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Adaptive Robust Output-feedback Motion/Force Control of Electrically
Driven Nonholonomic Mobile Manipulators

Zhijun Li, Shuzhi Sam Ge, Martin Adams, and Wijerupage Sardha Wijesoma

Abstract—1In this paper, adaptive robust output-feedback
force/motion control strategies are presented for mobile manip-
ulators under both holonomic and nonholonomic constraints in
the presence of uncertainties and disturbances. The controls
are developed on structural knowledge of the dynamics of the
robot, and the dynamics of actuators. The system stability
and the boundedness of tracking errors are proved using
Lyapunov stability synthesis. Simulation results validate that
not only the states of the system asymptotically converge to the
desired trajectory, but also the constraint force asymptotically
converges to the desired force.

I. INTRODUCTION

Mobile manipulators refer to robotic manipulators
mounted on mobile platforms. Such systems combine the
advantages of mobile platforms and robotic arms and re-
duce their drawbacks. Mobile manipulators possess com-
plex and strongly coupled dynamics of mobile platforms
and manipulators. Input-output feedback linearization was
investigated to control the mobile platform such that the
manipulator is always positioned at the preferred configura-
tions measured by its manipulability [1]. Similarly, through
nonlinear feedback linearization and decoupling dynamics
in [6], force/position control of the end-effector along the
same direction for mobile manipulators was proposed and
applied to nonholonomic cart pushing. In [2], the effect of
the dynamic interaction between the arm and the vehicle of a
mobile manipulator on the tracking performance was studied,
and nonlinear feedback control for the mobile manipulator
was developed to compensate for the dynamic interaction. In
[3], coordination and control of mobile manipulators were
presented with two basic task-oriented controls: end-effector
task control and platform self posture control.

To solve for the unknown parameters cases, adaptive
schemes have been investigated to deal with dynamics un-
certainty of mobile manipulators. In [4], adaptive neural
network controls had been developed for the motion control
of mobile manipulators subject to kinematic constraints.
In [5], adaptive control was proposed for trajectory/force
control of mobile manipulators subjected to holonomic and
nonholonomic constraints with unknown inertia parameters,
which ensures the state of the system to asymptotically
converge to the desired trajectory and force.
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As demonstrated in [8], actuator dynamics constitute
an important component of the complete robot dynam-
ics, especially in the case of high-velocity movement and
highly varying loads. Many control methods have therefore
been developed to take into account the effects of actuator
dynamics[9], [11]. In this paper, we will treat actuator
input voltages as control inputs and only use the position
and the driving current of actuator to address adaptive
robust output-feedback control of force/motion for a class
of mobile manipulator systems that are electrically driven
by DC motors. The systems are under both holonomic and
nonholonomic constraints in the parameter uncertainties and
external disturbances.

II. SYSTEM DESCRIPTION

Consider an n DOF mobile manipulator with nonholo-
nomic mobile base, the dynamics can be described as

M(q)§+C(q,4)q + G(q) +d(t) = B(q)T + f (1)

where ¢ = [qv,¢-]7 € R™ with ¢, € RY denoting the
generalized coordinates for the mobile platform and ¢, € R"
denoting the coordinates of the manipulator, n = v + r,
and the symmetric positive definite inertia matrix M (q) €
R™*™_ the Centripetal and Coriolis torques C(q, q) € R™*",
the gravitational torque vector G(g¢) € R™, the external
disturbances d(t) € R™ and the control inputs 7 € R™ could
be represented as, respectively

Mu Mm" . C’u C’ur
Mia) = [ My, M, } Cle 0 = [ Cro Ca ]
sw=| & Jao-[50] -7
B(q) = diag(B,, B,) € R™"™ is a full rank input
transformation matrix and is assumed to be known because
it is a function of fixed geometry of the system; f =
JTX € R™ denotes the vector of constraint forces; JZ €
R™™ is Jacobian matrix; and A\ = [\,,\n]T € R™ are
Lagrangian multipliers corresponding to the nonholonomic
and holonomic constraints.
Assume that the [,, non-integrable and independent ve-

locity constraints on the mobile platform can be viewed as
restricting the dynamics on the manifold €2,

