator is redundant and op-
erating away from any singularity.

Remark 2.2: Under Assumptions 2.2 and 2.3, the Jaco-
bian J;o is of full rank. The vector ¢;, € R™ can always
be properly rearranged and partitioned into q;, = [q},, ¢7,]7,
4o = [dia1> -+ Qiay,) describes the constrained motion of
the manipulator and g2, € R™<~"i denotes the remaining
joints variables which make the arm redundant such that the
possible breakage of contact could be compensated.

Therefore, we have Jia(q;)) = [Jizv, Jisg, J5a]- Con-
sidering the object trajectory and relative motion trajec-
tory as holonomic constraints, we could obtain ¢?, =
7(Ji22a)71[‘]1'2b4ib +J; 2aqza]

From (6) and (7), gir = Si(qiv)T21(giv)uip, we have

uzb
qza
[ Ji2oSi (qiv) Ta1 (giv)wiv + Jjoqdis)
(10)

Us
7(‘]2’220,)7

1

I 0
—(J5a) " iz Sian) Tor(an)  —(J3e)~
T
u; = [ Usb qia ]
It is easy to know that LT J2T = 0.

Combining (9) and (10), we can obtain the following
compact dynamics:

1J1

12a

Miu' +Cu' + G +d=Br+J'\ (11)
| Mi2Ly O | L1 O B
where M = 0 Mgng] { 0 Ly ],C’
[ MioLy +Ci2Ly 0 } a — { G2 }
0 MoysLy + CooLy | Ga |’
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Property 2.1: Matrices M = LTM, G = LTG are uni-
formly bounded and uniformly continuous if ¢ = [(1, (a]T
is uniformly bounded and continuous, respectively. Matrix
C = LTC is uniformly bounded and uniformly continuous
if ¢ = [C1,(2]7 is uniformly bounded and continuous.

Property 2.2: ¥ € R?", 0 < A\pin(M)T < M(¢) < BI
where \,,;, is the minimal eigenvalue of M and 8 > 0.

III. ROBUST ADAPTIVE CONTROLS DESIGN

Let rZ(t) be the desired trajectory of the object, rZ (t) be
the desired trajectory on the object and \%(t) be the desired
constraint force. The first control objective is to drive the
mobile manipulators such that r,(¢) and r.,(t) track their
desired trajectories 7¢(t) and r& (¢) respectively. The second
objective is to make \.(t) its desired trajectory A\%(t). The
centralized control is used for two mobile manipulators.

Assumption 3.1: Time varying positive functions
and o converge to zero as t — oo and satisfy
limy_, oo fo Ok (w)dw = ap < oo, and limy_, fo ac(w)dw =
b. < oo with finite constants aj with k =1, ,6, and bc
withc =1, ...,5 [11].

For the given (%, the tracking errors are denoted as e =
¢— ¢4 =ler,ea]T, e; = ¢ — ¢ and ey = \. — \Z. Define
the reference signals z = [z1, 20]7 and z; = [2i, 2ia]” as

Uid1 + M

Uid2 — z(n“,—l)u1d1 kn,, Sing.,
=5 ety i) 541
_|_Z zv lﬂé ])”1“ (J )

idl

nw —1 9(ein,, —Sin,,)
D ey e CTERED

(jia - Kla(‘]m - Q}r;i)

12)

13)

Zia =

€i1
€i2

21—1 14
ei”iv + Si(niu_2) + kniu_lsi(niv_l)uldl ( )
1 Z”m—4 (Ci(nip=1)=Si(niy—1) (3""1)

Uid1l 7=0 ou 53)1 ’Ldl
_an72 O0(€i(nyy—1)—Si(niy ))6- )
Oe;j i(j+1)

S; =

Nijv— 1

—kon; — kisin — Z Sijgi(jﬂ)
j=2

N =

,_.

Ny

+ Z Sik Z oe 661 slk
k=3 j=2

and [ = n;, —2, ugil)l is the [th derivative of u;4; with respect
to ¢, and k; is positive constants, K, is diagonal positive.