Qn = {(QM lju)‘A(qv)(ju = O} (2)

where A = [AT (qv), ..., Al (g)]" : R® — R'"*" is the
kinematic constraint matrix which is assumed to have full
rank [,,. The effect of the nonholonomic constraints can be
viewed as the generalized constraint forces given by f, =
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AT (q)\,, where \,, € R!» is known as force on the contact
point between the rigid body and environmental surface.
Assume that the annihilator of the co-distribution spanned
by the covector fields A;(g,), , Ai, (qu) is an (v —1,)-
dimensional smooth nonsingular distribution A on R". This
distribution A is spanned by a set of (v — [,,) smooth and

linearly independent vector fields H1(qy), ..., Hy—i1, (qv),
ie, A = span{Hi(q), ..., Hy—1,(q)}. Thus,
HT(QU)AT(Q’U) =0, H(Q’U) = [HI(QU)7 ooy Hyg,, (Q’U)] €

Rv*(v=In) Note that HT H is of full rank. Constraints (2)
implies the existence of vector 1) € RV~ such that

‘jv = H(Qv)n 3)

Integrating the nonholonomic constraints (2) and the trans-
formation (3) and their derivatives, the dynamics of a mobile
manipulator can be expressed as

Mi(q)i + Cilqr,d1)d + Gi(q) +di(t) = Bl q)r
+fi
[ HTM,H HTM,, I
Ma) = “ym o w, } 1‘{%«}
Colgdn) = [ HTC,H+ H"C,H HTC,,
141,491 = i MaUH-i-CaUH C,
[ HTG, [ H"d,
Giw) = | G0 [ =] "]
[ HTB,r o 01" o
1 _ v'tv —
B (ql)T - ] B?"Tr :|7f1_ |: J’U J7:| |:Ah:|

Assume that the k independent holonomic constraints on
the system (4) can be written as

h(g) =0, h(q) € R (5)

Assume that h(q) is of full rank, then we have J(q) = a}é(qq)

and J(q)¢ = 0. The effect of the holonomic constraints can
be viewed as the generalized constraint forces f; converted
to the joint space as f, = J' . Hence, the holonomic
constraint on the robot’s end-effector can be viewed as
restricting only the dynamics on the constraint manifold 2
defined by @, = {(q, ¢)|h(q) = 0, J(q)¢ = 0}.

Assume that the mobile manipulator is a series-chain
multi-link manipulator with holonomic constraints (i.e. geo-
metric constraints). According to the implicit function theo-
rem, the vector ¢, can be properly rearranged and partitioned
into the form ¢, = [¢},¢%]7, ¢} € R"* describes the
constrained motion of the manipulator, qf € RF denotes
the remaining joint variable. Then, J(q) = [%Z’ %ﬁ, 86—;2,]
Moreover, there is a unique function such that the ¢ is
expressed explicitly as the function of ¢ = [n,q!]?, that
is, 1 = q1(¢) [7], and we have ¢, = L(¢)¢ . where L(¢) =
BL, 1 = LS + L(¢)C, and L(C), J'(C) = J(a1(¢))
satisfies the relationship L'(¢)J'7(¢) = 0. The dynamics
(4) restricted to the constraint surface, can be transformed
into the reduced order model:

Myl + Col + Ga + da(t) = u+ J'TN, (6)
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where My = Mi(@)L(C), Co = Mi(q)L(() +
Ci(q1,@1)L(C), Ga = Gi(q1), d2(t) = di(t) and u =
BY(q1)7.
Multiplying L” on both sides of (6), we can obtain
ML(C)C +CL(¢. Q)¢ + Gr +dr(t) = LTu ™)
where Mp(¢) = LT(O)ML(C), CL(¢,¢) = LT(C)Cy,
Gr = LT(()Ga, dr = LT (¢)ds.
The force multipliers ), can be obtained by (6)
A = Z(Col + Gy + do(t) — u) (8)
where Z = (JY (M)~ LT =g (M)t

Property 2.1: The matrix M (¢) is symmetric and posi-
tive definite. ]

Property 2.2: The matrix My (¢) — 2C1(¢,¢) is skew-
symmetric. Moreover, for the C, (¢, ¢) satisfies C (¢, )y =
Cr(¢y)z and CL(¢, 2 + kx)y = CL(C, 2)y + kCL(C, x)y,
Vx,y, k is scalar.

Property 2.3: For holonomic systems, matrices J*(¢),
L(¢) are uniformly bounded and uniformly continuous if ¢
is uniformly bounded and continuous, respectively.