Denote @ = [y, ua]T = u — z and define a filter tracking
error 0 = 4+ K, f uds with K, = diag[0mxm, Ku1] > 0,
K, € RMia—ri)x(nia=ri) We could obtain & = i + K,
and u = v + o with V—Z—Kufo uds.

Gitkr1y — (15)
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We could rewrite (11) as

Mé+Co+Mi+Cv+G+d=Br+J'N  (16)

If the system is certain, we could choose the control law
given by

Br = M@ —Kyo)+Cv+0)+G+d—J NIT)

with diagonal matrix K, > 0. The force control input Ay,
as A, = Ay — Kod — K7 [5 Adt, where A = A, — M, K
is a constant matrix of proportional control feedback gains,
and K7 is a constant matrix of integral control feedback
gains. However, since M((), C(¢,¢), G(C) are uncertain, to
facilitate the control formulation, the following assumption
is required.

Assumption 3.2: There exist some finite positive constants
b, cc > 0 (1 < ¢ < 4), and finite non-negative constant
¢ > 0 (¢ = 5) such that V¢ € R*", ¥( € R*", |AM|| =
[M=Mol| < e1, [[AC] = [IC=Col| < catesC]l, [AG] =
IG—Gol| < ca, and sup,~||dL(t)|| < 5, where My, Cp and
G are nominal parameters of the system.

Let B = LT B, the proposed control for the system is
given as

BT = U1 + Ugy (18)

where U; is the nominal control, U; = My(v — K,0) +
Co(v + o) + Go, and Uy is designed to compensate for
the parameter errors arising from estimating the unknown
function M, C and G and the disturbance, respectively.

Uz = U1 + Uz + Uz + Uzg + U5 + Uszg  (19)
3 & Kyo = v|*o
Ugpy = -— ’ 5
Amin C1||[Kgo —D||[|o|| 4 61
e _ B Bl
2 Amin C2llo + v||[lo]| + b2
I B 3
A &3lIC o+ vl + 35
I} o
Uy = -
Amin C4HUH + 54
Uss _ B 65”L”20
Amin Es|| Ll lo|| + 65
om = _p lllAF
[Allfle||* + d6

where d; (kK = 1, ...,06) satisfying Assumption 3.1, and
C. denoting the estimate c., which are adaptively tuned
according to

i = —a161+ N ||U||||KG-O' — V”,él(O) > 0(20)

ba = —aaéyt 3 lolllle + v, é2(0) >0 (21)
min

s = —asts+—|oflicllo+ vl &(0) > 022)

by = —oubat A”f loll, (0) >0 (23)

b = —asés+ ;5} ILllol, é5(0) >0 (24)
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where o > 0 satisfies Assumption 3.1 and v, > 0, (¢ =
1, ...,5).

Theorem 3.1: Consider the mechanical system described
by (9), under Assumption 2.4, using the control law (18),
the following can achieved:

i) ¢, ¢, A\ converge to Cq, Ca, M as t — oo; and
(ii) all the signals in the closed-loop are bounded for all
t>0.

Proof: Integrating the dynamic equation (16) together with
(14), (15) and (18), the close-loop system dynamics can be
written as

Si1 = M+ U (25)
S0 = (i + @) + sistiar — kesipuiy,  (26)
Ny —2
‘éiniu = (7%‘ + ail) Z WQ(HD
=2 i
—Knyy Sing, = Si(niy—1)Wid1 + U2 (27)
ni = —komi — A (28)
Mo -Mv—-C(v+o0)—G—d+ Bt
+JA (29)

Let D = LTd. Multiplying L™ on both sides of (29), using
(18), one can obtain

6 = —K,o+MAM(K,o—v)— M TAC(v+0)
6
~MTIAG - MDD+ MY oy (30)
i=1
Let ¢ = ¢ —c, A = [Al AQ]T , and A; =
kisi1 + Zn 5! 8ijCi(j+1)
Ny 1 8 (eir—5;
Z] =3 ]Zj éllk k)Cz(k-l-l)
Sing
0
Consider the following positive definite functions:
V = Vi+VW, 31D
2 Mo
" =*Z§hﬁ-2%mﬁ Zﬁ
=1 j=2
1 °L 1
_ T -2
‘/2 = 50’ ag + Z T%Cg