Property 2.4: There exist some finite positive constants
¢ > 0 (1 < i < 4) and finite non—negative; constant
c; > 0 (i = 5) such that V( € R", V¢ € R",
1ML (Ol < er, |CL(C,€) GL(OI < cas
and sup,;~||dL(t)]| < c5.

III. ACTUATOR DYNAMICS

The joints of the mobile manipulators are assumed
to be driven by DC motors. Consider the following
notations used to model a DC motor: v € R™
represents the control input voltage vector; I denotes
an m-element vector of motor armature current;
Ky € R™™ is a positive definite diagonal matrix which
characterizes the electromechanical conversion between
current and torque; L, = diag[La1, La2, Las, -, Lam)s
R = dlag [Ral,Rag,Ra37...7Ram], Ke =
dlag [K517Ke27Ke37~~~7Kem]a w = [W17WQ,...,wm]T
represent the equivalent armature inductances, resistances,
back EMF constants, angular velocities of the driving
motors, respectively; G, = diag(g,;) € R™*™ denotes the
gear ratio for m joints; 7, are the torque exerted by the
motor. In order to apply the DC servomotors for actuating
an n-DOF mobile manipulator, assuming no energy losses, a
relationship between the ith joint velocity ¢; and the motor
shaft velocity w; can be presented as g,; = % = % with
the gear ratio of the <th joint g,;, the ith motor shaft torque
Tmi» and the ith joint torque 7;. The motor shaft torque is
proportional to the motor current 7,,, = KyI. The back
EMF is proportional to the angular velocity of the motor
shaft, then we can obtain

dI
Lo +Ral + Kew = v 9)

In the actuator dynamics (9), the relationship between w and
(¢ is dependent on the type of mechanical system and can be
generally expressed as

w=G,T¢ (10)
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where 1" will be defined later.

The structure of 1" depends on the mechanical systems to
be controlled. For instance, in the simulation example, a two-
wheel differential drive 2-DOF mobile manipulator is used
to illustrate the control design. From [11], we have

= (rf,+76,)/2

0 = (r6, —r)/2
0 = 6
0y = 0,

where 91 and ér are the angular velocities of the left and right
wheels, respectively, v is the linear velocity of the mobile
platform, as shown in Fig. 1. Since y = v cos §, we have

. . . . T . . . . T
(6 6, 6, 6] =T[y 6 6, 6] (A1
1 l
rcos 0 ;l 8 8
— rcos@ 1
T 0 0 1 0 (12)
0 0 0 1

where r and [ are shown in Fig. 1.
Eliminating w from the actuator dynamics (9) by substi-
tuting (10), one obtains

LT"B'G,KxI = My(Q)¢+CL(¢.¢)C+ Gy
+dr(t) (13)
A = Z(O)(C2f + Ga + da(t)
—-B'G,.KnI) (14)
T Laﬂ + R I+ K,G,.T¢  (15)

dt

Until now we have brought the kinematics (2), dynamics
(13), (14) and actuator dynamics (15) of the considered
nonholonomic system from the generalized coordinate sys-
tem ¢ € R"™ to feasible independent generalized velocities
¢ € R"~!»=F without violating the nonholonomic constraint
(2).

Assumption 3.1: The actuator parameters L,, R, and K,
are considered unknown for control design such that ||L,|| <
a1, ||Ra|l < a9, ||K.|| < a3 with finite positive constants
a;,(i=1, ...,3).

Remark 3.1: In reality, these constants ¢; (1 < i < 5)
and a; (1 < ¢ < 3) cannot be obtained easily. Although
any fixed large ¢; and «; can guarantee good performance,
it is not recommended in practice as large c¢; and «; simply,
in general, high noise amplification and high cost of control.
Therefore, it is necessary to develop a control law which does
not require the knowledge of ¢; (1 < i < 5) and «; (1 <
1 < 3), and adaptively tune the values of the parameters as
necessary.

IV. PROBLEM STATEMENT
Given a desired motion trajectory (4(t) = [n4 ¢;,]* and
a desired constraint force fy4(t), or, equivalently, a desired
multiplier /\fl (t), the trajectory and force tracking control is

to determine a control law such that for any (¢(0), ¢(0)) € €,
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¢ En asymptotically converge to a manifold €2, specified
as 2 where

Qa={(¢.E )= Car ¢ = Cay A = M)

The control design consists of two stages: (i) a virtual
input I, is designed so that the subsystems (13) and (14)
converge to the desired values, and (ii) the actual control
input v is designed in such a way that I — I;. In turn, this
allows ¢ — (4 and A\p, — )\‘,f to be stabilized to the origin.

Assumption 4.1: The desired reference trajectory (y(t) is
assumed to be bounded and uniformly continuous, and has
bounded and uniformly continuous derivatives up to the
second order. The desired Lagrangian multiplier \{ (¢) is also
bounded and uniformly continuous.

V. ADAPTIVE ROBUST OUTPUT-FEEDBACK
CONTROL

Lemma 5.1: For x > 0 and 6 > 1, we have In(cosh(x))+
o> .
Proof: See Appendix.

Remark 5.1: Lemma 5.1 is used to facilitate the control
design.

(16)

A. Kinematic & Dynamic Subsystems

Consider the following signals:

(= la—Ke((—¢) =C— Keee + KcC (1)
rio= (—(o=éc+ Keee — K¢l (18)
bo = C(—K (19)
re = (—(o=C+K (20)
r = r1+nr 21
ex = M-\ (22)

where e; = ¢ — (g, CN =( —é with é denoting the estimate
of ¢ and K is diagonal positive.

The linear observer [10] for velocity estimation is intro-
duced to the system

24 K¢+ kaC
= <r + deCC
where kg is a positive constant.

Let I = [I,,I;]T, I, € R"~!»=F for the position control

joints and I, € R* for force control joints, and consider the
control u of the following form:

(23)
(24)

uw = Lt Tu,— 7y, (25)
Ug = B;GTKNQIU,
up = B;GTKNbIb

where B! =[B! B}T, u,, Bt € R*"!"~* and u,, B} € R*
and LT = (LTL)~'L”. Then, equations (7) and (8) can be
rewritten as

BLG Knaly = ML()¢ + CL(¢, )¢+ G +dr(t) (26)

M = Z(O)(Cof + Go +d'(t)

—BlG,Knal,) + ByG. Knpl,  (27)
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Consider the following virtual control laws:

I = [laa,Tva)" (28)
Laa = (B,G, KNa)fl(*Kp(Tl —r2) = Ki(C +e¢)
—sgu(r)[In(cosh(®)) + 4]) (29)
o = CTw (30)
2T N
C = —ACT 41| (31)
_ N T..
Iy = (ByGrKnp) ™ ([In(cosh(x) +0]LF Ca
+A — Krey) (32)
x = alzr| (33)
where Iy = [I,q, Ipa]T is the desired motor current. C =
(61 e2 &5 ¢q &) U = [IZIGI lIG NCIG T 117
K,,K;, K are diagonal positive; if r > 0, sgn(r) = 1,
else sgn(r) = —1; 6 > 1 is constant, I" and A are posi-

tive diagonal matrices, Z* = (J*(M*)~L1J1T) =11 (M*)~1
with |[LTM*L|| = é;.
B. Control Design at the Actuator Level

We can design the control input v such that I converges
to Iy, then (¢ — ¢4) — 0 and (A, — M) — 0.

Define
e = / (I - Lp)dt
er = I1—14
IT = Id — KTGI
s = eér+ Krer

Substituting I and C of (15), one gets

Lo$ + Raos + K G, Tée = —Lol, — RyI, — K.G,Tly +v
Consider the control law
v = —sgn(s)[In(cosh(@)] + §) — (34)
where ¢ = a7, & = 61 G2 as)”, & = —ka + Bpl|s||,
and p = [|[14]| |1l G| TCall]T where k,[3 are positive
diagonal.

C. Stability Analysis for the System

Theorem 5.1: Consider the mechanical system described
by (1), (2) and (5), using the control law (29), (32) and (34),
the following hold for any (¢(0), ¢(0)) € Q, N Qy:

(i) r and s converge to a set containing the origin as ¢t —

00;
(ii) eq and é, asymptotically converge to 0 as t — oo; and
(iii) ey and 7 are bounded for all ¢ > 0.

Proof (i) By combining (13) with (18), the closed-loop

system dynamics can be rewritten as
ML(C)Tl = B;GTKNaIad + BéGTKNaS -7

—(CL(¢, ) + CL(¢, &)
where Y= ML(C)C’I‘ + CL(<7 ér)ér + GL + dL.