Taking the time derivative of V; with (25) - (28) results

2 Niy—
Vi = g E 51]513 + E ki15i1841 + § iM%
=1 j=2
2 nguy—1
_ } : 2: 2 Z
- = kljsi]uzdl klnw 1M
i=1 j=2

- Zkom +ay A

(32)
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Taking the time derivative of V5 and integrating (30) result
Vg =-—'K,o
. L
+ O'TM_lAM(KUO' — l/) + O'TM_lUQl + 75161]
1

1 .
+ —O'TM_lAC(O' + V) + UTM_lUQQ + 762&2:|
2

1 .
+ (o M ugs + 5353]
L 3

1 .
+ —UTM_lAG+UTM_1U24+’yE4é4:|
4

L -
+ | =0T MDD 4+ oT M uys + 75565]
5

+UTM_1U26
The second right-hand term of (33) is bounded by

(33)

1 .
cTMTPAM(Kyo —0) + 0T M P ugy + —164
71
1 a1 1

a1 o
< 51— (e — = ar
o )\mzn ! 71 (61 261) * 4’71 “

Similarly, the third right-hand term of (33) is bounded by
oM IAC (o +v) + cT M Yugy + 0T M ugs

(34)

2 V3
1 Qs . 1 Q2
< 5 _ _“ _ = 2 a4 2
o /\mzn 2 72 (62 202) * 4’}/2 “
1 Qs , . 1 2 Q3 2
+ 03 — —(Cs — 5¢3)" + — (35)
)\min 3 ( 2 ) 4'73 3

by

(36)
Similarly, the fifth right-hand term of (33) is bounded by

1 .
O'TM_lp + UTM_1UQ5 + 765@5

5
< )\:”_n 05 — %(55 - 305) + E G (37
Integrating (32) and (33), it is easily to obtain that
2 ng—1
ZZ%waZ%W
i=1 j=2

5
o' 1

2
- Zkonf +aj A —o" Koo — Z — (& — §C<)2

=1 Is
Z(Sk + Z

k=1
The fourth and ninth rlght—hand term of (38) is bounded
by

—c2 + 0T M Uag (38)

Amzn

. sl Al% o]
Upl|||Al| —
6 (39

i A+ 0T M ugg

IN

IN
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Therefore, we can rewrite (38) as

2 niy—1 2
V<=3 ksiiugh =D kiny i,
i=1 j=2 i=1
2 5., 1
- Zk‘om? — 0" Ky0 - Z i(és - §C<)2
=1 s=1
1 > °.
0p + 0 — 2 40
T & 6+Z4%c§ @
k=1 s=1
Noting Assumption 3.1, we have B = ﬁ 22:1 O +

S 22+ 66 — 0 as t — oo.

c=1 dvs

Let A = Z?:l koni  + Z?:l kms%nw +
ST 5 Kgstudi + Aman (Ko )llo1* 4+ 320, 55 (6 =
1c)?, and it is easy to know A > 0.

Integrating both sides of (40) gives V(t) — V(0) <
— Jy Ads + [y Bds < — [l Ads + C, where C =

. >k P ficf + ag is a finite constant from
Assumption 3.1, we have V (t) < V(0) — fot Ads + C. Thus
V is bounded and V/(t) is no increasing and V (¢) < 0.

Substituting the control (18) into the reduced order dy-
namics (11) yields J7[(Kx +1)ex + K [ exdt] = M(6 +
)+ C(v+0)+G+d—L(L"L)""(u; + Uy). Since 4, o,
U, v, ¢, o, C, i, A, 6; are all bounded, the right hand side
of (II) is bounded, i.e., JT[(Ky + ey + K; [ exdt] =
I'(¢,0,v,v, cl-,oz“é,%?AJi), ['(%) € Leo.

Let fot exdt = E\, then Ey = ey. By appropriate choos-
ing K, = diag[K»;], Kn; > —1 and K; = diag[Ky ],
Kr; > 0 to make E;(p) = Wm,p = d/dt a
strictly proper ex?onential stable transfer function, it can be
concluded that [ exdt € Lo, €x € Loo, and the size of e
can be adjusted by choosing the proper gain matrices K
and K.