(35)
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Substituting (29) into (35) and consider Property 2.2, the
closed-loop dynamics is obtained

Mp(Q)in = —Cr(¢,r - K,

11(7“1 —r2) —
—sgn(r)[In(cosh(®)) + J]

Kz(é + eg)

-y — CL(Cu é’r‘)rl + BIGTKNGS (36)
Differentiating (23) and considering (24), one has
C G+ de + kaKcC + KcC (37)
which leads to
7o + kqra = 71 (38)

Subsituting (38) into (36) and consider Property 2.2, we have
Mp(Qfs = —Cr((,Q)ra — (kaMp(C) = Kp)ra — Kprt

+C1 (¢, 4 11)rg — Cr(Cr)(ri + 2¢,)
—K;(C + e¢) — sgn(r)[In(cosh(®)) + J]

—v+ BlG, K5 (39)
Consider the Lyapunov function candidate
V= Vi+V (40)
1
Vi o= 5XTMX (41)
1 1
Vo = isTL s+ aTKNaﬁ 1% 42)
where X = g rF T CTT and M =
dlag[ML K ML K I~
Differentiating V; with respect to time, we have
. 1.
Vio= r{(Mpi+ 3 M)
1 .. ~ 9
+rd (Mpry + 5Mm) +CTr-tc
+el Koéc + CTKC (43)

From Property 2.1 and Property 2.2, considering é; =y —
Keee + KcCo ¢ = 13 — K¢ from (18) and (20), the time
derivative of V; along the trajectory of (36) and (39) is
Vv, = L (kg My (C) — Kp)re
—T5 Kiec + C K;Kcee — 1y Kif
—el KiKcec — ETKJQ&
—rTsgn(r)[In(cosh(®)) + 6] — 7y
=] CL(¢, C)r1 + 13 OL(C, G+ 71)r2
—r T CL(¢, ) (r + 26,)
—|—C~'TF*16’ + TTB;G,«KN@S
Considering Lemma 5.1, we have ln(cosh((i)) +6> 9,
and ||7||[In(cosh(®)) + &] > ||r||®,

—rTK pT1 —

Since

IKillllecllim=ll - < %”(KiHHeCW+Ki||r2||2)
KK cllecllli¢] - < %(KiKcHecHz+KiK<||§II2)
IS < %(Ki||§||2+Ki||ﬁH2)
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From Property 2.4, the following relationships are valid:

ICLGGI < m (44)
ICL(C, G+ 1)l < p2 (45)
1CL(CGr)(r +2G)I < pg (46)

where (1, po and ps are known constants.
Therefore, we have

. 1 1
Vi< —r{ (Kp - §HK¢||I — 1 — 2#31) 1

1 1
o (Ra12(0) = Ky = (G + g2+ )T ) o
. 1 1
—e¢ | Kl = SR |T — SIIEGIT ) e
- 1 1 -
—C (Kile = SIEKN = SIEGIT ) ¢
1
+ZCTF*1AC+ " BlG, Knqas (47
Differentiating V2(¢) and using (15), one has

Vo = —s'Kno[—v+ (Loly + RoI, + K.G,TCy)
+Rus + K.G,.Téc) + aT Kno8 1 (48)
Substituting v in (48) by the control law (34) and noting
Is|lln(cosh(p)) + 6] > ||s]|&, we have
—sT (K, + Ry)s
—sTK.G,T(r1 — Kcec + K¢C)

Vo <
1
+ZaTﬂflm (49)
Since the last term in (47)

1
1T BIG, Kvas < 5| BIG Kal

1
+§IIB§G7~KN0,IIHT2H2+ 1B2G Enallllsl® (50)
and
—STKEGTT(’I“l - K<€C + KC&) <
3 1
§HKEGTTH”5H2 + §||K6GTT||||T1”2
1 1 -
+5 I KeGrEclllecl® + 5 I KGR EJIICI® - (51
Integrating (47), (49), (50) and (51), we obtain

V< i(CTKNaF*AC + ol Knof tha) (52)

(i) Since V is bounded, which implies that r1,7r2,s €
Lzo*k. From the definitions of 7; and r9 and s, it can be
obtained that e¢, é¢, er, €1 € Lgo_k. As we have established
ec, écz er, QI € LPO, from Assumption 4.1, we conclude that
<(t)7 C(t)v Cr(t)a Cr(t)a Ia ja Ir; jr € Lgoik and ¢ € Lgo