Since &, o, ¥, v, ¢, g, C, s A, 0;, e and fot exdt are
all bounded, it is easy to conclude that 7 is bounded.

IV. SIMULATION STUDIES

Consider the two 3-DOF mobile manipulators systems
shown in Fig. 2. The parameters are set as as m, = 5kg,
mi = 1.0kg, my = m3z = 0.5kg, I, = 1.0kgm?, I, =
2.5kzgm2, I = 1.Okgm2, I, = 0.5kgm2, I3 = O.5kgm2,
d=1=r=0.5m, 2l = 1.0m, 2l = 0.5m, 2l3 = 0.5m.
The mass of the object is mq,; = 0.5kg. Let us set the
desired trajectories of the object as 7oq = [Tod; Yod, Zod) s
Zoq = 1.7¢08(t), Yoqa = 1.7sin(t), zoq = 2ly. Therefore, we
could obtain the corresponding desired trajectory of mobile
manipulator 11 as qzq = [T24,Y2d, 024, 0214, O224]7 with
xq = 1.0cos(t), yqg = 1.08in(t), g = t, 214 = 7/2rad,
02, 0;3 are redundant joints to control force and compensate
the task space errors. The end-effector hold tightly on the
top point of surface. The constraint relative motion by the
mobile manipulator I is an arc with the center on the joint
2 of the mobile manipulator I, angle= 7/2 — 7/6 cos(t),
R =0.7m and zg = 1.0m, and the constraint force is set as
)\ff = 15.0N. Therefore, from the constraint relative motion,
we can obtain the desired trajectory of mobile manipulator

TuA08.3

Lis q1g = 714, Y14, 014, 0114, 0124)7 with the corresponding
trajectories x14 = 2.4cos(t), y14 = 4.0sin(t), 6hg = t,
0114 = 7/2—7 /6 cos(t), and fa3, O23 are used to compensate
the position errors of the mobile platform.

The initial conditions selected for mobile manipulator
I are 21(0) = 2.5m, y1(0) = 0.0m, 6;(0) = 0.0rad,
911(0) = 0.5253rad, 012(0) = —0.9273md, 913(0) =
1.8546rad, A(0) = 0.0N and 3,(0) = 0.5m/s, y1(0) =
01(0) = 611(0) = 012(0) = 01300) = 0.0, and the initial
conditions selected for mobile manipulator II are z5(0) =
1.2m, y2(0) = O0m, 02(0) = 0.0rad, 021(0) = 1.57rad,
QQQ(O) :’2.627“ad, .923(0) :.1.057“@(1, and mg(O) = y2(0) =
02(0) = 012(0) = 022(0) = 023(0) = 0.0.

In the simulation, the design parameters for each mobile
manipulator are set as kg = 5.0, k; = 180.0, ko = 5.0, k3 =
5.0, n(0) = 0.0, K,; = diag[2.0], K = 0.3, K; = 1.5,
K, = diag[0.5], K, = diag[1.0]. The design parameters
in uy of (19) are ; = 0.1, a; = & = 1/(1 + t)?, and
¢i(0) = 1.0. The disturbances on each joint of each mobile
manipulator are set to a time varying form as 0.5sin(t),
0.5sin(t), 0.1sin(t) and 0.1sin(¢), respectively. If using
the control law (18), we can obtain Fig. 3 to describe the
trajectory of the mobile platforms of both mobile manipula-
tors. Fig. 4, Fig. 7, Fig. 5 and Fig. 8 show the trajectory
tracking (¢ — (4) of the joints with the disturbances for
both mobile manipulators. Fig. 10 shows the contact force
tracking \. — A9. Therefore, the validity of the proposed
controls are confirmed by these simulation results.

V. CONCLUSION

In this paper, dynamics and control of two mobile robotic
manipulators manipulating a constrained object have been
investigated. In addition to the motion of the object with
respect to the world coordinates, its relative motion with
respect to the mobile manipulators is also taken into consid-
eration. Robust adaptive controls have been developed which
can guarantee the convergence of positions and boundedness
of the constraint force.
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