Therefore, all the signals on the right hand side of (36) and
(39) are bounded and we can conclude that 7, 75 and $ and
therefore C and fr are bounded. Thus, r,s — 0 as ¢t — oo can
be obtained. Consequently, we have e¢,ef — 0,é¢,ér — 0
as t — oo. It follows that e¢,,é, — 0 as ¢t — oo.
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(iii) Substituting the control (29) and (32) into the reduced
order dynamics (27) yields

(14 Kj)ex = Z(CH¢, O+ G+ d ()
— Lt BLG,Knal,) + BLGr KnoTy + BLGr K s
= — 2L ML (O)¢ + [In(cosh(R)) + 6]L+T ¢,

+BgGTKNbS (53)

For the joints in the force space, since C =0, 1 ¢ R,
(15) could be written as La% + R,I, = vp. Therefore,
r =0 and s = 0 in the force space, (49) could be written as
Vo = —sT Kny(K, + Ry)s. Since Ky is bounded, V' < 0,
we can obtain s — 0 as ¢ — oo. The proof is completed by
noticing that since (, Z, K, and s are bounded. Moreover,
¢ — Cgo and —ZL+ ML (O)¢s + [In(cosh(X)) + 6] L+ ¢,
is bounded, s — 0, the right-hand side terms of (53) tend
uniformly asymptotically to zero, then it follows that ey, — 0,
then \j, — A{.

Since r, (, é, Cry é}, fr, ey and s are all bounded, it is
easy to conclude that 7 is bounded from (25).

VI. SIMULATIONS

Consider the mobile manipulator system shown in Fig.
1. Let the desired trajectory ¢4 = [T4,Yd,0d,01d,024]"
and the end-effector is subject to the geometric constraint:
® = [; + lpsin(f2) = 0, and yg = 1.5sin(t), 0y =
1.0sin(t), 614 = m/4(1 — cos(t)), A} = 10.0N. In the
simulation, we assume that the parameters m, = m; =

my = 1.0kg, I, = I, = 1.0kg/m? 2, = I, =
1.0kg/m?, I = 0.5kg/m? d = 1 = r = 1.0m,
20, = 1.0m, 2l = 0.6m, q(0) = [0,2.0,0.6,0.5]T,
¢(0) = [0.0,0.0,0.0,0.0]", Ky = diag[0.01], G, =
diag[100], L, = [0.005,0.005,0.005,0.005]", R, =

[2.5,2.5,2.5,2.5]T, and K. = [0.02,0.02,0.02,0.02]7. The
disturbances on the mobile base are set 0.1sin(¢) and
0.1cos(t). By Theorem 5.1, the observer gain is selected
as kg = diag[50], the control gains are selected as
K, = diag[10.0,10.0,10.0}, K = diag[1.0,1.0,1.0].K, =
diag[10.0,10.0,10.0,10.0], K; = diag[0.5] and K; =
0.995, C(0) = [1.0,1.0,1.0,1.0,1.0]%, Ky = 0.1, G, = 50,
K, = diag[10,10,10,10], A = & = diag[l/(1 + t)?],
I' = diag[4.8], § = diag[0.2], «(0) = [0.001,1.0,0.01].
The disturbance on the mobile base is set 0.1sin(¢) and
0.1 cos(t). The simulation results for motion/force are shown
in Figs. 2 and Fig. 4. The input voltages on the motors are
shown in Fig. 3 and Fig. 5. The simulation results show that:
the trajectory and force tracking errors asymptotically tend
to zero.

VII. CONCLUSIONS

In this paper, adaptive robust control integrating an ob-
server has been presented systematically to control the
holonomic constrained noholonomic mobile manipulator in
the presence of uncertainties and disturbances and actuator
dynamics has been considered in the control.
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APPENDIX

Proof: If > 0, we have fo 25 sds < fow =
1 — e=2% < 1. Therefore, In(cosh(z )) +0> ln(cosh( )) +
Iy ﬁds with 6 > 1. Let f(z) = ln(cosh( ) +
Iy estdS x, we have f(z) = :j;ig:: + Jfﬁ =0.
From the Mean Value Theorem, we have f(z) — ( )
f@)(x — 0) Since f( ) = 0, we have f(z) = 0 that i
In(cosh(z))+ [ eQS_Hd = z, then, we have In(cosh(z ))
0 > x. This completes the proof.
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